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PUEFACE 


This text is designed with the following objectives in mind; first, to 
provide manipulative skills which arc needed for the successful pursuit of 
texts like the authors’ Introduction to Mathematical Analysis with Applica- 
tions to Problems of Economics; second, to introduce the student to certain 
ideas and terminology which are useful at the level of intermediate algebra 
or intermediate college algebra; third, to provide applications of algebraic 
material to business and economics. 

There are a number of existing books that partially meet these objec- 
tives, but there is no single text which includes all the material that the 
authors consider important for successful pursuit of a course which uses 
their earliertext, cited above. As was indicated in the Preface of that text, 
an introduction to vector and matrix algebra, and the very important 
topic of linear programming, are highly desirable. Such topics necessitate 
the inclusion and development of the subject of linear inequalities far 
beyond that given in standard texts on intermediate algebra or inter- 
mediate college algebra. This also reflects the modern trend to iiu-lude 
linear equalities, well developed, in the second course in algebra given in 
high schools, as well as in special freshman courses designed for college 
students of the social sciences. Although manipulative skills are essential 
and important, the present text is prepared from the point of view that 
ideas and understanding of ihathematical concepts are even more im- 
portant. 

The text may contain more material than can be covered in a three-hour, 
one-semester course. This is especially true for those students who have 
had only the required minimum of mathematical training in high school. 
Such students need at least a four-hour, one-semester course, or the text 
material should be carefully selected. For these students, dhapters 7, 8, 
and parts of Chapter 10 may be omitted. For better qualified students^ 
Chapters 1, 2, 3, and parts of Chapter 4 contain review material, while a 
more mature treatment is presented in Chapter 7. It is intended that this 
text, followed by our Introduction to Mathematical Analysis with Applica- 
tions to Problems of Economies, will provide a complete year course for 
students in schools of business administration. The present book purposely 
contains some materials included in the other, and the use of both texts 
permits certain topics to be reviewed, or the total material to be com- 
pressed so that both texts can be completed in one academic year. 

The authors express their appreciation to users of their text Introduc- 
tion to Mathematical Analysis with Applications to Problems of Economics 
for many suggestions that have helped in the preparation of the present 
book. Staff members of Addison-Wesley have given all possible assistance 
as the manuscript was prepared, edited, and brought to publication. We 
record our gratitude to them and express a hope that the book will justify 
a large portion, at least, of the effort and care that they have given to it. 
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PREFACE 


A Suggested Semester Course Outline 

This outline is based upon the assumption that the class meets four 
days a week for the first four weeks (longer if necessary) and after a place- 
ment test is given, the meetings are reduced to three a week, except that 
the weaker students meet on the extra day for review and drill. 

The outline takes into consideration the fact that Chapters 1, 2, 3, and 
part of Chapter 4 are review work, and that Chapters 1, 2, 3, 4, 5, 6, and 
9 are essential for the next course. Chapters 7 and 8 contain some of the 
more interesting and important parts of algebra and its recent applica- 
tions to business analysis. 

Each problem set contains many more problems than can ordinarily 
be assigned. The average assignment should include from one-half to 
one-third of the problems, representing different ideas where possible. 
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Assignment No. Section Problem Set 


29 

9-1 to 9-3 

9-1 

30 

9-4, 9-5 

9-2 

31, 32 

9-6 

9-3 

33. 34 

9-7 

9-4 

35 

7-1 to 7-i 

Read only; omit 7-1 to 7-( 

36, 37 

7-5 to 7-7 

7-4 

38 
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39 
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40 

8-2 

8-2 
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8-3 
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43 
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44 Test 



Select one of the following alternatives: 


I 45 
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I 46, 47 

8-8 

8-7 
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8-9 
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10-1 
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(omit proof) 


II 47, 48 
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10-3 

1149 

10-7 (selection) 

10-4 

If more time is available or the class is amply prepared, include the 

omitted parts of Chapters 5, 6, 

7, and the alternate assignments of parts 

of Chapters 8 and 10. This will extend over ten to twelve additional 


assignments. 

P.H.D. 

W.M.W. 
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CHAPTER I 


THE REAL NUMBER SYSTEM. ADDITION AND 

SUBTRACTION 


1-1 The real number system. We shall start our study of the real 
number system by first discussing familiar types of real numbers, and 
will defer our formal discussion of this concept until Chapter 7. The 
natural numbers, also referred to as the positive integers or the coanti/ij? 
numbers, one,, two, three, four, . . . , are represented by the special 
symbols 1, 2, 3, 4, ... . Each natural number except the first is ob- 
tained by the successive addition of 1 to its predecessor: 1, 1 -f 1 = 2 
2 + 1 = 3, 3 4- 1 = 4, and so on. With each such natural number there 
is associated a word and a symbol. At the start, these words and symbols 
are simple, but they soon become compound words and .symbols, such as 
twenty-three and 23. 

The set of all numbers of the type just described is called the set of posi- 
tive integers. When two numbers of this set are added or multiplied, the 
result is always another po.sitive integer. However, when one number of 
the set is divided by another, the quotient is not necessarily a positive 
integer. It is convenient, tiien, to enlarge the concept of numbers to in- 
clude the quotient of any two positive integers, sucli as |, J, |. This e.\- 
tension of the number concept is made in such a way that the existing 
laws of operation do not have to be changed and, insofar as possible, in 
such a way that the new numbers— with appropriate interpretations — 
obey these same fundamental laws of operation. Indeed, this is the desired 
goal whenever the number concept is extended, although tliis objective 
cannot always be achieved. 


The set of all numbers that can be obtained by the division of one 
natural number by another natural number is called the set of {positive) 
rational numbers. This set contains all of the common fractions, such as 
tho.se indicated above. Terminating decimal fractions, such as 0.23 2.37 
0.00248, arc included, since these may be written as common fraction.'! 
with denominators which are powers of 10. There are numbers that 
are not rational: for example, \/2, v/5, and the special number pi (t^), 
which is the ratio of the circumference of a circle to its diameter. Such' 
numbers arc called irrational numbers. It can be proved that when a 
rational number is expre.sscd as a decimal fraction, the decimal equivalent 
either terminates or repeats. For example, tV 0.1875 terminates 
whereas f = 0.428571 428571 . . . repeats. Conversely, terminating or 

1 
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repealing deeimal fractions always correspond to rational numbers. The 
decimal equivalents of \/2, \/5, and tt neither terminate nor repeat. 

I'here is one other extension of the number system which plays an 
essential part in algebra, and this enlarges the real number system to 
include the number zero and negative numbers. Although no formal 
delinition of a real number has been given at this point, it is suggc.sted 
(hat the totality of po.sitiveand negative, terminating and infinite, decimal 
fractions be thought of whenever the real number system is used. This 
set includes; (1) the set of natural numbers' (2) the set of integers, which 
by definition contains the natural numbers, zero, and the negative integers; 
(3) the set of rational n\imbers, where we niay include the negati\’e rational 
numbers as well as the positive rational numbers; and (4) the irrational 
numbers. 

In additi<in tf> the real number.s, there are complex numbers, .such as 
4 • \' - .3. Also, the number coni-ept will be further extended in Chapter 
8 to include c-ertain sets of real numbers as special numbers. Some of the 
iisual laws of algebra do not hold for these numbers which do not belong 
to the real numbi-r svstem. 


1-2 Symbols. Numbers. I'his section discusses the u.se of symbols to 
repres(Mit (a) numbers f)r sets of numbers, (.b) operations with numbers, 
ami (c'l relatitins b<‘(\\(‘en numbers. 


(a) f ’.sr (»/ si/mbol.'i to rcprc.-^rnl nu?nbrrs or sets of numbers. In arithmetic. 
s<ime H'al mnnbers are n-pre-^eiiteil by .'special symbols or combinations of 

simple -^yinbnl.s. sueh as 1. 2. 3 23, .... 302. 0.74; \/2. -v/fl, tt. 

Spe« ial symbols do not exist for all n^al numbers. One of the features of 
algelira which <ii'<l itiguislies it from arithmetic is its use of letters to repre- 
s<'nt jiumbers or s(‘(s of tmmbcTs. Since this representation is not unique, 
its U'c must be a<<-ompanied by some statement, called the legend, about 
th'-'c numbers. Illustrations are: 


(! It </ and b are natural nunil>ers, . . . ; 

(2) 11 a and h are leal numbers, . . . ; 

(3) I md liie (real,' number x su<-h that . . . ; 

( b I .el Z be the .<el of all natural numbers: Z ~ { 1, 2, 3, . . . j . 
e'l I '‘t M be the set i>f ail real numbers. 


1 be >yinl«ols lived in arithnietie r<*present definite fixed values. Inas- 
mueh ;i.v lilt* iettfi's us«'<j in algebra may liave .several meanings, the legend 
iini.'t specity lunv they are t<i he interpreted. 

.\ coit.sfaiit is a (piantity which nmiains fixed throughout a given dis- 
euv'iim. 1 hus the symbols used in arithmetic to represent numbers of 
fi\( d \'a!iies <h-not(* constants; the letters a and b used in illustrations (1) 
aii'l f2) above tlenfite constants, for their \’aluos remain fixed throughout 
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a given discussion. It is customary to use the first letters of the alphabet ; 
a, b, c, d, . . . for constants. If the letters a, 6, c, d, . . . are u>cd and no 
legend is stated, it is understood that they are constants. 

A variable is a quantity which may take on, one at a time, values of 
constants in a given set. The given set, called the domain of the variable, 
is specified by some legend. If z may take on the natural numbers of the 
set Z of illustration (4) above, and if r may take on the real numbers of 
the set (R of illustration (5), then z and r are variables— the domain of z 
being the set of natural numbers and the domain of r being the set of real 
numbers. This book follows the convention that if no domain is stipulated 
or implied, the domain is the set of all real numbers. Illustrations: 

(6) For any x, — 4 — (x ~ 2)(x + 2). 

It is understood that “any" refers to any real number. 

(7) If y is defined by the equation // = C — 3x, it is understood that the 
domain of x is the set of real numbers. If the further conditions are imposed 
that both X and y are greater than or equal* to zero (x ^ 0. ^ ^ 0) 
then X cannot exceed 2, so that the domain of x is the set of numbers con- 
sisting of 0, 2, and all real numbers between 0 and 2. 

An unknown is a variable whose constant values are to be determincil 
by conditions or imperative legond.s placed on it. A <‘ommon form of tfiesc 
imperative legends is: "Find x such that . . . where the three dots repre- 
sent some condition impo.scd on the variable. Illu.strations: 

(8) Find x such that 3x = 10. 

The set of numbers to be determined consists of the .single constant -I® 

(9) Find a positive integer x .such that 3x ^ 12 and 3x ^ 20. 

The set of numbers to be determined con.sists of the constants I, 5, (i. 

(10) Find X and y such that y = x -j- 1 and x -f- ^ = 5. 

It is understood that x and y arc both unknowns. It is not ditficult to 
show that X = 2, f/ = 3 is the single pair of constants determined by the 
given conditions. 

(11) Find real numbers x and y such that x 4- y ^ 5, — x f ^ 1 
and 3x + 2y is as large as po.ssible. The .'solution set for the unknmvn.s 
X and y is the single pair of constants x = 2, y = 3. 

The connection between "variable” and "unknown" is close, and it is 
customary to repre.sont either of them by the letters at the end of the 
alphabet: x, y, z. Thi.s convention is not always followed, and freciuently 
the initial letter of a key word is u.scd instead of x, y, or z. If the letters 
X, y, z are used, and no statement is made about them, it is usually uiaha*- 

• For a brief discussion of inequalities, see the end of this and the next .section 
and for a precise discussion, see Sections 7-5 and 7-C. 
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stood that they are variables whose domains are the set of real numbers. 
In general, a variable is referred to as an unknown when some imperative 
statement is given which requires determination of those constant values 
which satisfy one or more conditions. Illustration: 


(12) The simple interest formula is 7 = PRT, where P represents the 
principal, R the interest rate, T the time, and / the amount of interest. 
Any one of these four symbols may be considered a variable, but a real 
understanding of the physical situation shows that P and I are positive 
real numbers; T is a positive real number, u.sually less than 1; and /? is a 
positive real number with a limited range. If specific values are as.signed 
to the symbols P, R. T and cjjuation (12) is accompanied by an instruction 
to find /, then I is the unknown. If P and T are assigned specific values 
and R is permitted to take any real po.sitive value less than or equal to 
UY /( , then R is a variable whose domain is .specified as 0 < /? ^ 10%. 
/ might also bo considered as a variable whose domain is to be computed. 
This is called the range of I and is given by 0 < 7 ^ PT/\0. 


(I») Cse itf sj/mbah to represent operations with numbers. The usual opera- 
tions of elementary arithmetic are well known, and these will reeeive 
additional emphasis as the nature of the real number system and its use 
in algel)ra ami analysis are diseus.sed. Special symbols are used to represent 
these «)j)erations; addition by • , subtraction by — . multiplication by X 
'•r a renter ilot • . Wlien numbers are repre.sented by letters, multiplication 
is often indicateil by placing the letters in juxtaposition, ab meaning 
n X /»- 'J he latter m){alion is not appropriate when the symbols represent 
the natural numbers — since a symbol sucli as 'M would not he understood 
a> :i > i but uiiuUi mean ■'thirty-four." The operation of division is also 
mdi' atetl by several symbols: ; a fraction bar. - ; a solidus, /. Thus, if 
<i and b art' real numl^er^, 


ii 




(I // 


all (iiraii iht‘ "aiiie thing. I lie operation of e\tra<ding a sijuare root of a 
n-niiber i' indi. a*ed by llie 'Special .-vmbol ^ Other .special symliols are 
ii'e<i a' iK i-ded when new o[)erat Ions an* introduced. 

^ si.fnb.tl;: !f, n ])r> St rtf rilntiiois helietm numbers. Two or more 
Miini*' i'-. . ■'ii>t;iiits, or \arial*l«‘s may be lanmected in some relationship 
w liK'b I.- >pt ri(ied by words or l.y iaiiiventioiial symbols. The most common 
'll- li relai ionships an- denoted by t he .symbols for <>quality, = ; less tliun, 
• ai.d gieati-r than, >, lajiiality is liiscussed in the next section, where 
lie iaw' coneerning this relation will be given. The other two symbols, 
ami > , will lie mentioned britdiy. but the conqilete and precise discus- 
'lon of the laws cneerning lhe>e rel:uion.s is deferred until fc*ections 7-5 
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and 7-€. The functional relationship between two variables will be 
discussed in Chapter 4, especially Section 4-G. 

A combination of symbols which represent numbers and operations is 
called an algebraic expression. A relation between two algebraic expre.ssions 
is called a formula. A formula, together with its appropriate legend, is 
called an equation, (not necessarily an equality). Sometimes the legend is 
not stated explicitly but is implied by the context. 

In an equation which involves an unknown, the stated condition may 
be true for some values of the unknown and false for other values. If the 
statement is true for some constant, that constant is called a solution of 
the equation. The totality of all such solutions is called the solution set for 
the equation. 

Examples: 

(1) x(a + 6), Va — 6, (ax + by)/{2x — 3y) arc algebraic expressions. 

(2) / = PRT,y = 6 — ‘Sx,x ^ 0, A = jrr^ arc examples of /orma/as. 

(3) Examples of equations are; 

Find .T such that 3x = 10 (the solution set is the single number 
find the positive integers such that 12 ^ 3 j ^ 20 (the solution .set con- 
sists of the integers 4, 5, 0) ; given P, R, T and / = PRT, find / ; for any i, 
— 4 = (x — 2)(x -f 2) (here the solution set is the set of all real 
numbers). Without appropriate legends, the variou.s equations or in- 
equalities stated above are formulas. 

Problem Set 1-1 

1. Numbers >nay be real, complex, rational, irrational, integral, nonintegral, 
natural, negative, zero, or positive. A number may belong to several of these 
categories. Classify each of the following numbers. 

1, 13. -n. 0, I I i -U’ 0-25, 0.333, n/2, tt, 

V, 3.1410, -y. V^, v^. v^. 

2. Give at least one other example of each type of number listed in problem 1 . 

3. Classify the following decimal fractions using the types liste<i in problem 1 : 

(a) the repeating infinite decinial 0.333 . . . , 

(b) the repeating infinite decimal 0.909090 .... 

(c) the infinite decimal 0.123450789101112..., formed by writing in 
order the symbols which give the natural numbers in order. 

(d) the infinite decimal 0.10 110 1110..., where the law of formation is: 
write one 1, then one 0, two I’s, then a 0, three I’s, then a zero, and so 
on, increasing the number of I’s by one each time. 

4. Give at least one other exami)le of the types represented by the numbers 
• listed in problem 3. 
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5. Give some symbols which represent constants and some which represent 
variables. If possible, explain the meaning of the symbol. 

6. Write some formulas (from geometry, physics, or business) and explain 
what each symbol stands for. Explain under what conditions each symbol is 
thought of as a variable and give its domain. Also explain under what conditions 
the symbol might be considered as an unknown. 

7. In the formulas given for problem 6, explain which of the symbols stand 
for operations and which stand for relations between numbers. 

8. Give the symbol for a “relation” other than =, <, >. Give meaning to 
your symbol and discuss some of its properties. 

1-3 Equality. Two real numbers arc equal if they have the same value. 
The form of the numbers may be difTerent, that is, they may have different 
names or be given in terms of difTerent symbols. To siiy that they are 
equal implies that they could be reduced to the Siunc form, although this 
reduction might not always be simple. When a = b is written, it mean.s 
that a and 6 are difTerent names for the same numbers but that forms of 
a and b may be very different. For example; 

2=1= = 1.999 . . . (forever), 

and 

^+•^=1=^ = 0.25, 

'^26 + 15 V3 + ^26 - 15\/3 = 4. 

J'hc symbol for equality, =, is always u.-^ed in the above sense, even 
when the entities are not real numbers. If n and b are symbols repre.scnting 
objects (in algebra the ol>jects may be numbers; iji geometry the objects 
may bo lines or other gc'omotric entities), the equation a = b means that 
a and h arc different names for the same object. With this interpretation 
the following laws concerning etpiality seem intuitive, but they are really 
as.sumptions. In (.'hapter 7, they appear as the Axioms of Eciunlily. In 
C hapters 1 and 2, where no attempt is made to prove the statements, 
they are called laws or rules. 

L\\\’s OK Lquality. Ij a, b orul c arc real numbers, then 

I'J . TUK RKU.KXlVi: LAW. 

a - - ti. 

F2. THE SYMMKTUIO LAW. 

If a — b. then b ~ a. 

I'd. THE THAXSITIVK L.VW. 

If a ~ b and b = c, Ihcti a ~ c. 
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E4. THE RULE OF SUBSTITUTION. 

If a occurs in any algebraic expression and if a = b, then b may be 
substituted for a to give an algebraic expression which is equal to the 
original expression. 

The foregoing is equivalent to saying that the name or form of the ex- 
pression may be changed by the indicated substitution but not its value. 
This substitution may also be applied to any formula (a relation between 
algebraic expressions), and the resulting formulas continue to express the 
same idea that the original one did. 

The statement a = o is given as a law to assert that it is a true relation- 
ship which involves the real number a and the undefined relation of 
equality. There are other relations represented by symbols, such as gn^ater 
than, >, where the relation a > a is not a true statement. Inclusion of 
the reflexive law for equality gives one way to distingui.sh the e(]uality 
relation from other relations for which the reflexive law is not assumed. 

The relation a > 0 is used to mean “a is positive. " In the early chapters, 
the inequality concepts are used on an intuitive basis, while in Chapter 7 
precise formulations of the axioms and theorems concerning inequalities 
are given. 

1-4 Addition of real numbers. The laws of addition listed below arc 
stated so that the operation of addition has the familiar properties which 
it has for natural numbers or for those extensions with which the reader 
is already familiar. Statement of these laws for real numbers is one step 
in the evolutionary process of developing the real number system. These 
laws are not independent of each other, since some of them can be proved 
as theorems on a basis of the others. Here they are stated as laws without 
proof and are used in the development of manipulative skills of algebra as 
extensions of the manipulative skills of arithmetic. 

Al. CLOSUIJE. 

If a and b are real numbers, there is a unique* real number a b, 
called their sum. 

A2. THE COMMUTATIVE LAW. 

For any real numbers a and b, 

a b — h -f a. 

A.T THE ASSOCIATIVE LAW. 

For any real numbers a, b, c, 

(a + b) c = a -h (b c) ~ a b -i c. 

* The word "unique" ifl used throughout this text to mean “one and only one.” 
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Tlie parentlicscs are used to indicate that the operation within them is 
to be performed first. The law states that the same result is obtained ir- 
respective of the order in which the additions are made. This is then repre- 
sented as a 4- + c without the use of parentheses. 

If laws A2 and A3 are applied to any finite set of real numljers, the 
result is stated in this general form: 

The order in which real numbers are added does not ajfccl their sum. 

The symbol 0, for zero, is used in elementary arithmetic as a place- 
holder in the po.sitional notation for writing numbers. In algebra, the 
number zero is a mo.st important real number and requires special atten- 
tion because of its character. It is sometimes referred to as the additive 
identity and is definetl by the following assumption: 

A4. ZERO. 

For any real number a, there c.rists a unique real nurtibcr, called zero 
and represented by the syjnbol 0, such that 

a 0 = 0 . 


In. view of tlie commutative* law for all real number.-<. the law could have 
been writti'M in tiie more gcni-ral form: 


o 


0 = U ; a = a. 


.\.j. ADDlTIVr. INVKKSK. 

For each real number a there e.ri.sls a unique real number x such that 

o .V -- 0. 

I'liis iiuml*cr .r 1 .*^ called (he additive inverse of a and is roj) re.se n ted by 
prelixiiig a jngati\e -^ign. - , l)efor(“ the .symlail a ami enclosing l>oth .sym- 
bols in pari ntlusA’s; ( a). W'itli this notation, the law .\o can be stated 

in this form; 

For I (tch real mnnlMr a, tin re exists a unique real number { — a) such that 

o i ( o) — 0. 

An inipottaiit ol..st-r\:itioM to make, in view of the commutative law of 
ad(iiti<pji. is ili;i( a is also tlie additi\e inv(‘rse of ( — a). Thus; 


(— ( a)) --- a. 


( 1 - 1 ) 


/ /(( additive inverse of the aihlitive inverse of a given real number is the 
iiuinin r itsdf. 

I he number ( <i' is also caileil tin* negative of tl'e number a, and if a 

/s- a positive number (Section 1 (J). ( — o) is called a negaliec number. There 
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is no a priori method for knowing whether a given letter represents a posi- 
tive or a negative number. If the natural numbers are assumed to be 
positive numbers, then their additive inverses or negatives: ( — 1), (—2), 
(—3), etc., are negative numbers. 

A6. ADDITION OF EQUALS. 

For any real numbers a, b, c, d, if a = b, then a + c = 6 + c. 

If c = d, then the rule of substitution and the transitive law of equality 
show that if a = b and c = d, then a + c = b d. 

This law is often stated in the form: 

If equals are added to equals, the sums are equal. 

A7. CANCELLATION FOR ADDITION. 

For any real numbers a, b, c, if a c = b c, then a = b. 

1-5 Subtraction. Subtraction is the inverse of the operation of addition, 
in the sense that subtraction undoes what addition does. Addition of 
3 to 6 gives 9, and subtraction of 3 from 9 yields 6. 

Definition of Subtraction. If i, a, and 6 are real numbers such that 

X -|- a = 6, then x is the result of subtracting a from 6. The operation 

of subtraction is represented by the minus sign, — . 

X a = b means x = 6 — a. (1-2) 

Theorem 1-1. For any pair of real numbers a and b, there is a unique 

real number x such that 

X a = b, namely, x = b (—a). 

Proof, b + (—a) is a solution of the equation* because 

[5 + (—a)] -f- a = 6 + [(—a) -f a] = 6 + 0 = 5. 

Use has been made of the associative law of addition A3, the basic proper- 
ties of the additive inverse A5, and the property of zero A4. 

The equation can have only one solution. Suppose that y is also a solu- 
tion of the equation, so that x + a = 6 and y -\- a = b. Then the transi- 
tive law of equality E3 yields x -f a = y -h a, and the law of cancellation 


• When we use two signs of aggregation, it is understood that the innermost 
operation is performed first. Thus (6 + (—a)] means: first form the additive 
inverse of a, then add it to b; this sum is then added to a. 



10 


REAL NUMBER SYSTEM. ADDITION; SUBTRACTION 


[chap. 1 


for addition A7 shows x — y. Hence there is only one solution, and the 
proof of the theorem is complete. 

Because x = 6 + (—a) is the only solution of x + c = 6, and the 
operation of subtraction was defined so that x = 6 — o, we have 

Corollary 1-1. 6 — a = 6 + (—a). (1-3) 

This property justifies use of the symbol — to represent both the operation 
of .subtraction and the formation of the negative of a number. To dis- 
tinguish between these two operations, parentheses have been used to 
represent the negative of a number, but when no misunderstanding can 
occur, the parentheses are omitted and —a is written instead of (—a), 
— ( — a) is written instead of (— (—a)). 


1-6 Positive and negative numbers. Tlie natural numbers have been 
referred to as the positive integers, and it has been noted that the sum of 
two positive integers is a positive integer (see the discussion after Al, Sec- 
tion 1-4). This concept extends to real numbers, and extension is made 
at various places in this book. Tor the pre.sent, the following laws concern- 
ing positive numbers are stated; 


PI. The number one (1) is posi/ive. 

P2. The sum of lu'o positive numbers is a positive number. 


'1 he natural numliers arc obtained by successive additions of 1, and it 
follows from PI and P2 that the natural numbers are all positive. Thi.s 
justifies the designation of the natural numbers positive integers. The 
a.^suniption P2 applies to any two po.sitive numbers, whether or not they 
an' positive integers. If, for example, and tt arc positive numbers, 
then tin* real number \/2 I tt is also positix’c. 


Di.Ki-vrTio.NS. 

(1) If n is a po>itive number, then its additive inverse, ( — a), is a 
fn </a(ire monbi r. 

(2) The adiliti\<5 inverse of any positive integer is a negative integer. 

(•b 'i'iu- symbf.l for greater than, >, is used in such way that a > 0 
nuaii.s a i.s positive. 

(4) 4 he .'symbol for le.ss than, <, is usetl so that a < 0 means a is 
nvijottve. 


I bat is, every 
nunilter is h'ss tl 


positi\'e number is greater tlian zero and every negat 
ii\n zer«).* rurlhermore. if o > 0, then (- a) < 0. 


ive 


Por a morr nnuplctc and precise discussion, see Sections 7-5 and 7-G. 
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P3. LAW OF TRICHOTOMY. 

Every real number is cither positive, zero, or negative. That is, if a 
is any real number, then one and only one of the following relations is 
true: 

a > 0, a = 0, a < 0. 

If 6 — a is positive, (6 — a) > 0, then 6 > a; and if 6 — a is negative, 
(b — a) < 0, then b < a. When a and b are different positive integers, 
then the addition facts of arithmetic determine whether b — a is a positive 
integeror a negative integer (Section 1-8), and hence whether (b — a) > 0 
or (b — a) < 0. 

Definition. The absolute value of a real number a is represented by the 
symbol [aj and is defined as follows: 

if a is positive (a > 0). then |al = a; 

if a = 0, then |a| = 0; 

if a is negative (a < 0), then ]a| = (— a). 

From Definition (1) above, if a is negative, then a = (— p), where p is 
a positive number. Since (—a) = (— ( — p)) = p by Eq. (1-1), it follows 
that the absolute value of a nonzero number is always positive. 

b — a, if b > a, 
a ~ b, if b < a. 


|5I = 5; |-5| = 5; |b - a| = 


Problem Set 1-2 

1. From the following set of numbers, pick out those that arc equal to —2, 

to f, to IT. 

§, V2, V4, v^— 8, — V' 3.1416, 0.6GG . . . forever. 

2. If a = 6, b = 2, X = 5, y = 3, determine the values of the following 
algebraic expressions. 

(a) a + X -r y, a + xy, 2a — 3b + 4y 

ox + by g + 2x — 3y ab + xy 
3x — 2y ' b + 2x — 3y ’ ax + by 

(c) s/a — b, s/a — y, s/ a 2b xy 

3. Are the following sets of numbers closed under addition? That is, is the 
sum of two numbers of the set always a number of the set? 

(a) the even positive integers 

(b) the odd positive integers 

(c) the integers (positive, zero, and negative) 
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(cl) the integers with zero omitted 

(e) the sot consisting of the three numbers: 

{—3,0,31; I~ai0,a} for any real a. 


4. Arc the sots listed in problem 3 closed under subtraction? 

5. Use the associative law of addition and the following definitions of 2, 3, 4 
to prove 2 -{- 2 = 4. What other laws were used in this proof? 

Definitions: l-f-l = 2; 24-1 =3;34'1 =4. 

0. What additional definition, along with those given in problem 5, would 
you need to prove 2 4-3 = 5? Give such a definition and prove 24-3 = 5. 

7. For any a and b, the ec|uation j 4“ a = 6 has a unique solution. Give 
the solution for each of the following. 

(a) j: i- 3 = S (b) X 4- (-3) = S 

(c) x4- « = 3 (d) x4- (-H) = (-3) 

S. Do the following equations have solutions? Is each solution unique? 
Kxplain, 

(a) X -f X = X (b) X 4- X = 2x (c) x 4- x = 3x 

(d) 2 4- X = X (e) 2 -f X = 2 (f) „ 

(g) n i X = a 


Give the two subtraction facts that correspond to the cijuations. 
(a) a h ^ c (b) a — 0 = (7 


10 . (a) Show that the e(iuation |a| 4" = 

o -• N. h = 2 and also by the numl)er.s a = 
law. (1)) Show tliat the ecpiation '<i| 4- i/;j > 
a - f, = _2 and also by t'i<- numbers a ‘ 
Law. 


[a 4- b\ is satisfied by the numbers 
—8, 6 = —2. Suggest the general 
;a r 6| is satisfied l)y the numbers 
- — S. 6 = 2. Suggest the general 


I 7 The number scale and linear measure. It is eoiu'enient to have a 
l»;et<.ri:il lejuc^etitaf ion of the real mimln-r .'^ysfom. One familiar such 
repiT' ei,la;ion is a marhd or scale. The usual onoTnot ruler, marked 

111 111 . he-. tlie nuuii.ei> !. d 1_>. The interval between two 

'•! thcM. , Marks i.. funher sul-divule,! into eighths ami .sixteenths, or else 
uit.. i. nlh,. Im eurrospoml to .leeimal fra.-tions. Further .subdivisions are 
• ni'ii.ted Iw .-ye. '1 iie beginimig of the srale represents zen>. whether or 
ii‘'t it !.- >-o iiiiirke.l lnst<-:id <•! mii inch scale, we may jia\e a eonliineter 
:.le. so. li a- lilu^trated in i ig, I I. without furtheV suluiivLsion.s. 

1 li*‘ .'eaU' iiiiglit lie extended ami marked as i]i l-'ig. 1-2. 



IlOlUK l-I 
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Figure 1-2 


Such an extended scale is now described more formally. We start with 
a line of unbounded extent and assume the following: 

Axiom of Linear Measure. The points on a line can he put into 
one-to-one correspondence with the real numbers suck that 

(1) two different points 0 and U may be assigned Ike numbers 0 and 1, 
respectively; 

(2) if the points A and B correspond to the numbers a and b, respectively, 
then the directed distance from A to B, represented by d{AB), is given 
byd(AB) = 6 - a. 

Definitions. 

(1) The number corre.sponding to a point is called the a>ordinate of the 
point. If the point is labeled with a capital letter, it is convenient to 
represent the coordinate by the corresponding lower-case letter, and this 
is indicated by writing A{a), B{b), C(c), etc. 

(2) The length AB, represented by the symbol AB, is defined as |6 — a|. 

(3) Two directed distances d(AB) and d{PQ), with the coordinates 
given by a, b, p, q, respectively, have the same directed distance if and 
only if 

t - a = P - 

and the length AB and length PQ are equal if and only if 

|6 - a| = Ip - 9|. 

The foregoing equation is true if either 

b — a = p — q or b — a = q — p. 

Certain elementary characteristics of the number scale are; (a) The 
given line may be in any position in the plane, (b) The points 0 and U 
may be selected arbitrarily so that the unit of measure is arbitrary, 
(c) The directed distance between two successive natural numbers (po.si- 
tivc integers) is always 1 = d(OU). 

Suppose that A' is the reflection of the point A{a) on the point 0, that is, 
suppose d{A'0) = d(OA) (Fig. 1-2). Then the coordinate of A' is ( — a). 
To prove this statement, let the coordinate of A' be x. Then d{A'0) = 
d{OA) is equivalent to 0 — a: = a — 0=a, since a — 0 = a (sec 
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problem 9(b), Problem Set 1-2). The definition of subtraction and the 

existence of the additive inverse, A5, imply that a + j = Oandx = (—a). 

This result shows the geometric significance of the relation between posi- 
tive and negative numbers. 

If A is reflected on 0 to obtain A', and A' is then reflected on 0, the 
point A is obtained. This corresponds to the algebraic fact that 

— (-a) = a. 

If a is positive, a > 0, then d{OA) = a > 0 and the point A and the 
point U are in the same direction from 0; if a <0, the reflection property 
indicates that the point A and the point U arc in opposite directions from 0. 
If 6 > a, then the direction from .4 to is the .same as that from 0 to U; 
and if a > 6, the direction from A to Bis> the opposite of that from 0 to U. 
rsuall}', when the line is drawn horizontally, one selects the point U to 
the right of 0; and if the line is vertical, the point U is .selected above 0, 
l)ut these .selections are arbitrary and not always convenient. 

DKFINmONS. 

(1) Lot .4(0), IS{h), C{c) be fixed points on a given line, and let A'(.r), 
)'(//) be variable points on the line. If A'{j-) Ls such that either o < x < b 
or a > X > b, the point X is bclwcen .1 and li, and the set of all .such 
Ii(»ints A*, together with the vn(lp(nnls A and B, is called the segment AB. 
Note that AB is u.'^cd to represent a geometric entity, while AB is 
usc<l to ri'present the length of AB, a po.^itive real number. This defini- 
tion could be written as 


AB " iA'j« ^ X ^ h or a ^ x ^ b\, 

wliii-ii is read; '‘the .segment AB is the set of all points A' such that the 
( oordinates satisfy eitlier « ^ x ^ 6 or a ^ .r ^ h. 
l‘2) 'Pile .‘-et of points A' such that .r ^ a ami the set of point.s Y .such 
that f/ g n arc called riv/s- If c < « < b, the first ray is represented 

bv A B .'ind tin- second by .U’. In other words; 

% « 


ray AB = lA'i.r = o, end where 6 > aj, 
ray .If,' = | y\ij g a, and where c < a}. 


i-8 Rules of sign. Removal of parentheses. When several operations 
an- in\'f»l\c«l in an algebraic expression, parentheses and otlier signs of 
aggregation are u>L'd to indicate which operation should bo performed 
tii'.-l \\ hcn th(* opiMations are those of aildition and subtraction, the fol- 
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— a — b—b ~ n 0 a fe a + b 

C' B' A' O A B C 

-(a + (>) 

Figure 1-3 


lowing rules* apply for any a, b, and c: 


Rule 1. 

— (a 

+ b) 

— 

(' 

-a) 4- {-b) = -a - b; 

(W) 

Rule 2. 

6 + 

i-a) 



— a = —(a — b); 

(1-5) 

Rule 3. 

(a + 

b) + 

c 

— 

a -I- (fj -f c) = a + 6 4- c; 

(1-G) 

Rule 4. 

a + 

(b - 

c) 


a b — c; 

(1-7) 

Rule 5. 

a — 

(i> + 

c) 


a — b — c; 

(1-8) 

Rule 0. 

a — 

(6- 

c) 

— 

a — 6 4- c. 

(1-9) 


Rule 1 may be interpreted in terms of the geometric operation of re- 
flection.’ To add two numbers and then form the negative of their sum, 
as in Fig. 1-3 let a and b correspond to the points A and B, find the point 
C with coordinate a -f- 6, then reflect this point on the origin to find C' 
with coordinate —(a + b). Alternatively, first reflect A and B on the 
origin to find the points A'{— a) and B'(—b) and then find the point, 
again C', with coordinates (—a) + {—b) or —a — b. For the problem 
of arithmetic in which —5 and —3 are added to give —8, the rule states 
that we first add 5 and 3 and then form the negative of the sum. 

The first part of Rule 2 is a repetition of Corollary 1-1. The other part 
may be interpreted in terms of directed distance. Since d{AB) = b ~ a 
and d(BA) = a — b, it follows from the rule that d{AB) = —d(BA). 

If letters are used to represent numbers, it is not known which is the 
larger; but for natural numbers, as in elementary arithmetic, one can 
determine which is larger. If 6 > a, the form b A- (—a) = 6 — a is 
used, whereas if a > 6, then the form b (—a) = —{a — b) is used. 
For example, in elementary problems: (1) add 9 and —3 to get C, subtract 
3 from 9; (2) add 3 and ~9 to get —6, subtract 3 from 9 and form the 
negative of this difference. 

In arithmetic, Rules 1 and 2 are often stated in the following forms; 

(1) To add two negative numbers, add their absolute values and prefix the 
negative sign. 


* Rule 3 is restated here for convenience of reference; it is the Associative 
Law of Addition, A3. 
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(2) To add a positive number and a negative number, find the difference of 
their absolute values and use the sign of the one with the larger absolute value. 

All of the Rules 1 tlirough 0 can be stated as the rules for removal or 
insertion of parentheses: 

Parentheses preceded b\j a sign mag be removed or inserted by retaining 
the sign of each term enclosed in the parentheses. 

Parentheses precedtd by a — sign may he removed or inserted by changing 
the sign of each term enclosed in the parentheses. 

Since a -f- 6=6 ; a. it is understood that when no sign appears, 
a sign i.s iniplierl. 

The following convention for the use of sign.s of grouping is adopted: 

If several signs of grouping ap[>ear, one witliin the others, the operations 
within the innermost enclosures are to he performed first. 

For ('xample, 

.r — id - (a - (6 -- c)l| = x — \d — [a — 6 |- c]t 

= .r — {(/ — rt -f 6 — f) 

~ .r — d I- a — 6 -f r. 

We first removed the parenthc.^cs, ( ); then the brackets, [ ); and 
then th(‘ braiM's, j |. I’arentheses and bra<-kets ran theti be inserted: 

.r - d n — 6 ^ r = x r (a -- r). — (6 -f- d) 

= X - [(6 -t- d) — (a + c)l, 

to yi< !il forms whii h are useful according as (n -|- c) > (6 d) or 
(6 I d) > ((/ : r). 


I'uoni-KM Si:t l -'l 

1 I-’or tile ntmiher scale given in Fig. I t. find the following directed distances 
and li'iigtlis: 

di.\C). dyCA). di-VI'y'), d(B.l), 


.\Ii /M. A'lr. .\C. .\'C. 



For the nainlicr senh' of I'ig. 1 


•I, which of the following statements are true? 


oU d(AIi} t d'JU'i ^ diAC) 
Od Ali - AT - ir 

(c) d(r.n : ii’f.lA) - .lyClt) 

(d) f’.i ; .1/.’ = (7t 

(e) dyCA') ■ d{A'(n = dyOC) 

n) (W : A'O ^ CO 
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Figure 1—1 


3. Write in symbols the algebraic equivalents of the following statements, 
using the coordinates given in problem 1. 

(a) X(z) is between B and C' 

(b) A*(x) is between B and C 

(c) the set of all points between B' and C 

(d) the segment B'C; the segment AC 

(c) the ray whose endpoint is .1 and which contains B 
(f) the ray whose endpoint is C and which contains A' 


4. Perform the following additions. 
Rules 1-6 or equivalent statements. 


(a) -7 

(b) 

-7 

-6 


4 

(d) -9 

(e) 

-9 

-5 


5 

(g) -7 

(h) 

m 

— f 

-6 


6 

9 


-9 

(i) -12 

(k) 

-12 

-6 


6 

18 


-18 


5. Perform the following subtractions. 
Rules 1-6 or equivalent statements. 

(a) -7 (b) -7 

(e) -12 (f) 25 

10 -13 


6. In the following, remove 
the first part of each problem 

(a) 7 - [5 - (4 + 8)]. 

(b) 3 - 17 - (4 - 8)1, 

(c) 8 - [8 - (8 - (8 - 3))t, 

(d) 6 - |6 - [0 - (6+ 12)11. 


Justify your results in terms of the 


(c) 7 

-4 

(0 9 

-5 

(i) 7 

-G 
-9 

( 1 ) 12 
-6 
-18 


Justify your results in terms of the 


(c) -7 (d) 7 

4 9 


(g) -6 (h) -8 

-13 -8 


all signs of aggregation and simplify results. Use 
to check the second part. 

a - 16 - (c + d)\ 
a — [b — (c — d)I 

a — la — [a — (a — 6))| 
a — {a — la — (a + 6))| (cont.) 
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(e) 5 - {7 - (7 - (4 - 5)1), a - |6 - (6 - (c - a))j 

(f) 6 - 19 - (9 - (2 + 6)11, a - 16 - [6 - (c + a)]\ 

(g) j - 18 - [4 - (3 - 7)11. a: - M - 1« - (6 - c)]\ 

(h) _ ]4 _ (7 + (8 - 12)11, X - {d - [a + (6 - c)l| 

1-9 Multiplication by an integer. In elementary arithmetic where only 
positive integers are involved, multiplication is treated as abbreviated 
addition in the sense that a number such as 7a is considered the result of 
the successive addition of 7 numbers all of which arc equal to a. This 
concept for positive integers is now generalized. 

Definition. If a is any real number and n is a positive integer, then the 
product n X a = na is given by the ecpiation 


na = (a a -r a io n terms). 


( 1 - 10 ) 


Tlii.s delinition would be meaninglos.s unles.s n is a positive integer (a 
counting miniber), but it admits easy extension to gi\e meaning to —rm. 

Definition. If a is any rc'al number and n i.s a positive integer, then 
- na is the additive inverse of na, that is. ~na = ( — (na)) is such that 

( — (na)) — na = 0. (1-11) 


Tlic inner parentheses arc used to indicate that the produi’t na is formed 

lirsf. 'I’lie outer parenthc.'ies are parts of tfie imtation for the additive in- 

\ei>e of a irirnber. Since n<> misunderstaiuling i-an occur, and in agree- 

iiH ot wifii ilti- rules for oniis.sion of parenthe.ses, both sets of parenthe.ses 

mav be oiuitn-d. 

* 

lor siieh produets, the following rules for the omission or insertion of 
j’aienthc.'e.-^ are stateil; 

i <*r any real number a and for any p(tsiti\e integ(>rs m and n, 


ma - n<i (m ^ n)a. 


(1T2) 


nui - na — (/a - a)a. 


(1-13) 


/ V«r,/ of l-jp ( 1 - 1_>) ; 


77MI - no 


di • a ■ • • • to m terms! - (u • a ■ ■ ■ to 7i term.s) 
a - a -■ ■ ■ ■ t<* {ni n) terms) 



/( 
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Proof of Eq. (l-l'l) : 

If m > n, so that m — n is a positive integer, 

wa — Tia = (a 4- a + • * ■ to m terms) — (a -{- a 4- ■ • • to m terms) 

= (a 4* a + a -f • • • to (m — n) terms) 

= (m — n)a. 

If n > m, so that n — m is positive, Eq. (1-5) is used twice and then 
Eq. (1-12) is used: 


ma — rm = — («a — ma) = — (« — m)a = (w — n)fl. 


Successive applications of these laws permit addition and subtraction 
of algebraic expressions that involve letters, representing real numbers, 
which arc multiplied by positive integers. Such operations may be .'<hown 
in column form or the additions and subtractions may be indicated on a 
line through the use of parentheses. 


Example 1-1. Add: 


’.ia — 56 -f 2c 0 

-4a 4- 6 - 3c -G 

5a 4- 26 + c 8 

4a - 26 2 *Ch^ 


Example 1-2. Sul)tract: 



3a - 56 + 2c 1 

-4a 4- 6 — 3c 

7a — 06 + 5c 14 Check. 

21 - 12 + 5 = 14 


I'or the first column, we have 3a — (—4a) = 3a -f 4a because of 
Eq. (1-1): for the second column, we have —56 — 6 = —(56 4- 6), be- 
cause of Eq. (1-4); for the third column, we have 2c — (—3c) = 2c 4- 3c. 
The final answer is obtained by using Eq. (1-12). 

Example 1-3. Uemove all parentheses and simplify results: 

X = (3a — 56 4- 2c) — (4a — 6 4- 3c) + (5a — 26 4- 3c) 

Solution: .r = 3a — 56 4- 2c — 4a 4- 6 — 3c 4- 5a — 26 4- 3c 

= (3 - 4 -b 5)a -b (-5 4- I ~ 2)6 4- (2 - 3 -b 3)c 
= 4a - C6 4- 2c. 
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Since the rules used are valid for all real values of a, b, c, the operations 
hold if special values are assigned to a, 6, and c. The rule of substitution 
gives the same result whether we compute first and then add (or subtract), 
or add first and then compute the final value for these special values. 
Such checks are given for Examples 1-1 and 1-2 above. Even if the two 
results check, there is a possibility that we have made compensating errors; 
but if the results do not check, we are sure that an error has been made. 


Problem Set 1-4 


1. Add: 


(a) 6a — 56 + 2c 
—5a + 36 — 4c 
g — 56 — 6c 

(c) -3i + 4y — 2z 
4x ~ 2y — Zz 
~2z — Zy 4z 

(c) 3p + 7g + 4r 
— 5p — 9? + 7r 
p — 2q — Zt 


(b) 2o — 46 -j- 3c 

-4a + 66 - 2c 

a — 6 — c 

(d) 7i - 9p + 2z 
5x Zy — Iz 
— lOz — 6y — 6z 

(f) 3p — 7? — 4r 

5p 9<7 + 7r 

— 8p — 2^ — 3r 


2. A<ld xy, etc. are to be considered as compound symbols for numbers): 

(a) 4 i2 — Cj + 5 (b) —4x^ — 6j + 5 

— 5i^ — 6 j f 4 7 j 2 _ 2x + 3 

4j 2 - 6i - 3 Zx^ + 5x — 9 


(c) 4x-^ 

-5x2 
4x2 


Qxy 5y2 
fixy + 4y2 
Cxy - 3 i/2 


—4x2 __ Qjy _j_ 5^2 

—7x2 2xy — Zy^ 

5x2 _|_ _ gy2 


3. Subtract; 


(a) 6a — 56 4- 2c 
— 5a 36 -|' 4c 

(f) ~6x — 4y — 3z 

-2x + 4y — 3z 

(f) — 5p — 9g 4- 7r 

p - 2q — 8 r 

(g) —5x2 _ Qj. _[_ .j 

4x2 _ Qj _ 3 

(i) 4x2 — Cj-y -j_ 5y2 

— 5x2 — Gxy -f- 4y2 


(b) 2a — 46 + 3c 
— 4a + 66 — 2c 

(d) 8x + 9y - 7z 

9x — 7y -f 8z 

(f) 3p — 7? — 4r 
5p + 9g + 7r 

(h) —4x2 _ 6 j. -f 5 
7x2 _ 2 j 4- 3 

(j) —4x2 _ ^ 5^2 

— 7x2 — 2xy 4" 8y2 
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4. In the following, remove all signs of aggregation and simplify results. Cheek 
each problem, using a = 2, 6 = 3, c = 4, or x = 2, y = 3, z = 4 . 

(a) 13a - (56 - 2c)] - l4a - (6 - 3c)l + |5a - {26 - 3f)l 

(b) [3a - (56 - 2c)] - [4a - (6 -j- 3c)i + l5a - (26 + 3c)] 

(c) (-3a - 56 + 2c) - (4a + 6 - 3c) + (5o + 36 - 2c) 

(d) (-3a - (56 + 2cl) - (4a + [6 - 3c]) + (5a - [36 - 2r]) 

(e) [2x - (3y + 4z)] - [3y - (4x - 4z)] 

(0 [(2x - 3y) - (3y + 4z)l - 12x - (3x - 4y ~ 2z)\ 



CHAPTER 2 


MULTIPLICATION 


2-1 Multiplication of real numbers. There are many similarities and 
analogies between the laws of multiplication and those of addition. Some 
of the laws can be proved on the ba.sis of the more fundamental ones, and 
such proofs arc presented in Chapter 7. Other laws, concerning special 
numbers, will be proved here when their impju'tancc and simpli<“iti' indicate 
the desirability for driing so. 

Ml. CLOSl’UK. 

If a and 6 arc real numbers, then Ihere exists a real number called 
their product. This is represented by a X b, a • b, or by placing the 
letters in juxtaposition as ab. 

M2. roMMiT.ATivi:. 

M ullipliratioti is commutatiee. That is, for any real numbers a and b, 

ab = ba. 

.M;}. AS.SO<IATlVK. 

M nltiplicatiun is assnciatiec. That is, for any real numbers a, b, c, 

{alt)c ~ a{bc) = abc. 


Since the order of grouping is immaterial, such a product is written 
without parentheses. 

When laws M2 and are (“ombined and extended to more than three 
initnbeis, the «)rd(‘r in whi<'h the mnitiplieation is done is immaterial, 
l or exanipie; 


abed -- \{(ih)e]d -- {ah){cd) = (hd){ca) = l(W)o)r = {da)(cb). 

M(, ONK. 

'Ihere e.r/.v/s a nnojite ual number, called one and represented by 1, 
•sar/j (hut for nny real number a, 


a ■ I - I ■ a a. 


.Mo. MCLTII-LK ATIVK INVKHSK. 

Tor any real ivimbcr a different from zero, there exists a unique 
number, colled the rnullipUcaliec inverse of a or the reciprocal of a 

22 
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and represented by Ike symbol (1/a), such that 

a (l/a) = I, (a 0). 

In other words, the equation ax = I, (a ^ 0), has a unique solution 
which is represented by the symbol 

(1/a) or - ■ 
a 

This definition and law will be discussed and exploited in Chapter 3, 
“Division' and Fractions." 

M6. MULTIPLICATION BY A NUMBER. 

For any real numbers a, b, c, if a — b, then ac = be, 
and conversely. 

M7. LAW OF CANCELLATION FOR MULTIPLICATION. 

For any real numbers a, b, c, such that c ^ 0, if ac — be, then a = b. 

Laws MG, M7, and their extensions arc often stated in the form: 

If equals be multiplied or divided by equals, the results are equal. 

These laws arc as.suined valid and us<‘d here to develop skill in solving 
equations or sets of etjuations. In Chapter 7 it is .'<hown that thev can 
be proved on the basis of the other postulates of multiplication and 
the Principle of Substitution. 

This section i.s concluded with the statement that multiplication is 
distributive with respect to addition. It is to be emphasized that liavini' 
assumed certain laws concerning the operation of addition and having 
as.sumed certain laws concerning the operation of multiplication, it is 
necessary to have at least one assumption which n-latcs thc.se two 
operations. 

M8. DISTRIBUTIVE. 

For any real numbers a, b, c, 

{a -f b)c = c{a -f b) — ac be. 

This law i.s the basic idea l)ehind multiplication of numbers of two or 
more digits, the use of parentheses, factoring, multiplication of poly- 
nomials, and the manipulation of fractions. 

2-2 Multiplication by zero. The numbers zero, 0, and one, 1, are so 
special and .so important in algebra that some of their imjiortant propcuiics 
arc proved. The number zero was defined through use of tlie equation 
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a 4* 0 = a. Likewise, the additive inverse of a was dcBned by the eqaa- 
tion (—a) 4- a = 0, so that the definition of subtraction implies that 

(—a) = 0 — a. 

Two important theorems which involve 0 and the operation of multipli- 
cation are now proved. 

Theorem 2-1. For anij a, 0-0 = 0. 

Proof. 14-0=1 Definition of zero; 

a(l 4- 0) = a • 1 Multiplication by a (M6); 

•a-14-a-0 = a- l Distributive law (M8) ; 

= a • 1 0 Definition of zero. 

Therefore o • 0 = 0 Law of cancellation for addition. 

Corollary. 0 • a = 0. 

Theorem 2-2. If ah = 0. then either a = 0 or b = 0. 

Proof. \{ ab = 0 and a = 0, there is nothing further to prove. Suppose 
then that* a ^ 0 and 

ab = 0 Hypothesis; 

a • 0 = 0 Theorem 2-1; 

ab = a ■ 0 Transitive law (E3). 

Therefore 6 = 0 Law of cancellation (M7) 

and the theorem i.s establisheil. 

Theorem.^ 2-1 and 2-2 may be c<*mbined to read: ah — 0 if and only if 
(j = 0 nr 6 = 0. 

Nothing in the l\)regoing proof implies tliat a and 6 might not both 
be zero. To snlvt* tlie eipiatitin .r(.r — 4) = 0, x = 0 would be one 
.'^iilution. and if x 0. then we must have .x‘ - 4 = 0, or x = 4 is another 
solution. It is not dinieult to show that these are the only solutions. For 
if ^ 0 or y i were a soivition, then //(?/ — 4) = 0, and Theorem 2-2 
.sln>ws that either y — 0 or y = 4. whicli is impossible. The method of 
proof by contradiction was used in the preceding sentence and another 
proof will now be given wliich u.^es this method. We prove that the num- 
bers 0 and 1 are different. “Zero” was defined by means of the operation 

addition, atid "one” was <lefined by means of the operation of multipli- 
cation, so there is no a priori reason why they might not be the same 
number. 

* rhe symbol i.s ri ad: “not equal." 
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Theorem 2-3. 0 5»^ 1. 
Proof. If 0 = 1, then 


But 

and 

Hence 


a • 0 = a • 1, for any a ^ 0 (Multiplication by a, MC). 

a • 0 = 0 (Theorem 2-1) 
a • 1 = o (Law of one, M4). 

0 = a, 


which is impossible, and hence 0 1. 


2-3 Rules of sign. The laws of multiplication do not specify whether 
the numbers considered are positive or negative, but any real numbers 
a and 6 have additive inverses (—a) and ( — b), and it is necessary to know 
how to combine such numbers under multiplication. First consider the 
additive inver.se of 1, namely, (—1). Two interpretations of the symbol 
—a have been given: as the additive inverse of a, and as a part of the 
operation of subtracting a. A third interpretation, involving multiplication, 

is now given. 

Theorem 2-4. (— l)a = —a, for any a. 

Proof. Start with the expre.ssion a -f- (— l)a: 

a + (— l)a = 1 • a + (— l)a Law of one and principle of 

substitution; 

= (1 -f ( — l)la Distributive law; 

= 0*0 = 0 Additive inverse and Theorem 2-1. 


Apply the definition of subtraction to 


a + ( — 1)0 = 0. 

Then 


(- 1)0 = -a. 

(2-1) 

Theorem 2-5. If a and b are real numbers, then 

a(-6) = -(a6), 

(2-2) 

(— a)(-6) = ah. 

{2-:i) 


Proof. a{—b) = a(— 1)6 = (— l)(a6) = — (a6). 

Also (-a)(-6) = (-l)a(-6) = (-l)(-a6) = -(-a6) = a6. 
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Corollaries. ('-1)(1) = —1; ( — 1)(— 1) — 1. (2-4) 

M9. PRODUCT OF POSITIVES. 

7'he product of two positive numbers is positive. 

If in Eqs. (2-2) and (2-3) a and 6 are [Jositive numbers, the above rules 
cover the special cases where the product of a negative number and a 
positive number is negative, and the product of two negative numbers is 


positive. 


Area = nb 
b 


a 


Figure 2-1 


A geometric representation of the product of two positive numbers is a 
rectangle with the area of the rectangle equal to a positive number which 
is tlie product of tlie lengths of two adjacent sides. It is postulated that 
the area of a rectangle is the sum of areas of rectangles into which it is 
sulidivided. The validity of Eq. (2-2) is seen as follows: Take a square 
with one side of length a and let b be a positive number less than a. Divide 
th(‘ S(iuare into two rectangles (Fig. 2-2) with ba.‘^s of length b and 
a h. In terms of area: 


Hut 


(i~ nh a(rt — t>) 

all ■ i- ( — ^)1 
all • a" — a(— b) 
0 ^ ,ib - «( — '>) 

0 - ah — { — oh) 


See Eq. (1-3) 
Distributive law 
Cancellation 
Additive inverse 


luid It follows that from the uni<iuoncss of the additive inverse that 




n h -I 



Figure 2-2 
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2-4 Removal of parentheses. The rules for removal of signs of grouping 
are based on the distributive law of multiplication. Thus: 

+(a + 6) = +1 - (a + b) = a + 6, 

-(a + 6) = (-l)(a + 6) = (-l)a + (-1)6 = -a - 6. 
Similarly 

-(a - 6) = (-l)(a - 6) = (-l)[a + (-6)] 

= (-l)a + (-l)(-6) = -a + 6. 

In general, in order to remove or insert signs of grouping, the distributive 
law of multiplication and Theorem 2-5 are used. 

Example 2-1. Simplify i = a + 2(6 — (c — a + 36)]. 

Solution. X = a + 2[6 -f- ( — l)(c -f- (—a) + 36)] 

= a + 2[6 — c + a — 36] 

= a + 26 ~ 2c + 2a - 66 

= 3a - 46 4- 2c. 

Check. Let a — 4, 6 5= 3, c = 2. The original form gives 

I = 4 + 2(3 - (2 - 4 + 9)1 = 4 + 2[-4) = -4; 
the final form gives x = 12 — 12 — 4 = —4. Check. 


Problem Set 2-1 

1. Simplify the following expressions by removing all signs of grouping. 

(a) 7z - 8 + 2(3 - 4x) 

(b) -(2i-4) + (3-4x) 

(c) ~(2a - 36) 4- (4a - 26) 

(d) 3(a - 6) - 2(a + 6) 

(e) -(2i 4- 4) - 2(3z - 5) 4- 3(x - G) 

(f) 2(4 - 2x) - 3(3 - 3 j) 4- 2(2j - 6) 

(g) —(a 4- 6 — c) — (a — 6 4- c) — (—a 4-6 4-0) 

(h) 2(a - 26 4- c) 4- 3{2a - 6 4- c) - 4(-2a 4- 6 - c) 

(i) I = 3a - 4(36 - a) 4- 2(a - 26) 

(j) y = 4x - 2(x - 2) - 3(3 - 2x) 
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After solving problems (k), (1), (m), (n), check each problem using a — 4, 

b — Z, c ~ 2. 

(k) X = -2a + 3[6 — (2c — 3a + 6)] 

(l) X = -(2a — 36) + 3I(a 26) - (2c -|- 3a — 6)] 

(m) y = c+ 21(6 - a) - [36 - (c - a)l| 

(n) y = (a + 6 - c) + [2(a - 6 + c) - 3(-a + 6 + c)) 

2. Which of the following statements arc true and which arc false? 

(a) 3(4 -f- 5) = 3 • 4 + 3 • 5 

(b) 3(4+5) = 3-4 + 5 

(c) 3 + (4 • 5) = (3 + 4) + 3 • 5 

(d) 3 + (4 • 5) = 3 • 4 + 3 • 5 

(e) For any a, 6, c, a + (6 • c) = (a + 6)c. Is this equation ever true? 

(f) For any a, 6, c, a + (6 • c) = a • 6 + a ■ c. Is this equation ever true? 

Give an example. 

(g) For any a, 6, c, a + (6 • c) = (a + 6)(a + c). Is addition distributive 
with respect to multiplication? Explain. Is the equation given above 
ever true? 

3. Hy means of the .Associative Law of Multiplication, prove 

{a6)(fc/) = [(a6)cl(/ = [a(6c)]d. 

4. (a) Prove that (Corollary to Theorem 2-5); (—1)(—1) = 1. 

(b) It has been assumed that 1 is a positive number. Use the above equa- 
tion to prove tliat 1 is not a negative number and hence must be a 
l)ositive number. Cite any theorems or assumptions that arc used. 
(Suggestion: M9 and Theorem 2-3.) 

5. Prove Theorem 2-4: (— l)a = —a by starting with (—1) +1=0 and 
multiplying by a. 


2-5 Positive integral exponents. The product of n numbers all of which 
are 0 (|uul is indieatetl by using the positive integer n as an exponent. Thus: 

a ■ a - - O', n • 0 • a = a^. a ■ o ... to n factors is a", 

wlicre o *, a" are read “u .'•iiuared.” “a cubed," “a to the power n." 

If u and tn are positive integers, then for any a and 6, 


a" • n'" = (1'* + "’: 


(a )"‘ = (q")(u") • • • to rn factors = c"'"; 
[ah)" - a”b'". 


(2-5) 

( 2 - 6 ) 

(2-7) 
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Equations (2-5) and (2-6) follow directly from the above definition of 
exponents. Equation (2-7) is a consequence of this definition and the 
laws of multiplication. 

(a6)” = (a6)(a6) • • • to n factors 

= (a • a • • • to n factors) (/> • 5 • • • to n factors) 

= 

An algebraic expression of the form 

QqX^ + aix""' -f + • ■ * + a„_2r^ + -f- a„, 

where n is a positive integer and Oq, a,. 02 , ... , a„_2, On-i, «« are con- 
stants such that Go 7^ 0, is called a polynomial in the variable x of degree n. 

The polynomial consists of several terms connected by signs of addition 
or subtraction. A polynomial of one term is called a monomial; a poly- 
nomial of two terms is called a biiumial, and so on. 

An algebraic expression of the form where c is a constant, x and 

y are variables, and n and m are positive integers, is called a monomial in x 
and y; a sum of such terms with different values for n and m is called a 
polynomial in x and y. The sum of the exponents, n -f m, is called the 
degree of the term. If all terms have the same degree, the polynomial is 
said to be homogeneous of degree n -f m. Thus 

—5x^y^, xy* are monomials; 

3x^ — 5x®; x^ 4- 2y are binomials; 

3x® - + 2x -h 1 is a polynomial in x of degree 5; 

-f- G»/^ is a homogeneous polynomial of degree 4 in the 
variables x and y. 

2-6 Multiplication of polynomials. Special products. To multiply two 
polynomials, multiply one polynomial by each term of the second poly- 
nomial and add the results. 

Example 2-2. Multiply (x^ — 2.c + 3)(x^ — x -f- 2). 

x^ - 2x -b 3 
x^ - X + 2 

x^ - 2x^ -f ;jx* 

- x^ -b 2x^ - 3x 

+ 2x^ — 4x -b C 

X* — 3x^ -b 7x* — 7x -b 0 An.s. 
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As a check we could use x = 1. (1 — 2 + 3)(1 — 1 + 2) — 4. 


1_3 + 7_7-|.6 = 4. Check. 


Example 2-3. Expand (a — b)* = [(a — 


a — 6 
a — 6 

a" — ah 
- ah 

a* — 2ab + b^ 


o* — 2ah + b^ 

— 2afc + b^ 

a"* — 2a^6 + o.^b^ 

— 2o®6 -h 4o^6^ — 2ab^ 

+ a^b^ ~ 2ab^ -f- 6^ 

a" - 4a% + 6a=62 _ 4ab^ + 


As a check we could use a = 3, = 1. (3 — 1)^ = 16. 

81 - 108 + 54 - 12 -f 1 = 136 — 120 = 16. Check. 


Certain special products occur so frequently that familiarity with these 
products saves time and makes for accuracy in algebraic manipulation. 
Each such product may be verified by performing the indicated multipli- 


cations. 

For any a, b, c, d, x, 

(a + 6)2 

(« - 6)2 

(a + 6)(a - 6) 
(x + a)(.T: + 6) 
(rx + a){dx + 6) 
(a + 6)* 

(a - 6)=* 

(n -f- 6)(a2 — ab + 62) 

(a — 6)(n2 -f ah + 62) 


= 2ab + b^, 

(2-8) 

= a2 - 2o6 + 62, 

(2-9) 

= a2 _ (,2^ 

(2-10) 

= x* + (a + 6)x + ab, 

(2-11) 

= cdx^ + (ad + 6c)x -j- ab, 

(2-12) 

= -f 3a26 + 3a62 + 6®, 

(2-13) 

= — 3a26 + 3a62 — 6®, 

(2-14) 

= a^ + 6^ 

(2-15) 

= - 6^ 

(2-16) 


Example 2—1. 



(2x2)-^ - 3(2x2)2(3y) + 3(2x2)(.3y)2 - (3y)^ 


= 8.r^ - 36xV + 54.r2t/2 _ 27>/. 
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Problem Set 2-2 

1. Simplify the following products. 

(a) (-2r2i/3)(5xy2) (b) (-2xWi5x^y) 

(c) (7xy)H5x^y)^ (d) i-2x^y)i-3xy^){6xy)2 

2. Perform the indicated multiplications. 

(a) + 5x^ — 2x — 5){3r + 4) 

(b) (j2 - 7z+ 11)(5 - 3z) 

(c) (x + 3){i — 2)(z + 2); check, using x = 1 

(d) (i2 - 2x + 3)(2 z2 - X - 4) 

(e) (a^ -f- a + I)(a^ — a + 1); check, using a = 2 

(f) iy^ + y — — y + 1); check, using y = 3 

3. Perform the indicated multiplications. 

(a) (2x — 3y)(5x + Ay) 

(b) (3a - 56) (3a -f 56) 

(c) (o^ + a^6 + a6^ + 6'^) (a — 6) 

(d) (o3 - a% + a62 - - b^) 

(e) (2x3 _ y2^ 

4. Use the special product formulas to find the following products. 

(a) (3x - 2y2)2 (b) (3x - 2y^)i3x + 2y^) 

(c) (2x + 3y)3 (d) (2x -f 3y)(2x + 5y) 

(e) (3x + 5)(x + a) for any x and the special values: a = 3, a = 2, 
a — — 2, a = — 3 

5. Expand (a + 6 + c)^ and use the result to find (3x — 2y -j- 4z)^. 

6. Find the following products. 

(a) (x - l)(x - 2)(i - 3) (b) (X -f l)(x + 2)(x + 3) 

(c) (X - l){x+ l)(x - 2)(x+ 2) 

7. Verify the special products given by Eqs. (2-15) and (2-16). Check these 
formulas using a = 6 and also using a — —b. 

8. Prove (a + 6)(x + y) = ax -h ay + 6x + 6y. Justify each step in the 
process. 



CHAPTER 3 


DIVISION AND FRACTIONS 


S*-! Reciprocal of a number. Law M5 was stated as follows: 

M5. F or any real number b, b ^ 0, there exists a unique number called 
the multiplicative inverse of b (or the reciprocal of b) — denoted by the 
symbol (1/6 ) — such that 


6(1/6) = 1. (b9^ 0). 


Theorem 3-1. 


1 


( 1 / 6 ) 


= 6, (b ^ 0) 


The reciprocal of the reciprocal of a number is the number. 

Proof, is a number which when multiplied by (1/6) gives 1, that is, 


But 


( 1 / 6 ) 


1 

( 1 / 6 ) 



(1/6)6 = 1 (M5). 


Since (1/6) has a unique reciprocal, 


Theorem 3-2. 



7' he product of the reciproccls of two numbers is the reciprocal of the 
product of the numbers. 

Proof. Multiply the product on the left by a6 and then apply the com- 
mutative and associative laws of multiplication. 
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Hence 



3-2 Division as the inverse of multiplication. If a and b are real numbers 
and b ^ 0, the result of dividing a by 6 is a number c such that 



This division is represented by such symbols as 

a -i- b, ^ » a/b. 

It is called the quotient of a by b, the ratio of a to b, or the fraction a over 6. 

Theorem 3-3. a/b = c, {b 0), if and only if a ^ be. 

Proof. If a/b = c, multiply l)Oth members of this equation by b and 
simplify: 



\ . a = a = be. 


If a = be, multiply both members of this equation by (1/6) and simplify: 



^ , 0,0 

Corollary 1. - = 1; t = 

o 1 

Both of these results follow from the equation o = 1 • o. 

Corollary 2. ^ 1 -- = — 1; ^3— = 1. 

These results follow from the equations 

1 = (~1)(— 1) and (—1) = ( — l)'l (Theorem 2-5). 


Corollary 3. 0/6 = 0, b ^ 0. 

Proof. 0/6 = 0(1/6) = 0 (Theorem 2-1). 

It is noted that division by zero is not defined, since the reciprocal of 
zero was not defined. Although such a symbol as a/0 might be written, 
it is meaningless. 
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3-3 Rules of sign. For any real numbers a and b, (b ^ 0), 

(—a) a /a^ . (—a) 


(-b) 



i-b) 


a 

b 


That (— a)/6 = —(a/6) follows from the fact that (— c) ^ (— l)c 
(Theorem 2-4), the properties of reciprocals discussed in Section 3-1, 
and the fundamental laws of multiplication. 

To prove a/(— 6) = — (o/6), note that 


a 


a 


i-b) (-1)6 


= a 


1 


(- 1)6 





To prove (— a)/(— 6) = a/6, replace a by —a in the foregoing to get 

i-a) (-a) 


i-b) 


<-■>.- 


-■( 0-5 


CouoLLAHY. If a and 6 are positive numbers, the quotient a/6 = cis a 
positive number. The quotient of a positive and a negative number is nega- 
tive, and the quotient of tivo negative numbers is positive. 

3-4 Equivalent fractions (change of form). A given fraction is equal 
to the fraction obtained by multiplying both its numerator and de- 
nominator bv the sjime nonzero number. 


a ae. , 

T = T~ ' be. 0. 

b be 


(3-1) 


Proof. 

1! 

Definition of division 


= (0 G) 

Theorem 3-2 


II 

Commutative law 


a 

“ h 

Definition of division, used twice. 


Since division by d {d ^ 0) means multiplication by the reciprocal (1/d), 
it also follows that 
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a a/J 

b~ hjd' 


bd 9^ 0. 


(3-2) 


When fractions occur in problems of measurement, Kq. (3-1) represcMits 
a change of the unit of measure. Consider the following problem: How 
many square rubber tiles, | ft on a side, are needed to co\er a strip of 
flooring 10^ ft long and f ft wide? 

If a = 10^ (ft) and h = | (ft), then 


number of tiles = r 

0 


10^ 10^ 12 12G 

" ^ “ I ■ 12 “ 9 



This is equivalent to expressing both lengths in inches; 


A = lOi • 12 = 12G (in.) 
/i = • 12 = 9 (in.) 


number of tile.s 



The original problem could have been solved by multiplying both numera- 
tor and denominator by 4 instead of 12; 


number of tiles 


lOi 21/2-4 42 

1 ' " 3-4 “ 3 



A reversal of the change of units from inches to feet would illustrate 
Eq. (3-2). If the strip is 120 in. long, then 


, 12G 12G/12 21/2 21 4 

number of tiles = -^ = = sTT = T ' S = 


where a second application of Eq. (3-2) is used to simplify the fraction. 

If Eq. (3-2) is applied to the quotient of two positive integral powers of 
a, and the fundamental definitions and properties of Section 2-5 are used, 
we have 



a"-’", 

if 

n 

> 

m 

1, 

if 

n 

— 

m 

1/a”-", 

if 

n 

< 

m 



where m and ri arc positive integers. 
Similarly, 




f 


(n a positive integer, b 0), 


(3-4) 
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(a • a ... to n factors) 



to n factors 


) 




pROBLE.M Set 3-1 


1. What are the reciprocals of 3, 5, 1/3, 3/5? 

2. Provo (a) = - (?) ; (b) - (^) = ? . 


In the proofs explain what interpretations are given to the — sign. 

3. Explain, on the basis of the definition (1/6)6 = 1, why the reciprocal of 
a positive number is positive and the reciprocal of a negative number is negative. 

4. Change the following fractions to forms where the numerator and de- 
nominator have no common factors and — signs appear only before the fractions. 



-35a6’’ 

2la36‘^ 



21a"6 
- 35o6 


56 



-36(-T)\-y)- 

-15x2//3 


Why? 


(c) 


(0 


1 - 3 

— \ox 
-3x 

-17x(-!/)~'' 

-29j2y2 



-Zx*y^ 



-12aV 
18a ■‘63 


3-5 Algebra of fractions. I’hc fundamental laws of multiplication, 
division, and addition of fractions may be written: 



m ' 

{ad) 
(be) ' 


{ad -}- 6c) 

{bd) 




(3-5) 

(3-6) 


(3-7) 


'llic parentheses could be omitted but are inserted here to indicRte the 
order in whicli the operations are performed. Hereafter, the parentheses 
will be omitted except where it is important to indicate the order in 
which the operations are to be performed. 



3-51 


ALGEBRA OF FRACTIONS 


37 


Equation (3-5) is an immediate consequence of the definition of division 
and the laws of multiplication: 



a X r X c X 3 
b a 


ac X 


bd 


ac 

W 


Two proofs arc given for Eq. (3-G). The first proof depends upon tlie 
definition of division as multiplication by the reciprocal: 



a \ ■ d 
" b’ ci\/d)d 

ad 
be ' 



where the final step is justified by Eep (3-5). 

The#econd proof uses Theorem 3-3 and the law of ihultiplication by a 
constant, M6. 

IvCt ® _ 

b ' d~ 

Theorem 3-3, 

Multiplication by d, 

Multiplication by - p 

c 



Therefore 



Definition of reciprocal 
and Eq. (3-5). 


a ^ c _ ad 
b ' d be 


(3-0) 


Equation (3-0) i.s often exprc.ssed in words as follows: To divide one fraction 
by a scemd fraction, invert Ike second fraction and midtiply. 

Cliangc of form for the fractions and the distributive law of multiplica- 
tion are used to prove Eq. (3-7). 


a., c ad , be , 

/; + 5 = m + m = ‘^ 


1 (ad + be) 


(6) + (us) 

ad -f be 


(3-7) 
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Equation (3-7) is expressed in words as follows; To add Iwo fractions, 
express each fraction as an equivalent fraction vnth o common denominator 
and add numerators. 

Subtraction of one fraction from another is accomplished by a change of 
sign followed by an addition. 

Sections 3-1 to 3-5 apply when the numbers are fractions or algebraic 
expressions involving one or more variables. Fractions with zero de- 
nominator arc excluded, and it is always understood that an algebraic 
fraction is not defined if the denominator is zero. Thus the fraction 
(x^ + l)/(x - 1) is not defined if x = 1, and the fraction (x^ — i/)/xu 
is not defined if cither x = 0 or y = 0. 

Complex fractions have numerators and denominators which themselves 
contain fractions. For example: 

xly 

(I/x) - {\/y) 

Complex fractions can be reduced to simpler fractions ’through use of the 
rules given in this section. • 

Example 3-1. 

xhj ^ xly ^ X ^ xy ^ 

(l/j) “ (l/i/) (y — x)/xij y y — X y — X 

This fraction is not defined for x = 0, y = 0, or x = y. 

To add 

x" - .V , X + y^ 
xy^ T^y 

the product could be used us the common denominator, but it would 
be .‘simpler to u.-^e x”y^ for this. 

Example 3-2. 

, X -i / ^ — xy xy + i/ ^ x^ + i/ 

' x,/i '■ \riy ' x2y2 x2y2 .,. 2,^2 


I’ltoBLEM Set 3-2 

1. .\(U1 the following fractions. 
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2. Multiply the fractions given in problem 1. 

3. Divide the first fraction by the second in each part of problem 1. 

4. Add the following sets of fractions. 



5. Find the product of each of the sets of fractions in problem 4. 

6. Divide the product of the first and second fractions by the third fraction 
for each of the sets of fractions in problem 4. 

7. Simplify the following comple.x fractions and indicate the values of the 
variables for which the fraction is not defined, .\fter the simplification is com- 
pleted, use the auxiliary condition given in parentheses as a check. 





2a 


ad- 1 


- 2 


2 


a — 1 


- 1 - 2 



3-6 Division as successive subtractioD. Remainder. Just as multiplica- 
tion with integers can be interpreted as succc.ssive additions (Section 1-9), 
so can division of integers be interpreted as successive .subtractions. This 
is the method for performing such arithmetical operations on a computing 
machine. Division in arithmetic is such a process which combines the 
principle of place value, the distributive law of multiplication, and the 
subtractive process. Here, for example, instead of subtracting the divisor 
8 times, you first multiply the divisor by 8 and then subtract, taking place 
value into account. This is illustrated by the following numerical example; 
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Example 3-3. 


135 

73)9876 

z?_ 

257 

219 

386 

365 

~2i 


In the first operation, subtract 73 from 98. In the second 
operation, subtract 73 from 257 as many times as possible 
(three times). Instead of subtracting 73 three times, 73 is 
multiplied by 3 and then subtracted. In the final operation, 
five times 73 is subtracted from 386. 

The sum and product of two natural numbers is itself 
a natural number, but the quotient of two natural numbers 
need not be a natural number. In the above example, there 
is a remainder 21, and when the equation is written in terms 
of subtraction, we have 


9876 - 73 • 135 = 21. 


If A and B are natural numbers, the general relation can be written 

A - BQ = R, (3-8) 

where Q is a natural number (or zero) and /? is a natural number (or zero) 
less than B. I'he number Q is called the 'partial quotient to distinguish it 
from the complete quotient A/B, and R is called the remainder. Equation 
(3-8) can be written in the equivalent forms 

A = BQ+ R, ^ = Q + |. (3-9) 

The first of these forms is often stated: 


Dindend = Divisor X Partial Quotient Remainder. 

The second of these forms is often referred to as an improper fraction. In 
Example 3-3, 

9876 = 73 - 135 + 21 or = 135f^. 


3 7 Decimal fractions. Definition and notation. A fraction whose 
denominator is a power of 10 is called a decimal fraction. Such fractions 
can be expressed in several ways; 



A 

10 *’ 


where A is an integer and k is a positive integer; 


(2) B + 





<ik 

10 * ’ 
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where B is a whole number, aj, 02 , . . . , fljt are single digit numbers 0, I, 2, 
. . . , 9, and A: is a positive integer; or by use of the decimal point and the 
principle of position to write the fraction as 

(3) B . 0,02 •••«*• 

For example, = 7.368 = " + ^5 + 

The number of decimal places in a fraction may continue indefinitely, 
thus giving a nontorminating decimal fraction. When such fractions repeat 
their digits in a periodic fashion, this is indicated by a dot over the first 
and last digit of the period. For example: 3.24727272 . . . , a periodic non- 
terminating decimal fraction, would be written as 3.2472. If a nonterminat- 
ing decimal fraction is not periodic, a rule is needed to show how the 
sequence of digits is formed. Thus, the nonterminating, nonperiodic, 
decimal fraction .12345678910111213 ... is formed by writing (after the 
decimal point) the natural numbers in order. The nonterminating, non- 
periodic, decimal fraction . 10110111011110 ... is formed by writing after 
the decimal point a 1 followed l)y 0 , then two I’s followed by 0 , three I’s 
followed by 0 , and so on, increasing the number of I’s by one each time. 

Arilhmetical operations. The arithmetical operations with decimal frac- 
tions are essentially the same as with any fractions. 

To add (or subtract) decimal fractions, align all the decimal points to pre- 
serve proper place values and add (or subtract) as with integers. 

Example 3-4. 23.78 ± 3.892 -f- 0.65 could be computed as follows; 

23.78 23.780 

+3.892 -3.892 

27.672 19.888 

+0.65 +0.65 

28.322 20.538 

The rules for multiplying and dividing two decimal fractions are based 
on the usual rules for multiplying or dividing fractions and the laws of 
positive exponents. 

A B _ AB 
10 * ^ 10 « I 0 *+" ’ 

where A and B are integers and k and m are positive integers. 

A , B _ A 10” 

10* 10« 10*’ B 


m —k 


B ' 


~ + 10'-” 


if m > k, 


if m < k. 
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To multiply two decimal fractions^ multiply as with integers; the number 
of decimal places in the product is the sum of the numbers of decimal 
places in the factors. 

To divide two decimal fractio7is, divide as with integers; if the number of 
decimal places u.sed in the dividend is greater than or equal to the number 
of decimal places in the divisor, the number of decimal places in the 
(luotient i.s their difference; if the number of decimal places in the divisor 
is greater than the number of decimal places in the dividend, then add 
zeros as decimal places to the dividend in sufficient number to give it as 
many such place.s as the divisor. 

I’.XAMPi>E 3-5. These rules are illustrated below by the division of 
0.7325 by 0.80 and 7325.0 by 0.89. 


.100 

0.89 

Since five decimal places are used in 

73250 

.100 

the dividend and two in the divisor, 

089 

4134 

there arc three decimal places in the 

4350 

0890 

(luotient. An advantage of this method 

4134 

.73034 

is tliat it preserves the proper position 

210 

.00210 

values for the remainder: 


.73250 {'heck. 

0.7325 = (0.100) (0.89) -f- 0.00216. 


Tor the second cli\-ision, we have 


l()(i.3 

i'*,S-.0732ri.(M) 

c.su 

L'UiO 

20117 

93 


Since the divi.sor uses two decimal places, and the divi- 
dend (tnly one. a zero i.s added to the decimal part of 
(he dividend. The corre.sponding ctiuation is 7325 = 
(H))13)(0..S9) I- 0.93. 

Ihcnnal fractions and common fractions. A positive 
tenninating decimal is equivalent to a common rational 
Inu'fidii fif the form . 1 1 , (2'’5''), where .1 \,p,q are positive 
integers. If the given decimal fraction i.s A/10*, the only 
integral factors of 10 are 2 and 5, and A may be divisible 
liy some power of 2 and by some power of 5. Conversely, any rational 
traction of the form .tj i2'’.‘t'^) is equivalent to a decimal fraction. If 
P q, it is already in such a form: .1,, 10"; if 5 > p. multiply both 
numerator and denominator hv 2 *^“^ to obtain 


1 1 

• 1 1 2 ^ /I 

2^59 29-p ~ 


a decimal traction. If p > multiply both numerator and denominator 
l-y the appropriate power of 5; 

A). ^ A. 

2p5'^ 5p-9 iOp ’ 

a decimal fraction. 
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If the rational fraction, in its lowest terms, is not of the form above, it 
is equivalent to a periodic nonterminating decimal fraction. Conversely, 
every periodic, nonterminating decimal fraction is equivalent to a common 
fraction. If a/b is such a fraction, divide by the successive subtraction 
process, annexing as many zeros after the decimal point as desired. In this 
process, one eventually comes to a place where only O's are brought down 
from the dividend. Further, at any step in the process, the remainder 
(disregarding the decimal point) must always be less than b. If this 
remainder is zero, the process stops and a terminating decimal fraction 
results. This happens if and only if b is of the form 2'’5®; otherwise, the 
remainder is between 0 and b, and since there are at most (b - 1) such 
integers, a place is reached where the remainder repeats and where zeros 
have been brought down from the dividend in both cases. When this 
happens, the fraction begins to repeat. Some simple examples are ^ = O.-l, 
I = 0.i42857, iV = 0.09. The general process is now illustrated by the 
fraction f^. Although the denominator contains the factor 5. it also 
contains the factor 11, so the decimal equivalent is periodic. 

Example 3-C. 

3.2472 

275)893.0000 

825 

080 

550 

Tioo ni = 'i 2iti 

1100 

2000 * 

1925 

750 

550 

2000* The remainder now repeats and the period is determini’d. 

For a periodic decimal fraction with a nonperiodic part, the nonperiodic 
part is equivalent to a rational fraction, so it suflices to prove that the 
periodic part is equivalent to a rational fraction, and then to take the 
sum of the two parts. By multiplying and dividing by an appropriate 
power of tefi, the periodic decimal fraction can be made to begin with 
the first decimal place without affecting the rational property. 

Example 3-7. 

To prove 3.247:^ repre.sents a rational fraction, write 

3.247^ = 3.24 -|- riu (.71^) 



44 


DIVISION AND FRACTIONS 


(chap. 3 


and consider the fraction 0.727272 ... If we call it x, then 

X = 0.727272 . . . 


Hence 


lOOx = 72.727272 . . . = 72 -f x 




8 

11 


3.2472 


324 , 1 8 324 X 1 1 + 8 

100 '^100 * 11 1100 

3572 893 

1100 275' 


In order to have uniqueness in the decimal e.xpression for a fraction, it 
IS understood that an unending sequence of 9’s is equivalent to increasing 
the digit before the first 9 by 1. This follows from 0.999 . . . = 1, which 
i.s proved a.s follows; 

j- = 0.999 . . . 
lOx = 9.99 . . . = 9 + X 
9.r = 9 

x = 1. 


In general, suppose 
fraction a!ul a periodic 


that the de<-imal fraction consists of 
part winch is represented by 


a rational 


1 

IOp 



-L(A 

IOp VlO* 




A 

i03* 



where (he a'a 
by ihe.'^e digits 


are .single digit mnnbers and .4 is the integer represented 
. Designate the fraction (.d,a 2 . . . d*) by x: 


'I'hen 




forever 



lO'^x 


= .1 -4- 




10 * ■' 


i_ 

lOi* 


forever 


) 


= A 4- X 
(10* - l)x = A 


A 

10* - r 


X 
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which is a rational fraction. Dividing x by 10^ and adding the nonrepeat- 
ing part will not affect the property of being rational. This proof gives a 
procedure for finding the rational fraction which is equivalent to a periodic 
decimal fraction, as illustrated by the numerical example above. 

Decimal approximations. Often decimal fractions are replaced by decimal 
approximations to these numbers. Experimental data is subject to either 
systematic or random error, and in most problems of measurement only 
approximate results are obtained. The decimal forms of rational numbers, 
even when the whole period is known, are often too long to be of practical 
value. When irrational, their decimal forms neither terminate nor repeat, 
so decimal approximations must be used. Tor example, tables of square 
roots and cube roots of numbers give decimal approximations only. A 
table of squares might give (3.47)* = 12.04 but this does not mo an th at 
12.04 is exact.. Actually, (3.47)* = 12.0409. Trom Table I, \/37l7 is 
1.803, but this result is only approximately correct; indeed \/3.47 = 
1.80279'*'. 

The number of significant figures in a decimal fraction is the number of 
digits used in writing the number, exclusive of those merely 'used to locate 
the decimal point. Thus 12.04, 0.01204, 0.1240 all have four .significant 
figures. When an integer terminates with one or more zeros, the final 
zeros may or may not be significant. Thus 732.)/().89 = 1000., ap- 
proximately. The final zero is u.sed to locate the decimal point and is not 
significant. If the division is carried further, we find 7325/0.89 = 1003., 
the final 3 being significant. 

To round off a given decimal fraction to N significant figures means to 
write the decimal fraction retaining only .V significant figures. This is 
done by use of the computer’s rule: 

// the final digit is less than 6, it is dropped; if it is greater than 5, the digit 
which precedes it is increased Inj I; if the final digit is 6 and nothing more is 
known about the number, the last digit retained is made even. 

Example 3-8. The number 3.1415905 rounded off successively is 
3.14159C, 3.14100, 3.I41G, 3.142, 3.14. The number 0.00431740 rounded 
off successively is 0,0043175, 0.004317, 0,00432. The final fraction has 
three significant figures. 

In working with numerical calculations involving dcc-imal fractions 
taken from tables or computed by special devices, it is important to have 
working rules whif-h control the accuracy of the final result. Over-calcula- 
tion due to u.sing too many significant figures and retaining more .significant 
figures than arc justified by the data should be avoided. On the other 
hand, under-calculation due to not using as many significant figure.s as 
are justified by the data should also be avoided. The principle underlying 
calculation rules is that the result cannot be more accurate than is dictated 
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by the accuracy of the least accurate of the numbers used. Numerical 
calculations by addition and subtraction depend essentially on the number 
of decimal places used, while those for multiplication and division depend 
essentially on the number of significant figures used. 

In performing additions and subtractions, round off all numbers to as 
many decimal places as are significant in the number with the least 
number of significant decimal places. 

If several numbers are to be added, it is advisable to make the initial 
round off retain one more decimal place than is indicated by the above 
rule and then round off the final answer once more. 

Example 3-9. If it is desired to add (2.16)^ and (3.47)=*, using a four- 
place table of s(iuares which gives these as 4.CG6 and 12.04, the addition 
is written 

4.67 

12.04 

16.71 

where the re.sult is correct to four .significant figures. 

In mulliplicalion {and division), round off ail numbers, retaining the 
number of significant figures found in the number with the least number 
of significant figure.s and then round off the product (or quotient) to this 
same munber of significant figure.s. 

Kx.\mi*i,e 3-10. Compute X and x'^ X'^- 

.\ four-place table of s({unre roots (Table I, Appendix III), gives 

X 23 = 4.700 and x'^ = 0.325. 


'I'hc product (4.79f))(6.32r)) = 30.334700, and hence 

X^23 X' 40 = 30.33. approximately 


l or the division: 


.7.581 


6.32.5)1.7900000 
4 42^75 

30850 

31625 

51250 

50600 


6500 

lleiice x'23 x'4d = 0.75S1. approximately 
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Example 3-11. To compute 
round-off procedures are given: 

(2.1C)" = 4.C66 
(3.47)* = 12.04 
(2. 16) (3.47) = 7.495 
Sum = 24.201 


(2.16)* + (2.16)(3.47) -h (3.47)*. two 

rounding off first 
4.67 

12.04 

7.50 

24.21 


= 24.20 approx. 


Problem Set 3-3 

1. Express each of the following decimal fractions as a common fraction in 
its lowest terms. 

(a) 0.064 (b) 2.48 (c) 0.675 (d) 3.04 

2. Explain why each of the following common fractions is equivalent to a 
terminating decimal fraction and find the decimal fraction in two ways: (I) by 
multiplying numerator and denominator by the number which will make the 
denominator a power of ten; and (2) by performing the indicated division. 

(a) ^ (b) (c) (d) 

3. Write some nonperiodic, nonterminating, decimal fractions and explain 
in words the rule for their formation. 

4. If it were desired to prove that the decimal equivalent of -^3 would never 
terminate or repeat, what must be proven about the number \/3.^ 

5. Find the* common fractions In lowest terms which are equivalent to the 
following repeating decimal fractions. 

(a) .42699 (b) 2.099 (c) 0.55, 0.355, 4.3.55 

(d) 0.57, 0.457, 3.457 (0 4.356 

6. lOxpress each of the following fractions as a decimal fraction. Find six 
decimal places for the answer and then round off this to four significant figures. 

(a) VV M ^ 1^7 

7. If the values of >/7, ir, ami e arc taken from tables to be approximately 
2.646, 3.1416, and 2.7183, respectively, find the following sums, products, and 
quotients as accurately as is consistr'iit with this data. 

(a) V7 + ir + e (b) irV7 (e) ire 

(d) ir/e (c) y/7/e 

8. If the approximate values of the powers of c taken from a talJe are 

e = 2.7183, e* “ 7.3891, e* = 20.086, c* = 54.598, compute € e'-' + + e*, 

as accuraU'lv as is consisb’nt with this data. 
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9. If the following data is obtained from a table of squares: (3.46)^ = 11.97; 
(1.77)^ = 3.133, compute 

(a) (3.46)2 ^ (ij 7)2 (b) ( 3 . 46)2 3(3.46)(1J7) + (1.77)2 

(c) (3.46)2(1.77)2 (d) (1.77)2/(3.46)2 

as accurately as ia consistent with this data. 


3-8 Percentage and applications. If the denominator of a fraction is 
100, the fraction is expressed in per cent and this is indicated by using 
the symbol % instead of the denominator. The numerator may be an 
integer, an improper fraction, or a decimal fraction. jV/ 100 and N% are 
equivalent expressions. Thus 

0.15 = ^ = 15%, i = = 161%, 

0.0G25 = 0.25% = 1% = = 0.005833 = 0.5833% 

to four significant figures. Since the change from a decimal fraction to 
per cent is merely a process of moving the decimal point two places to 
the right, no essentially new concepts are involved. 

If I* and li are any two numbers, the ratio of P to 5 is given by: 

r = -^. P=rB, B = j- (3-10) 


If r is exprc.'i.'icd as a decimal fraction, then 


lOOr 

100 


(100r)%. 


In financial transa< tions. r is known as the rate, P as the Percentage, 
niid H as the Rase, and Kq. (3-10) is written as 


r(ate) 


/’(creontage) 

/i(ase) 


If any two of the throe numbers r, P, li are given, then the other is directly 
determined l>y Kq. (3 10). Ordinarily the Percentage and Base are de- 
termined to the nearest cent, while the rate is given to the proper number 
of significant figures which justify giving the Percentage to the nearest 
cent. Financial trausjictions of a numher of types are now illustrated. 


(a) ComnussioJi. A >ale.<iiian often receives his income as a stated per 
cent of the selling pii« e (,Hase), C ~ rB. If two of the quantities r, B, C 
are given, the thiril < an be found. 
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Example 3-12. An insurance policy salesman receives 45% of the first 
premium and 12^% of the second and third premiums. If the annual 
premium on a given policy is $78.63, what is his income from such a sale? 

C = $78.63(45% + 12i% + 12^%) = $78.63(70%) = $55.04. 

He receives $35.38 the first year and $9.83 for each of the other years. 

Example 3-13. A car salesman offers to sell a car for $1650, which 
he claims is 15% below its true value. What is the claimed true value to 
the nearest dollar? 

$1650 = 85%F or F = = $1941. 

(b) Markup and markdown. A retailer who purchases articles from a 
wholesaler at stated prices expects to sell the articles at a price which will 
pay his expenses and provide a profit. This is often done by marking up 
the wholesale price by a fixed per cent, say (100r)%. 

Markup = r X Wholesale Price {M = rW). 

Selling Price = Wholesale Price + Markup (S = IF M). 

In order to move the merchandise more rapidly, he may at some future 
date offer an article at a marked-down price, where the markdown is a 
stated per cent, say (100s)% of the selling price. 

Markdown = « X Selling Price {D = s • S) 

Sales Price = Selling price — Markdown S\ = S ~ D. 

(c) Profit and loss. The rate of profit is determined by 

_ Profit 
^ ~ Base ’ 

where it is ncccasary to state what the base is. It might be the wholesale 
price, or the wholesale price plus the expense of selling, or it might be the 
selling price, with the profit determined with or without the expenses 
taken into account. A problem is not determined until the base is explicitly 
described. 

Example 3-14. A retailer pays $8.50 for an article and marks up this 
price by 25%, rounded off to the nearest dime, (a) What per cent of the 
selling price is this markup? (b) If the c.stimated cost of selling the article 
is 10% of the wholesale price, what is his profit, and what per cent of the 
wholesale price and the retail price i.s thi.s profit? 
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(a) Markup = 25% of $8.50, rounded off to one decimal place, 

= $ 2.10 

Selling price = $10.60. 

It would be meaningless to carry this calculation further, since 2.10 is 
given to only three significant figures. 

(b) Profit = $10.60 - $8.50 - $0.85 = $1.25 

1.25 , . 1.25 

“ 8.50 “ ^2 - jQgQ - 11.8%. 

Neither of these rates takes into account the retailer's total investment, 
which should include the wholesale price plus the selling cost. If this 
total invc.stment is used as the base, then the rate of profit is fa = 
1.25/9.35 = 13.4% to three significant figures. 

(d) Trade discounts. In order to avoid frequent publication of price 
lists, to stabilize or control retail prices, or to adjust prices to a changing 
economy, the manufacturer or wholesaler issues catalogues of so-called 
li.st prices. The retailer receives a separate discount sheet which can be 
changefl frequently and which shows the discount in per cent allowed to 
the retailer. This discount is often quoted in terms of successive discounts, 
where the first discount is based upon the list price, the second discount 
is ha-sed uposi tlie first discounted price, and so on. Where not prohibited 
by “fair trade” laws, the retailer may mark down the list prices to facilitate 
sales. 


I'lx.v.Mi'Li-: .\ catalogue lists the price of a televi.sion set at S250. 

'rhe dealer is allowed successive trade discounts of 35%, 10%, and 5%. 
What (If)es he pay for the set? What single trade discount is equivalent 
to these successive discounts? 


Discount = (rate)(Hase); 

/>i -= 0.35 X S2.50 = SS7.50, 
D. = 0.10 X 8162.50 = S16.25, 
D-s = 0.05 X 8146.25 = 87.31 


Net Price = List Price — .-Discount. 

= $2.50.00 - $87.50 = 8162.50 
B 2 = 8162.50 - 816.25 = $146.25 
Price = 8146.25 - 87.31 = $138.94 


Total Discounts — S1H.06 — r(8250), 
or 

111.06 


r 


250 


44.42%, appro.vimatcly. Ans. 
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(e) Taxes. Certain taxes, like those collected on real estate, are based 
upon the assessed value of the property and a fixed rate. Income taxes 
are based upon net income (income after all exemptions are deducted) 
and upon variable rates, depending upon the amount of net income. 

Example 3-16. A certain piece of property was assessed for $6040 and 
the county taxes were $488.72, but the tax rate was not published. What 
was the tax rate? 

- ^ 


In order to justify the tax to the nearest cent, it is necessary to compute 
the rate to five significant figures. 

Example 3-17. The U.S. government income tax on a net income of 
$14,240 is 20% of the first $4000, 22% of the next $4000, 26% of the next 
$4000, and 30% of the amount which exceeds $12,000. Eind the amount 
of the tax and an equivalent single tax rate. 


T = $4000 (20% 4- 22%. + 20%) + $2240 (30%,) 
= $3392 


r 


3392 

14240 


23.82%,. 


Example 3-18. A certain stock has paid a regular annual dividend 
(Percentage) of $.3.50 a share. IIow much should you pay for the stock 
(Base) if you wish to earn 0% on your investment? 



$58.33. 


Prohlem Set 3-4 

1. A salesman receives a commis.sion of 7% of his daily sales up to $100, 
and 4% of the daily sales over $100. If his daily sales averaRc $280, what is his 
average daily commission? 

2. An insurance policy salesman receives 30% of the first premium on a 
certain policy and 0% of the next four premiums. If the annual premium is 
$68.72, what is his total income from sueh a sale? 

3. The assessed value of a piece of property is $4700. The tax rate is 7.5842%. 
What is the amount of the tax? 

4. An article cost the retailer $24; he estimates his overhei^ (selling expenses) 

as 12% of this cost, (a) If he desires to make a profit of J0% on his cost, what 
should the selling price be? (b) If he sells the articles fpr J30, what % of his 
cost is his profit? ' ’ > 
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5. (a) $47.50 is what per cent of $763? 

(b) 27.6 is what per cent of 23.9? 

(c) $45.50 is what per cent of $6000? 

6. A retailer pays $17.25 for an article and marks up this price by 33§%, 
rounded off to the nearest dime (a) What per cent of the selling price is this 
markup? (b) If the estimated cost of selling the article is 12% of the cost 
price, what is his profit? (c) What per cent of (i) the cost, (ii) the cost plus the 
selling cost, (iii) the selling price is this profit? 

7. A dealer pays $4.50 for a tool and marks up the price 33i%. .\t a sale he 
offers this tool at 15% off the original selling price. If his selling cost averages 
$0.50 per tool, what per cent of his total costs does he gain or lose? 

8. An article whose list price is $15.75 is sold to a retailer at successive dis- 
counts of 10%, 7%, 3%. (a) What does the retailer pay for the article? (b) 
What single discount is equivalent to these three successive discounts? 

9. A catalogue lists the price of a radio at $160. The dealer is allowed suc- 
cessive discounts of 25%, 10%, and 5%. (a) What does he pay for the radio, 
and what single trade discount would yield the same eost? (b) The dealer’s 
ovcihead amounts to 20% of the list price. At a later date, he offers a customer 
the set at 15% off list price. Docs he lose or gain on the whole transaction? 

10. On a recent tax bill, a piece of property was assessed for $6480 and the 
taxes stated as $498.78, but the tax rate was omitted. What was the tax rate? 

11. 'I'he r.S. government graduated income tax rates in 1958 were 20% of 
net incomes less than $4000; 22% of the net income between $4000 and $8000; 
20% of till- net income between $8000 and $12,000; 30% of the net income be- 
tween $12,000 and $16,000. What is the amount of the tax on the following 
net income: (a) $7750; (b) $10,760; (c) $14,820? 

12. (a) 19.5 is 28% of what number? 

(h) 76.3 is 104% of what number? 

(c) 3.76 is .0342% of what number? 

1.3. A dress selling for $13.75 is marked “15% off list price.” What was the 
list price? 

14. A car is offered for sale for $1450. The salesman claims that this is 18% 
off its true value. What is the claimed true value? 

15. .\ certain stock has paid regular annual dividends of $0.25 for u number 
of > i'ara. How much should one expect to pay for the stock to earn (a) 7%, 
(b) 5% on his investment? 

1 6. bond salesman earn.s a commission of 1 J% of his sales. How much must 
he Si'll a month to have an income of SSOO per month? 

17. .\ retailer colh'cls a 4% sah-s tax on all his sales, but failed to keep the 
sales tax money sejxarated from the Si-lling price of the goods. At the end of the 
day. hi.s total rec« ipts wi rr- $45.S.64. How much of this was tax money? Is this 
amount less than or gn-ater than 4% of $458.64? Explain. 

3-9 Factoring. .\ natural number is factored with regard to the natural 
immhers by finding two or more natural numbers (omitting -j-l) whose 
product i.s this number. I'or example, 14 = 2 • 7. To factor 14 over the 
.'•ft uf intoger.s, we also liavc 14 = ( — 2)(~7). 
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To factor a polynomial in one (or more variables), one first specifies the 
set of numbers to which the coefficients in the factors belong. This section 
treats factoring of polynomials with rational coefficients over the set of 
rational numbers, and the special case of factoring polynomials with 
integral coefficients over the set of integers. To factor a polynomial over 
the set of integers means to find two or more polynomials with integral 
coefficients whose product is the given polynomial. Since the coefficients 
of the product of two such polynomials involve only the addition and 
multiplication of integers, the coefficients of the original polynomial must 
be integers. To factor a polynomial over the set of rational numbers means 
to find two or more polynomials with rational coefficients whose product 
is the given polynomial, and this implies that the coefficients in the original 
polynomial must be rational numbers. Thus — 2x -j- ^ could not 
be factored over the set of integers, but can be factored over the set of 
rational numbers: 

— 2x + li (^ — f)(^ — i) for any x. 

The polynomial z* — 4 could be written as the product of two polynomials 
in many ways; 

’)• 

The first two factorizations are over the set of integers. The third equality 
is one of many possible factorizations over the set of rational numbers. 
The polynomial z^ — 2 can be written in the form 

z‘ - 2= (z- V2)(i + V2), 

but the factors do not have rational ceofficients. z^ — 2 is a simple illustra- 
tion of a polynomial which cannot be factored Uver the set of rational 
numbers, but which can be factored over the set of all real numbers; 
z* 2 cannot be factored over the set of all real numbers. 

If a polynomial has rational coefficients, it may be treated as a poly- 
nomial with integral coefficients which has been divided by some constant. 
Hence the methods for finding the factore over the set of rational numbers 
can be reduced to that of finding the factors of a polynomial with integral 
coefficients over the set of integers. Thus 

- 2z + = 2^(25 .i:* - 50z + 21) 

= 2*5(5x - 3)(5z - 7) 

= (z ~ i)(x - ^) = (f - a:)(^ - x). 


z* - 4 = (z - 2)(z + 2) = -(2 - z){2 -f z) 


= {2. - 4, (l 


+ 
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The methods for finding the factors of a polynomial with integral 
coefficients over the set of integers are discussed under several sub- 
headings. 

(A) Special products. Any of the special products given in Section 2-6, 
except possibly Eqs. (2-11) and (2-12), can be read directly from right to 
left to get formulas for factoring. 

Example 3-19. Thus one recognizes immediately that 

- li/2 = (2j- _ §^)(§x + §1/), 

which gives the factors over the set of rational numbers. 

(IJ) Grouping. The distributive law of multiplication (M8), read from 
right to left, can often be used to factor certain algebraic expressions by 
an appropriate grouping of terms. 

Example 3-20. 

ax + ay bx -h by = a(x + y) -f 6(x + ;/) 

= (a -I- 6)(x -I- y), 
or 

ax -r ay -I- hr by — x{a + 6) + i/(a -f b) 

= {a -f 5)(x + y). 

i;xAMCLE 3-21. Eactor 2x^ - — x-y + 4x1/2. Qroup the first 

lonn witli the third and the second term with the fourth to get 


2.( '' - '2y^ - x'y -i- Axy- = x'i2x — y) -r 2i/(2x — y) 

= (2x - y){x~ -h 2t/~). 

(.(■) Trial fiirhirs. Ixjuations (2-11) and (2-12) provide methods for 
factoring 'onie pt>l.viuinualfi of tlie fc»rm Ax^ + Bx C and Ax^ 4- 
[ixy - f i/2. wIhtc .1. H, (' are integers. I'hus: 


or 


li.c -X (' = [cx -r a)((/.r -f b) 


where a, b, c. d are integers sueli tliat cd — .1, ab = C, ad -f be = B. 
There are at mo'-t a finite number of pairs of integers (u, b) and a finite 
numl)er of pairs uf integers (r, d) to try. 

Example 3-22. l-acl(»r 

(a) X'’ -- 4x • d: (b) .r' — x — 0; (c) lox^ — \\xy — 


<*vcr the st't of integers. 
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(a) To factor x- + 4i: + 6, we limit the trials to the positive integer 

pairs a = 1, 6 = 0; a = 2, 6 = 3, for interchanging a and b wouhl not 
affect the result. Since neither 1 + C nor 2 + 3 is 4, -i- 4x « is not 

factorable over the positive integers. 

(b) To factor ~ x - G into (x + 2)(j - 3), we may limit the trial.-j 
to integer pairs a = 1, b = -(>; a = -1. 6 = 6; a = 2 b = - i- 
a = -2, 6 = 3. 

(c) To factor lox^ - llxy - Ui/, we need to try the pairs (1, 15), 
(3, 5) as the coefficients of x. Each of these is combined with each of the 
following pairs of possible eocfficicnts for y: 

(I,-14):(-1.14);(2,-7);(-2,7);(7, -2) ; (-7, 2); (14, - 1) ; (- 14, 1). 

Hence there are sixteen pairs of factors to try. They are listed belt)w hal- 
lowed by the coefficient of xy. 


(x 4- i/)(15x - 14//) 

(1) 

(3x 4- y)(5x — 14//) 

(-37) 

(x - y){lox + 14//) 

(-1) 

(3x - //)(5x 4- 14//) 

(37) 

(x + 2//)(15x - 7y) 

(23) 

(3x 4- 2//)(5x - 7y) 

(-11) 

{x ~ 2i/){I5x 4- 7y) 

(-23) 

(3x - 2//)(5x + 7y) 

(11) 

(x 4- 7j/)(15x - 2//) 

(103) 

(3x f 7//)(5x — 2y) 

(29) 

(x - 7i/)C15x 4 2y) 

(- 103) 

(3x - 7//)(5x 4- 2y) 

(-29) 

(x 4- 14//)(15x - y) 

(209) 

(3x + I4//)(r)X — y) 

(07) 

(x — 14//)(15x 4 - y) 

(-209) 

(3x - l4//)(5x + y) 

(-07) 

It follows that l.>x^ — 

llx// - Uy^ = (.3x 4- 2//)(5x - 

7//) for all 

and y. It also follows that 15x^ 4- Bxy — 14//^ can be factored over tl 
set of integers for the following values of B: 

±1, dr 23, ±103 

. ±209, 

±37, ±11, ±29, 

±ti7. 


PnoHLEM Set 3-5 


When possible, factor each of the following into its factors of lowest degree 
over the set of inU'gcrs or over the rational numbers. Otherwise, show tliat 
such factorization is impossible. 


1. 4z2 - 9y2 
3. 4x2 + 12iy + 9i,2 
5. 27x2 _ 4gy2 
7. X* - 27y^ 

9. X® — 04]/® 


2. a2 - Qab 4- 962 

4. gx2 _ 2xy + |y 2 
C. 2a* - 8a26 -j- 

8. I* + 9x2y + 27xy2 + 27y* 

10. X® + G4y® 
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1 1 . Sab — Qbx — Aay 8xy 
13. 5a^ — 15a6 + 6ac — 186c 
15. 3x2 _ iij + 6 
17. x2 _ 2 j + I 
19. 3x2 _|_ 0J. _ 8 

21. 12x2 _ aft _ 2062 

23. 15x2 + 29x«/ - 14y2 


12. 3a6 + 66x — iay + 8xy 
14. 5a2 — I5o6 6ac — 126c 

16. i2 + + 2 

18. 3x2 ^ 2x — 8 
20. 15x2 + 22x H- 8 
22. 12a2 - 35a6 + 2562 

24. 15x2 -f 27xy - 14y2 


25. Justify on the basis of Eqs. (3-5), (3-6), (3-7) that the product, quotient, 
and sum of two rational numbers is a rational number. 

26. Show that x2 — 2x — 4 is not factorable over the set of integers. Does 
this imply that x2 — 2x — 4 is not factorable over the set of rational numbers? 
Why? Does it imply that x2 — 2x — 4 is not factorable over the set of real 
numbers? Explain. 


3-10 Division of pol 3 momials. The concepts of division as successive 
subtraction with a remainder for integers (see Section 3-6) are readily 
extended to division by a polynomial. By the distributive law of multipli- 
cation and the law for positive integral exponents, Eq. (2-5), the sum 
and product of two polynomials are also polynomials. To divide one 
pxilvMoinial by a second polynomial, subtract the divisor, multiplied by 
various powers of the variable, as many times as possible, the proceSvS 
terminating when a remainder whose degree is less than the degree of the 
divisor is reached. 

lixAMCLK o -23. In Section 2-6, we found 

^.r- - L>r 4 ;i)(.r2 - j- + 2) = - 3x'’ -[• 7j - - 7x -f 6. 


'I hc division of this product by x' — x 2, through the process of suc- 
ci’.ssivc subtraction is given below: 



x“’ - 2x 

-f 

3 


2).r^' -“3x^ 


7x" - 

7x 4 6 

.r^ .r" 

t 

2x2 


2x'^ 


.5x2 _ 

/X 

2x^ 

-f 

2x2 

4x 


3x- — 3x -b 6 

3x2 ^5 


0 


The final remainder is zero. 


Multiply X* — X -f 2 by 
and subtract 
Multiply x‘ — X + 2 by 
— 2x and subtract 
Multiply x^ - X + 2 by 3 
and subtract. 


Ex.xmi’le 3-24. Another example which illustrates the case where the 
nunaindcr need not be zero and the coeflicient.s need not be integers is; 
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3x + J 

2x^ + x)6x^ + 4x^ — 2x + 5 
6x^ + 3x=^ 

x^ — 2x 

f X + 5 


Multiply 2x^ + X by 3x 
and subtract 
Multiply 2x^ + X by I 
and subtract. 


The remainder is — fx + 5, and 


6x3 4^.2 _ 2x + 5 - (2x2 + i) = (-|x + 5). 


Symbols such as F(x), D(x), Q(x), and /2(x) are used to represent poly- 
nomials in one variable x. The degrees of these general polynomials are 
represented by letters like n and m which denote positive integers. 

If F(x) and D{x) are given polynomials of degree n and m, respectively, 
then the process of successive subtraction, corresponding to division of F(x) 
by D(x), is 

Fix) — D(x)Q(x) = R(x), (for all x), (3-11) 


where Q(x) is the partial quotient polynomial of degree n — m when n ^ m, 
and R(x) is the remainder polynomial of degree less than m. 

If m > n, F(x) = Rix). Equation (3-11) can be written in the equiva- 
lent forms 

Fix) = D(x)Q(x) -\- Rix), 


Fix) 

Dix) 


- Qix) -H 


Rix) 

Dix)' 


(3-12) 


In the last form, exclude all values of x for which Z)(x) = 0. 

If Fix) is a polynomial, then F(a) is the result of evaluating this poly- 
nomial for the special number o. A division may be checked by assigning 
convenient values to x, avoiding those values of x for which Dix) = 0. 

Example 3-25. The division (see Example 3-24) 


6x3 ^ 4 _j 2 _ 2_r 5 

2x2 4. X 


(3x + i) -b 


- jx + 3 

2x2 -b X 


can be checked by using any value for x other than x = 0ori = — ^ 
For X = 1, the left member becomes the right member also becomes 


Z4.5/?_?i.5_2G_ 13 
2“^ 3 6 ■*'6“ C - y ■ 
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The case when D(x) is a polynomial of the first degree, D(x) = x — r, 
is of special interest. Equation (3-12) then becomes 

F(x) — (x — r)Q(i) + R, (for any x), (3-13) 

where r and R are now constants. 

Since Eq. (3-13) is true for any x, it is true for the special value x = r, 
and thus F(r) = R. 

Remainder Theorem. If a polynomial F{x) is divided by x — t, the 

remainder is the result of evaluating F{x) at x = r: F(r) = R. 

Factor Theorem. If a polynomial F{x) is divided by x ~ r, the re- 
mainder is zero if and only if x — r is a factor of F(x). 

This follows directly from Eq. (3-13), where the statement x — r is a 
factor of F(.r) means that it gives a complete quotient (remainder R = 0). 

Example 3-26. Determine whether x — 2 and x + 2 are factors of 
— 6x — -1. If .so, find the other factor. 

U't F(x) = x" - Ox - 4. Then F(2) = 8 - 12 - 4 5 ^ 0; F(-2) == 
—8 + 12 — 4 — 0. Hence x + 2 is one factor and the other is found 
by dividing x^ — Gx — 4 by x + 2. 

x^ - 2x - 2 

X + 25P - 6x - 4 

x^ + 2x^ 

- 2x2 _ 

- 2x2 _ 

- 2x - 4 

— 2.T — 4 

0 Check. 

- Gx - 4 = (x + 2)(x2 - 2x - 2). 


Probi.em Set 3-6 

1 . IVrforin the following divisions. Express the answer in both forms of 
E(i. (3-12). Divide: 

(a) x'-^ — 6x — 4 by X — 2 

(b) X-’ — 6x — 4 by x2 + I — 2 

(e) — 12x — 16 by x — 2 and by x + 2 

(d) x^ — I2x — 16 by x2 - 2x + S 
(<•) x^ — 12x - 16 by 2x — 3 
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(0 X* + 3x3 73.2 ^ 7^ ^ g by ^2 ^ 2x + 3 

(g) x^ + 3x3 + 7x2 + 7x + 6 by x2 - 2x + 3 

2. (a) Evaluate F(x) = x* — 3x3 7x2 — 3x — 14 at x = 1, j = 

X = 2 by substitution. 

(b) Divide F{x) by x — 1, by x + 1 and by x — 2 and chock results by 
the Remainder Theorem. 

(c) Find the linear and quadratic factors of F(x). 

3. (a) Evaluate Fix) = x* 5x3 ^ 2x^ — lox — 9 at x = 1, —1, 3, —3. 

(b) Find the quotient of F(x) by x + 3, and evaluate this quotient at 

X = -3. 

(c) Find the linear and quadratic factors of Fix). 

4. (a) If a and b are real numbers, distinguish between the complete quotient 
and partial quotient if a is divided by b. (b) If Fix) and D(x) are polynomials 
in the variable x, distinguish between the complete quotient and partial quotient 
if Fix) is divided by D(x). 

5. If II ix, y) and D(x, y) are homogeneous polynomials in the variables (x, y) 
(for definition see Section 2-5), show how Eqs. (3-11) and (3-12) apply to th(\s(\ 

6. Divide 

(a) a3 — fc3 by a — 5 

(b) a3 — 3a26 -f 3a62 _ by a — 6 

(c) a3 — 3a26 + Sab^ — 63 by a + 6 and check by means of the Re- 
mainder Theorem 

(d) x3 -F x2y + xy2 -|- by X -b y and check as in part (e) 

(e) x3 — I^y -j- xy‘3 _ y3 by x -|- y and check as in part (c) 

3-11 Factoring polynomials. The Remainder and Factor Theorems can 
be used in searching for factors of the first degree for a given polynomial. 

Example 3-27. To factor Fix) = x* — x — 0 over the .set of integers, 
seek factors of the form x — r, where r is an integral factor of — G. Hence 
r must be in the set (1, -I, 2, -2, 3, -3, G, -G}. Evaluate Fix) by 
substitution for each such r. It is found that F(3) = 9 — 3_(3-o 
so that X — 3 is one factor; the other is then found by inspection: 
— X ~ G = iz ~~ 3)(x -f- 2) for all x. 

Example 3-28. To find factors of the form x — r for Fix) = 

X* -f 4x + G, where r is an integer, it is observed that — r must be positive, 
so the only po.ssibilitie.s are r = — 1, —2, —3, — C. 

F(-l) = 3, Fi-2) = 2, Fi~:i) = 3. Fi~G) = 18. 

Hence x“ + 4x -f- 0 cannot be factored over the set of integers. If we note 

x* + 4x + 0 = x^ + 4.r 4- 4 -f- 2 = (x + 2)2 -f 2 and observe that 
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F{x) positive for all real numbers, we conclude again that it cannot be 
factored over the set of all real numbers. 

I'he procedure for a homogeneous polynomial in two variables is similar 
to that for a nonhomogeneous polynomial in one variable, since these 
can he reduced as illustrated below. 


Example 3-29. 


II{x,y) = 15x^ — lljy — = 15^ 


-2 


llxy 
\y2 I5y2 


14 

15 


)■ 


Let x/y — u; then H{x, y) = \oy^(u^ — — H) and the problem of 

factoring H{x, tj) over the set of integers becomes that of factoring 
F{u) = — -{-yu — yf ovcr the set of rational fractions. Any factor 

mu.>^t be of the form « — (a/6), where a is an integral factor of 14 and 6 
is an integral factor of 15. It is easy to verify that E(— §) and E(f) are 
botli zero: 


’(-i)-s 


,11 2 14 20 + 22 - 42 „ 

15 *3 15 45 ” 


Hence 






tlial 


//,,■. VI = (■; (- :;) (+ 0 = 0)^- + 2iiX5s - 7,j), 


when* till' t.e lor has been alisorbed into (he other factor.^. 


1.x 3 ;>(). 'I'l' facUor llix. y) = x^ + y^ over the set of integers, 

fDiiMilt r X (.r J- y. fl{y. y) = y^ -j y^ pi 0, so that x — y i» 

not a l;u lor of * • y'. However, U{-y, y) = —i/ + ^^ = 0, so that 
x !/ is sui'h a faetor and the residual factor is found by division (sec 

I’.ij. 2 l.")t ; 



11 {<1, a) -- 
we use l'](i. ( 


//^ — (.r I y){x' — xy + y') for any .r and any y. 

3-.1I. If Ii{a,b) = «■* — then II(a,a) — 0 and 

0, so that (I --- 6 and a -f- 6 are botli factors of a* — 6"*. If 
2-10), in\-ol\ ing the tlilTcrence of two .sejuares: 


-- 6'* = (a‘ -- 6-)((i2 f- 6‘) = (a — 6)(a + 6)(a' + 6‘). 

replacing 6 in a* + 6" by either a or — n does not give zero, 
l aiiiiot be f:u‘tored over the set of integers. 
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Example 3-32. To factor F{x) = x* + bx^ + 2x^ - Vox - ^ over 

the set of integers, seek factors of the form {x - r), where r is an integral 

factor of —9, and F{r) = 0. It is found that F(l), F{~1) FCi) are all 
different from 0. » v / 

Pi 3) = 81 — 135 + 18 + 45 — 9 = 144 — 144 = 0 

Hence i + 3 is a factor of Fix) and a second factor Q{x) is found to be 
Q(x) = + 2x2 _ _ 3^ gQ 

Fix) = (x + 3)(3(x), for any x. 

+ 2x2 - 4x _ 3 
X + 3)x^ + 5x^ + 2x2 — lox — 9 

X* + .3x2 

2x2 2x2 

2x2 ^^^2 

- 4x2 _ 

- 4 x 2 _ ^ 2x ^ 

— 3x — 9 

— 3x - 9 

/? = 0 Check. 

Now F(l) ^ 0 and /^(l) = 40(1). Hence 0(1) 0. Similarly 

v(— 1) ^ 0andQ(3) 0, so that the only possible factor of Qfx) isx + 3 

AlsoQ(— 3) = —27 + 18 + 12 — 3 = 0,sothatF(x) = (x + 3)2(J,(x) 
where the factor Q,(x) = x2 - x - 1 is found by dividing Q(x) byx + 3’ 
As in the argument given above, Qi(l) 0 and Qi(-l) 0, so that 
Qi(x) cannot be factored over the set of integers. Hence 

P'(x) = (x + 3)2 (x2 ^ X ~ 1), for any x. 

To simplify algebraic fractions by dividing numerator and denominator 

by the same common factor, the first step is to factor both. This is illus- 
trated by several examples. 

Example 3-33. 

Gj2 - X - 1 ^ (2x - l)(3x -t- 1) _ 3x + 1 
2x2 + 5x - 3 {2x - I)(x + 3) ~ x + 3 ' 

Example 3-34. 


~ == (g - 6)(q2 + afc -f fcZ ) _ (,2 _j ^ ^2 

a* - b* (a - b)ia + 6)(o2 + 52 ) JTTbji^VTfJ^) ' 
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It is observed that both numerator and denominator become 0 if a = b, 
indicating the presence of the common factor a — b. Neither 
nor + a6 + 6® can be factored over the set of integers. 

When adding algebraic fractions (see Section 3-5 and Problem Set 3-2), 
it was necessary to express each fraction as an equivalent fraction using 
a common denominator. It is not necessary to use the product of all the 
denominators, but the least common denominator may be used. This is the 
algebraic polynomial of lowest degree which is exactly divisible by all the 
denominators, and is best found when the denominators are first put in 
factor form. The least common denominator includes the highest power 
of any factor that occurs in any denominator. (Changes in sign are not 
considered a.s giving a different least common denominator.) 

Example 3-35. To add 


1 

-h X 



(x 0, 1, -1), 


note that the denominators are j(j 4- 1). (J" — l)(x + 1), and x(x — 1), 
so that the lea.st common denominator is x(.c — l)(x + 1). Multiply the 
numerator and denominator of the first fraction by x — 1, those of the 
second fraction by x, and those of the third by (x 4* !)• Then the sum is 
given by 

(^- 1) - -lx -^x -2x ^ -2 _ 

x(x • - l.)(x 4- 1) x(x — l)(.r 4-1) (x — l)(x 4* 1) 


As a cheek, use x = 2. The original fractions have the value 

I -11 1-84-3 -4 —2 

i. 3 ^ 2 “ 3 “ G “ 3 ’ 


while direct ovaluati<in of the result gives the same fraction. 
r'x.\MPLi; 3-3(>. Consider the sum 


N = 


.S = 


1 


f 


l 


n-’ - Wah i 2//2 ' a-i - b-i 


1 


.T -b 


I 


a- 4 :iab 4- 26-' 


. (a 5^ ±6, ±26) 


I 


(a - b)((i ~ 26) ' (a — b){(i 4- 6) (a 4- 6)(a -r 26) 


'rhe least conimon denominatfu’ is (n - 6)(a -f 6)(a — 26)(a 4- 26) 
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As a check, let a = Hb: 


s=-L_l J_ I _L=1/- 

262 862 ■*" 2062 62 \ 


20 + o-f 


40 




also. 


276 


27 


I mm = 4665 ’ “ 'heck. 


27 

4062 ’ 


Phoblem Set 3-7 


Use the Remainder and Factor Theorems to factor the polynomials in problems 
1 to 22 into factors of the lowest degree over the set of integers, where possible. 
Otherwise show that such factorization is impossible. 


1. 3z 2 - 11x4-6 
3. 3x2 _|_ 6^ _ 8 
5. x2 — 2x — 4 

7, x® 4- 

9. x^ — 27 

11, 12a2 - a6 - 2062 

13. x3 - 0x2 4- llx - 0 

15. X* — 2x — 1 

17. x^ 4- 7x2 |(jj. ^ 12 

19. I-* 4- Ci^ 4- 12x2 _j_ ioj 4^ 3 

21. X* - 3x3 _j_ 22:2 - 5x - 3 


2. 9x2 _ igj + g 

4. 15x2 4- 22x4- 8 

6. 3x2 _ i2j + g 
8. x2 — ly 4- y2 

10. 16x2 - 72xy -|- 8Iy2 

12. 12a2 - 35a6 4“ 2562 

14. x3 - 6x2 4- 7x + 0 

16. x3 4- 2x - 1 

18. x3 - 9x2 4_ 27x _ 27 

20. x^ -t- 4x3 _ _ i2x 4- 9 

22. X* -h 2x3 _ Q^2 _ ,6j: _ 8 


Simplify the following fractions. Include a check. 


OQ 

2x2 4- 5x - 25 

4a* 4" 4a6 — 36* 
2o2 4- 5o6 4- 362 



3 , ,3 

a 4- 6 

o2 - 62 


94 2x* - 15x 4 25 
2x2 4- 5x - 25 

a‘* 4- 2a*6 4- 2a6* -f 6'‘ 


28 (lA^) - dV) 

' (l/x2) - (l/y2) 


Add the following sets of fractions and simplify the results. Include a check. 





8 



O] ^ ^ I - 

■ (* - 2)2 x2 - 4 ^ (X 4- 2)2 

32 1 2 1 

■ 2x2 4- X - 1 2x2 4- 3x - 2 ^ 2x2 4- 5x - 3 



CHAPTER 4 


LINEAR EQUATIONS 

4-1 Equations. Algebra employs declarative sentences, expressed wholly 
or partially in symbolic form, which relate two numbers or algebraic 
expressions. The common and highly important relationship of equality 
is stated in such sentences and when these sentences are expressed in 
symbolic form, they are called equations. Declarative sentences involving 
equations can be written which may not be true, and the symbols used 
may have specific meanings or may be restricted to some specified set of 
numbers. Sentences which contain variables (referred to as open sentences) 
may be true for some values of the variables and fail to be true for other 
values of these variables. In such cases it may be required to find the 
values of the variables for which the sentence is true. For example, the 
sentence “3 + 4 = 7” is true; the sentence "7 — 3 = 5” is not true; 
the sentence “o + 6 = 6 + a” is true for any a and any 6; the sentence 
a -f- I = 6 is tnie for one and only one value of x, namely, x — b — a; 
the sentence “o + 2a = 6” is not true for any a and any b, but it is true 
for any a and b for which 6 = 3a. 

A true sentence is often preceded by an appropriate label. The labels 
".Axiom," “Postulate,” “Law," “Definition” all imply that the sentence 
is true by assumption, that, is, it is taken as true without proof. The label 
"Theorem " (or one of its synonyms) indicates that the truth of the sentence 
follows by logical reasoning from the stated assumptions. Such sentences 
iiu lucle legends stating the values of the variables for which the sentences 
are true. 

Equations which are true for all values of the variables are called 
identiiies. Most of the fundamental laws of addition and multiplication 
are identitie.s. Thu.s, the distributive law, a{b + c) = a6 + ac, is an 
identity, since it is assumed true for any a, b, c. The special products of 
Section 2-0 arc identities, being true for any values of the variables. Equa- 
tion.s whi4'h arc not true for all values of the variables are called conditional 
equations, and it is a fundamental problem to find the sets of numbers 
for whii-h such equations are true. Such sets are called the solution sets 
for the conditional equation.s, and each member of the solution set is called 
a sulutiun. For example, it has been proved (Section 1-5) that the equation 
jr a — 6 is (rue for one and only one value of x: x = 6 — a. It was 
assumed (Section 3-1) that the equation ax = 1 had one and only one 
SLilution for any a different from zero, namely, x == 1/a. It has been 
priivod in Section 2-2 that the cciuation x(.r — 2) = 0 has two and only 

G4 
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two solutions, namely x = 0 and x = 2. A conditional equation might 
have no solution in the specified domains of the variables, in which case 
the solution set is the empty set. For example, if x is restricted to be an 
integer, then the equation 2x = 3 has no solution; if x is restricted to be 
a real number, then (x — 2)^ = —3 has no solution. In general, it is 
not known in advance whether or not an equation has solutions in a 
specified domain. It is always important to know the set of numbers to 
which the variable is restricted, for one may formally find solutions of the 
equation which are not in this restricted set. In many applied problems, 
the variables are restricted to the positive numbers. 

This section treats equations in one variable. If other symbols appear 
in these equations, they represent fixed real numbers. Unless indicated 
otherwise, the domain of the variable is understood to be the set of real 
numbers. Two equations are said to be equivalent if they have the same 
solution set. Starting with a given equation, certain arithmetical opera- 
tions may be performed upon this equation to give new equations that are 
equivalent to the original one. The process of solving an equation involves 
finding a sequence of equivalent equations, the last of which has readily 
recognized solutions. An operation on an equation which leads to an 
equivalent equation is said to be permissible. The .following operations 
are permissible: 

(1) Removal or insertion of parentheses. 

This includes the expansion of any indicated product and factoring. 
It is justified because, for any x, these operations merely change the form 
of the numbers. 

(2) Addition of the same algebraic expression to both members of the 
equation. 

(Subtraction is included as addition of the additive inverse.) 

This operation is permissible, because if for any x in the specified domain, 
the members of the equation have the values a and b, and the algebraic 
expression has the value c, then 

a = b if and only if a c = b c. 

(3) Multiplication of both members of ike equation by the same algebraic 
expression which cannot be zero for any values of x in the specified domain. 

(Division is considered as multiplication by the multiplicative inverse.) 

This operation is permissible, because if for any x in the specified domain, 
the members of the equation have the values a and 6, and the algebraic 
expression has the value c 0, then 

0 = 6 if and only if oc = be. 

The limitation c 0 is essential not only so that the appropriate laws 
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may be applied but also to maintain equivalence. The equation 0*0 = 
0 • 6 is true for any x, even though a = 5 may not be true for any x. 

The concept of equivalent equations is more than an application of the 
laws “equals added to equals give equals'* and “equals multiplied by equals 
give equals, ” since it involves the more basic idea that the equations have 
the same solution set. 


Example 4-1. The equation x = 2 is an equation with one and only 
one solution, w’hereas x^ = 4 is also an equation which is true for x = 2. 
The equation x^ + x = 4 + 2 is also true when x = 2. However, the 
original equation and this final equation are not equivalent, for x^ -f 2 : = 6 
is also true for x = —3, whereas the equation x = 2 is not true for 
X = — 3. It is noted that the same algebraic expression was not added to 
both members of the original equation in order to obtain the final equation. 
The equation x = 2 is, however, equivalent to the equation x -{- 4 = 
2 + 4 and to the equation x^ + x = x® + 2. 


Example 4-2. Multiplication by an algebraic expression which involves 
the variable may introduce extraneous solutions, and division by such an 
expression may lose some of the solutions. The equations x — 2 = 0 
and x(x — 2) = 0 are not equivalent, for the first has only the solution 
X = 2 and the second has the solutions x = 2 and x = 0. The multipli- 
cation of both members of the first equation by x introduces an extraneous 
solution. If the second equation is solved by dividing both members by x, 
a solution is lost. Sucli division is not permissible, since it would involve 
di\ i.>iion 1)V zero. 


Ex AMl-LK 4 3. 


rind all the real solutions of the equation 



- 8.r 4- 2 = 



I'iist verify tliat j = 3 is one .>^01011011. 

If X = 3, the left member takes the form 27 — 24 + 2, and the right 
member takes the hirm 1) — 4; the.^c are different forms of the number 5. 
Subtract x" I from both members of the etjuation (Operation 2) to 
nl>tain the equivalent ecpiation 

x-^ - x^ - 8x + 0 = 0. 


Since x — 3 is one .'Solution, (x — 3) is one factor of the polynomial on 
tlie left, so (his eijiiation is ccjuivalent (Operation) 1 to 

(x - 3)(.c- + 2x - 2) = 0, 


where the second faeliu- was found by divi.sioii (Section .3-10). Inasmuch 
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as a product is zero when either factor is zero, the solutions of this last 
equation are x = 3 together with the solutions of the equation 

+ 2x - 2 = 0. 

Solutions of X* + 2x — 2 = 0 give the remaining real solutions of the 
original equation. 

4-2 Linear equations in one variable. The equation 

ox + 6 = 0, (a 0), (4-1) 

where a and b are real numbers and x is a variable, is called a linear equation 
in X. It has the unique solution x = —6/a. The equations 

ox + 6 = 0, ax = —6, x = — - . (a 0), 

a 

obtained through permis-sible operations are etjuivalent, and the last one 
gives the unique solution. 

More generally, a linear equation in the variable x is an equation which 
can be reduced to the form of Eq. (4-1) by means of permi.ssiblc operations 
and hence has one and only one solution. 

Example 4-4. Examples of such equations arc 

(a) ax + 6 = cx -f d, a, b, c, d real numbers, a 9 ^ c\ 

(b) (x — a)^ = (x — 6)*, a, 6 real numbers, a 6; 

(c) ^ ^ = c, X 9^ b, a,b,c real numbers, a 9 ^ c. 

To reduce example (a) to the form of Eq. (4-1), first subtract 6 and 
then cx from both members of the e(juation. It becomc.s, after inserting 
parentheses, 

{a — c)x = d — 6, {a ~ c) 7^ 0. 

The permissible operation of subtracting a term of one member of the 
equation from both members is equivalent to the operation of changing 
a term from one member of the equation to the other and reversing its 
sign. This is called a transpusilim. From ax + 6 = cx -f d, we obtain 
by transposition the equivalent equation 

ax — cx = d — 6 or (a — c)x = d — 6. 

If a c, the solution is x = (d - 6)/(a - c). If a = c, the equation 
would have no solution unless d = b. If a = c and d = b, any x would 
satisfy the equation. 
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Example 4-4(b) becomes successively, by means of permissible opera- 
tions, 

— 2ax + — 26x + 

— 2ox + = — 26x -|- 6^ 

(26 - 2a)x = 6=* - 

6^ — a" a + 6 , , ,, 

^ “ 2(6 - a) ~ 2 ’ 

If a were equal to 6, the original equation would be an identity, since it 
would be true for any value of x. 

In Example 4-4(c), the equation ax/(x — 6) = c is not dehned if 
X = 6. For X 9^ b, multiply both members by x — 6 to obtain the 
equivalent equation ox = cx — 6c, which is a linear equation as long as 
a 9 ^ c, and its solution is x = 6c/(c — a), c 9 ^ a. If o = c 0, then 
ax = ox — a6 would have no solution unless 6 = 0, in which case every 
X satisfies the original equation. 

Linear equations involving algebraic fractions often occur as formulas 
in the physical or social sciences. These formulas may contain several 
symbols, all except one of which are constants while this one is a variable. 
For example: 

(a) C = '2wr may be considered as a linear equation in r; 

(b) ]/ R = 1/^1 + 1/^2 niay be considered as a linear equation in R] 

(c) R = (.4)/(l + ni) may be considered as a linear equation in i] 

(d) .S’ = (a — rl)/(l — r) may l>e con.«idcred as a linear equation in r. 

Example 4-5. The foregoing formulas are solved as follows: 


(a) C = 


(b) ^ = 


(c) P = 


I = 


(d) .S = 


2irr, 


C 




Ri ^ R. ' 

.4 


1 R I R 2 


1 

R 


R I R-2 


R = 


R I Rt 


Ri-h R2' 


1 -h ni 
A - P 
nP 

« - rl 
1 - r ’ 

a ~ S 
1 - S‘ 


1 1 ^ * 

-1 uj = -- 


1 

P ’ 


.4 , A - P 


.S — rS — a ~ rl, t{ 1 — S) = a — S, 


It i.s assumed in cv’cry case that the denominators are not zero. 
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Problem Set 4-1 

1. (a) Are the equations r = 3, = 9 equivalent? Explain. 

(b) If X is restricted to be real, are the equations x = 3, x^ = 27 equiva- 

lent? Explain. 

(c) Are the equations x = 3, x^ x = x^ 3 equivalent? Explain. 

(d) If X = 3, then = 9, so that x* + x = 12. Is this last equation 
equivalent to either of the other two? 

2. (a) Are the equations x^ — 4x = 0 and x = 4 equivalent? 

(b) Are the equations x/(x — 2) = 3 and x = 3(x — 2) equivalent? 

(c) If the equation [x/(x — 2)] + [x/(x + 2)) = 2 is multiplied by 

(x — 2)(x + 2), a new equation is obtained. Arc the two equations 

equivalent? Explain. What can be said about the solutions of the 
given equation? 

3. Solve the following linear equations. 

(a) 5x + 12 = -4x + 20 

(b) — 9y +11 = Gy — 15 

(c) -9 j - 11 = -62 - 15 

(d) 3x + 4[2x - 3(x + 2)1 = 24 - Gx 

(e) 12y - (4 - 2(y - 2) - IC] - (4 - y) = 0 


4. Solve the following linear equation.s. 

(a) (x — 4)^ = x^ — 4 

(b) (X - 4)2 = (x - 2)2 

(c) (X - 4)2 = (x+ 4)2 

(d) (2x + 3)2 + (3x + 2)2 = 13x2 4 . 49 


5. Solve the following linear equations. 


(a) = .2 

(b) 


(d) 


(0 


4x 


X - 2 
2 x 

X + 4 

2x - 4 
x + 2 


= 4 


= 2 


6 . In each of the following formula.s, solve for the indicated sj mbol. 

(a) - =• - + - 
X y z 

Solve for x and ul.so for y. 

(b) V - 

Solve for h. 

(e) P = 

1 + ni 

Solve for n. 

(d) .1 - P(1 - nd) 

Solve for d. 
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(e) ^+f- 1 
a 0 

(f) p = 40 — 51 

= 4+^ 

(h) Ax-\- By-\-C = 0 

(i) C = K^- - 32) 


Solve for y. 

Solve for x. 

Solve for x. 

Solve for y and also for x. 
Solve for F. 


4-3 Worded problems and linear equations. Problems related to such 
concepts as length, area, volume, uniform motion, and levers can often 
be reduced to the solution of linear equations. To solve such a problem, 
let X represent one of the unknowns. Using the data given in the problem, 
write an equation that relates the other quantities to x. Solve this equation 
for X. If this equation is linear, it can be solved by means of the permissible 
operations. Although no general procedure can be given for obtaining 
the required equation, methods used are illustrated by a number of 
examples. 

(1) Sum and difference of niunbcrs. 

ICx.xMPi.K 4 -(>. The sum of two numbers is 24 ; one number is three more 
than twice tlie «)lhcr. Find the numbers. 

bet X be the smaller number; then the other number is 2.c + 3. Since 
their .sum is 21. 


X 


2 . 1 - 


j. 


3) 




X = 






(1 


I'.x AMi'i.i; 4 7. ( 'an thr sum (»f three consccuti\T (Hid integers bo (a) 2o^ 
) 4:)',' 


(at I.et X be the Miiallest integer, .m) that tlie other.s are .r f 2 and x + 4 
■I'lum 





I) = 2.j 
() = 2.> 



X — 


1 9 
3 • 


Sinr<' i< i|(,t an inlc'ger, ther»‘ 
lb' It J ] 1 - lA'phn-ed by 4.‘». 

■■ bl. I h< I in ee j oH'^ecut i\ «• 
111 general. il the sum I'f three 
ber .\ , th(“ii .\ must be an inteu 


are no stn h odd ijjtegers. 
the e.|uation takes the form 3x = 39, or 
odd integers are thus 13, 1.5, 17. 
eoiiseeutive odd integers is to be the niim- 
ral multiple of 3. 
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Example 4-8. The sum of two numbers is 25 and the difference of their 
squares is 225. Find the numbers. 

Let X be the larger of the numbers; the other is then 25 — x. The second 
statement in the problem yields 

x^ - (25 - x)2 = 225. 

Then - (625 - 50x -f x^) = 225 

50x = 225 + 625 = 850 
X = 17, 25 - X = 8 Ans. 

(2) Division of a line segment. 

Example 4-9. A line segment AB is 7^ in. long. Locale the point C 
between A and B so that AC i.s § in. shorter than twice CB. 

Let X = length of AC in inches. Then 7^ — x is the length of CB in 
inches. The given statement yields 

X = 2(7i ~x)-i 
3x = 15 — 3 ^ 

X = I = ylC; CB ^ 3. Ans. 

Example 4-10. On a graduated ruler find the points which trisect the 
part of the scale between 2 and 4|. 

Call the points (Fig. 4-1) of tri.'iection C and /), where AC = or 
AC = \CB, and AD = ^AB. I>et the scale readings for C and D be 
X and y, respectively. Then 


I - 2 = i(4| - 2) 


“ 2 = i(4| - X) 


The first of these equations yields 


X = 2 + i • V — 2g. 


Figuok 4-1 


We leave it to the reader to verify that the second equation gi\ es the same 
result. Also: 

y - 2 = I ■ Y or y = Y-. 

(3) Perimeter and area. 

Example 4-11. A rectangle 4 in. by 8 in. is completely bordered by a 
strip X in. wide. If the perimeter of the larger rectangle is twice that of 
the smaller rectangle, what is the value of x? 
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The perimeter of the original rectangle is (8 + 4 8 + 4) in. and that 

of the bordered rectangle is (8 + 2x) + (4 + 2x) + (8 + 2x) + (4 4- Si). 
Hence 

24 + 8x = 2 • 24 



X 



Example 4-12. A rectangle is twice as long as it is wide. If it is bordered 
by a strip 2 ft wide, its area is increased by 160 sq. ft. What are its dimen- 
sions? 

Let its width in feet be x. Then its length is 2 j. The dimensions of the 
bordered rectangle in feet are i + 4 and 2x + 4. Hence 

(x + 4)(2x + 4) = 2x^ + 160 
2i^ + 12x + 16 = 2x2 ^ leo 

I2x = 144 

X = 12, 2x = 24. Ans. 

(4) Dh’ision of estates or investments. 

Example 4-13. An estate valued at $6000 is to be divided among a 
wife, a son, and a daughter. Each is finst to receive S500 and then the 
re.st of the estate is to be divided .so that the wife receives three times as 
much as the daughter and the son receives twice as much as the daughter. 
How much does each receive? 

After the 81.000 has been deducted, let x be the amount of the estate, 
e.xpres.'sed in dollars, received by the daughter. The amounts received by 
the three heirs arc 500 4 x, 500 + 2x, 500 + 3x. Then 

{500 4 X) t (500 4 2.r) 4 (500 4 3x) = 6000 

6x = 4500 
X = 750. 

Hence the amounts received are S1250, S2000, $2750. 

Example 4-14. An investor with S40,(X)0 wants to receive an over-all 
annual return of approximately 59o- He invests his funds in government 
bonds giving an annual return of and in stocks giving a probable 

annual return of C^o- He desires to keep his stock investment to a mini- 
mum in order to les.«en his risk. The investments arc made in units of 
$100 each. How many bonds and how many stocks should he purchase? 

hot X = number of bonds, each paying $-1.25 a year. Then 400 — x == 
number of stocks, each paying $6.00 a year. His desired income in dollars 
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is 5% of 40,000 = 2000, and his probable income in dollars is $4.25x + 
6(400 — x), so that 

2000 = (4.25 - 6)x + 2400 
|x = 400 
x = ^, 

and to the nearest integer x = 229. Hence he should buy 229 bonds and 
171 stocks each at $100. His actual annual income would be 


229($44) + 171($6) = $1999.25 

and his over-all annual return would be approximately 5%. 

(5) Mixtures. 

Example 4-15. How much alcohol must be added to 50 gallons of a 
mixture of water and alcohol which is 85% alcohol to make a mixture 
which is 90% alcohol? 

Let y = number of gal of alcohol to be added, so that the new mixture 
contains 50 + y gal. The number of gal of alcohol after the addition is 
(85% • 50) + 1 / and also 90%(y -f- 50). Hence by equating these two 
values and multiplying by 100, we obtain 

4250 + lOOy = 90y + 4500 
lOy = 250 
y - 25. 

Example 4-lG. A grocer mixes coffee which sells for $.80 per lb with 
coffee which sells for $.50 per lb to make 100 pounds of coffee that he can 
fairly sell for $.75 a pound. How many pounds of each grade does he use? 

Let X = the number of pounds of $.75 coffee 

Then 100 — x = the number of pounds of $.50 coffee. 


If we equate the values of the coffee (in cents), we have 

80x + 50(100 - x) = 7500 

aox = 2500 

X = 83J, 100 - X = 16§. Ans. 

(6) Levers. 

When a horizontal bar is supported at a point P about which it is free 
to rotate and a force F acts at a distance d (called the lever arm) from P 
(called the fulcrum), the moment of force about P is the product Fd. 
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When a number of forces act at different distances from P, the lever is 
in equilibrium if the sum of the moments of forces which tend to produce 
counterclockwise rotation about P equals the sum of the moments of 
force which tend to produce clockwise rotation about P. If the lever is 
uniform, the weight of the lever may be considered as concentrated at 
its center. 


Example 4-17. Two boys weighing 75 and 55 lb, respectively, sit on 
opposite ends of a 10-ft teeter board. The board weighs 20 lb. Where is 
the point of support if the board is just balanced? 

Let z (Fig. 4-2) be the distance in feet from the fulcrum P to the 
center C. Then the lever arm for the 75-lb boy is 5 — and that for the 
55-lb boy is 5 + x. Hence 


55(5 -I- x) -I- 20x = 75(5 - x) 
275 -F 75x = 375 — 75x 



Tlcnfc the point of .support is § ft or 8 in. from the center of the board. 



i*', 

Fiat’itt: 4-2 


(7) Vnijorm mutiou. 

When an object niove.s with a constant speed r for time t, the distance 
it travels is d — rl, where d. r, t are eacli expressed in appropriate units. 

Fx.xmple 4-18. Two cars are traveling at speeds of 45 mph and GO mph. 
'rhe second car is one mile behind the first. How long will it take the 
.•<(’(• 011(1 ear to overtake the lir.-(t ear? 

Let I -■ number of Ijour.^. 'i’he first car travels 45/ mi and the second 
tr:iv(‘ls GO/ mi. 

Th(‘refore 

4.5/ - 1 = mt 

15/ ^^1. / = yV. 

4'lie time recjuircd for the .second car to overtake the first car is hr or 
•1 min. 

The result could be obtained by recognizing that the relative speed of 
the two cars is (GO — 45) mph, and hence to gain 1 mi takes yV of an hour. 
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Example 4-19. Two towns, A and B, are 250 mi apart. A car travels 
from A to B at the rate of 40 mph. Two hours after the first car starts, 
a second car leaves B for A and travels at the rate of 55 mph. When and 
where do they meet? 

Let i be the number of hours the first car travels. The second car 
travels for (< — 2) hours. In terms of distance, we have 

40t + 55(( - 2) = 250 

95f = 360 

« = ^ = 3H. 

The first car travels 3|| hr and hence • 40 = 151.6 mi. The second 
car travels lf| hr and hence • 55 = 98.4 mi. The sum of these distances 
is 250 mi, which checks the results. 

Problem Set 4-2 

1. The sum of two numbers is 18; their difference is 4. Find the numbers. 

2. The sum of two numbers is 18; one number is 3 less than twice the other. 
Find the numbers. 

3. (a) Find four consecutive integers whose sum is 42. (b) What restriction 
must be placed on the integer A so that the sum of four consecutive integers is A. 

4. (a) Find three consecutive odd integers whose sum is the integer i4. What 
restriction must be placed on A ? (b) What is the smallest value greater than 
100 that A may have? 

6. The sum of two numbers is 10; the difference of their squares is 25. Find 
the numbers. 

6. (a) The difference of the squares of two consecutive odd integers is the 
integer A. Show tliat A must be divisible by 8. (b) If A = 40, find the num- 
bers. (c) What is the smallest value greater than 100 that A can have? Find 
the corresponding numbers. 

7. A line segment AB is 10 cm long. Locate the point C between A and B 
(a) BO that AC is IJ cm shorter than CB\ (b) so that AC is IJ cm longer than 
i of CB. 

8. On a graduated ruler, where are the points that (a) bisect and (b) trisect 
the part of the scale between 2^ and 6^? 

0. A line segment AB is 9 in. long. Locate the point C on this segment (a) so 
that one-half of AC equals one-third AB plus one-half of CB; (b) so that one- 
half of AC equals two-thirds of AB plus one-half of CB. Explain the answer in 
part (b). 

10. A piece of wire 18 in. long is bent into a rectangle. Find the dimensions 
of the rectangle if (a) one side is 2 in. longer than the other; (b) one side is 
§ in. longer than twice the other. 

11. A rectangle 6in. by lOin. is completely bordered by a strip xin. wide. 
If the perimeter of the larger rectangle is f that of the smaller rectangle, what 
is the value of x? 
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12. A rectangle is three times as long as it is wide. If it is bordered by a strip 
1 ft wide, its area is increased by 28 sq. ft. What are its original dimensions? 

13. .\n estate valued at S12,000 was to be divided among three heirs as 
follows: each one to obtain $2000, and the residual to be divided among them 
in shares in the ratio of 2:2i:3J. How was the estate divided? 

14. An estate value at $20,000 was to be divided among the widow, a son, and 
two daughters. The (laughters were to receive equal shares, the son was to 
receive $1000 more than each daughter, and the wife was to receive $1000 
more than twice that received by the son. How much did each receive? 

1j. An investor with $50,000 wants to receive an annual income of $3000. 
He can invest his funds in 4% government bonds and with a greater risk in 7% 
mortgage bonds, in units of $100 each. How many of each should he purchase 
if he desires to minimize his risk yet earn $3000? 

IG. A trust fund of $25,000 was established for John Jones. Equal amounts 

were investerl in 4% government bonds and preferred stocks. The rest 

was invested m 9% morlgage.s. The annual income was $1500. How much was 
invested in each? 

! ( . How much water must be added to 50 gal of a mixture of water and alcohol 
which IS 85% alcohol to make a mi.xture which is 70% alcohol? 

18. A dealer combines two mixtures of water and alcohol, one containing 45% 
a e(jhol. the other 70% alcohol, to make 5 gal of a mixture containing 55% 
al<‘ohol. How much of each docs he use? 

19. A jobber mixes two grades of candy, one worth $.85 per pound, the 
other worth S.GO j>er pound, to make 501b of candy to sell at $.75 per pound 
flow many pounds of each does h(‘ use? 

20. How much cream containing 15% butter fat may be removed from 100 lb 

of raw milk containing 4% butter fat so tluat the remaining mixture contains 
3% Imtter faf' 

21. .1 and B weigh 150 and l.SOib, respectively. They sit on opposite ends 

of a iL-ft sei'saw. Where must the fulcrum be placed in order that tlmy balance 

ea( h otlier (a) provided the weight of the board is neglected; (b) provided the 
board weighs 30 lb. 

22. .1, and C weigh 00. SO. and 120 Ib respectively. .1 .and C sit on oppo.slte 
ends of a 14-ft teeter board wlms(* fulcrum is at its center. Where should B 
Mt in order that flu* board .should just balance? 

23. .1. B, and f’ weigli (iO. SO, and 120 lb. respectively. .1 and Csit on opposite 
ends of a 1 1-ft teeter board wl.ieh w. ighs 401b, and B sits 4 ft in front of A 
W lure IS the fulcrum placed if the board is to be balanced? 

21, A. B. and (' weigh GO. SO, and 100 lb. respectively. A and Csit on opposite 
ends of a )4-ft teeter hoard which weighs 401b. and B sits 1 ft in front of A. 
Wliere IS the fulcrum placc-d if the board is to be balanced? Give a physical 
intcr[)rctation of any negative answer obtained. 

25. 'I'wo cars arc traveling at rates of 50 and 55 mph. The second car is 
4 mi behind the first. How long will it take to overtake the first car? 

20. 'I'wo towns arc 200 mi apart. A car travels from the first toward the 
second at tlie rate of 35 mph. Throe hours later a car leaves the second town 
or till* firat going GO n]i)h. \Vh<‘n and vvIuto do they meet? 
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27. A freight train leaves Chicago for Denver and travels at an average speed 
of 35 mph. Five hours later a passenger train leaves Chicago for Denver and 
travels at an average speed of 60 mph. When and where will the passenger train 
overtake the freight? 

28. The hands of a clock are together at noon, ^\■hen will they be together 
again for the first time? 

29. A and B are running around a circular 440-yd track at rates of 500 yd 
per min and 450 yd per min. (a) If they start at the same place and go in the 
same direction, when and where will they first be together again? (b) If they 
start at the same place and go in opposite directions, when and where will they 
first pass each other? 

30. A man -walked 15 mi and returned immediately by car which travele<l at 
the rate of 40 mph. The entire trip required 5 hr. What was his average rate 
of walking? 

31. How long would it take a train 200 ft long and traveling 60 mph to pass 
(a) a signal? (b) a station platform 320 ft long? (c) a second train 240 ft 
long going in the same direction at a speed of 40 mph? (d) a second train 240 ft 
long going in the opposite direction at a speed of 40 mph? 

32. The total cost of an article was $24 and it was marked up to the .selling 
price S. Later it was offered for sale at 15% off thi.s selling price. The dealer 
still made a profit of 10% of his original cost. What wa.s the marked-up price »S? 

4-4 Equivalent rates. Successive discounts. Section 3-8 discu.sses the 
percentage formula P = rli and its relation to trade discount and net 
cost. This is now used to derive the formula for net cost under the condi- 
tions of 8ueces.sive trade discounts. Let L represent the li.st price, r the 
discount rate, D the discount, and C the net cost which is oldained by 
subtracting the discount from the list price. Then, for the ease of a single 
discount, 

D = tL, C — L ~ rL = L(l — r). 

Suppose successive discount rates, r| and r 2 , are given. Then on the basis 
of the first discount, the cost would be Cj = L{1 — rj), and on the 
basis of second di.seount C = C|(l — r 2 ), or 

C = lAl - r.)(l - r^). 

If r stund.s for the equivalent single discount rate, then C = L{1 — r), 
so that 


L(i - r) = /v(l — r,){l — rj) = L\l — (r, f r^) -f rirj). 


If this equation is solved for r: 


r = r, -1- r 2 — r,r 2 . 


(4-2) 
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For three successive discounts rates, ri, ro, rs: 

L(1 - r) = L(1 - r,)(l - r 2 )(l - rg) 

= /->11 — (ri -f r 2 + ^ 3 ) + (rjTo + r 2 r 3 -h rarj) 

so that 

r = r, + fa -h ra — r,r 2 — rara — rari + rirafa. (4-3) 


This suggests the following theorem: 

The discount rate a/uivalent to a set of successire trade discount rates is 
independent of the order of the discount rales. 

A proof of this theorem for the case of two or three discount rates 
follows immediately from E(is. (4-2) and (4-3). A proof for four discounts 
can he given iti a similar way, while the general case can be treated through 
the use of mathematical induction, discussed in Chapter 10. 


Example 4-20. What single discount rate is etjuivalent to successive 
trade iliscount rales of 40* lO'^ r., and o? 

I'se V.<[. (4-3), expressing the given rates as decimal fractions, to get 


r 


0.40 • 0.10 i- 0.0r> - [(0.40)(0.10) r (0.401(0.05) j- (0.10)(0.05)] 
-- (0.40)(0.10)t().0.>) 

0.:>.j - 0.00.5 i 0.002 = 0.487 = 48.7%. 


(irnduated income tax. A recent federal income tax schedule for a joint 
return based up<»n the taxable income is 20% of the income between 0 
and -SJODO: 21' of llu* ineoine between S2(X10 and SKKK); 21% of the in- 
come between 81000 and 8*ilM)0; 2<i'‘i, of income between $0000 ami $8000, 
and 30 ' , (if that part of the income l)etween .$.8000 anil $10,000. formula 
for the ('(piivalent single rate for taxalde incomes between $0000 and 
•SSOdO is derived as follows: bet the taxable im'ome be li, the tax be T, 
and tlu“ c<iui\alent singli* tax rate be r: tbeji 


7 . 820011 ( 20 ' ; - 21 '; 

20' , li $200. 


21 * (1 - {H - $ 0000 ) 2 ()% 


i'lu lax /’ i^ abo 'liven bv T rli. llenci; 


vH - JO' t/^ -‘iO 

200 
H 


/ — M 


t”' 


20000Y.. 

~ jr) 


(4-4) 


Note that the rate r depends upon the \alue of B, (liOOO ^ B ^ 8000). 
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Example 4-21. Find the equivalent single tax rate, under the condi- 
tions stated above, for taxable incomes of $6000, $7500, and $8000. 

If B = *6000, r = (26 - ^)% = (26 - 4i)% = 21§%. 

If B = *7500, r = (20 - ^)% = (26 - 3.47)% = 22.53%. 

If B = *8000, r=(26- ^)% = (26 - 3i)% = 22^%. 

Average speed. If an object moves with changing speeds, the average 

speed is defined by the equation dr = rtr, where dr is the total distance 
traveled and ir is the total time. 

Example 4-22. In traveling between two towns 150 mi apart, a freight 
train travels at the rate of 30 mph for the first 50 mi; it is then side- 
tracked for an hour and continues its journey at the rate of 50 mph. 
What is the average speed? 

The total elapsed time, based on the formula d = ri, i.s 

= = ^ (hr). 

Hence the average speed is 150 -r 4^ = 32.14 (mph). 


Problem Set 4-3 

1. What single trade discount raU* is equivalent to the following set of suc- 
cessive trade discounts? 

(a) 40%, 10% (b) 30%, 15% 

(c) 30%, 20%, 10% (d) 40%, 10%. 10% 

2. Using Eq. (4-4), find the equivalent single tax late for a ta.xable income 
of 16500 and 17000. The results should be consistent with those of E.\amplc 
4-21. 

3. Using the data for income taxes given in Section 4-4, derive the formula 
for the equivalent single tax rate for a taxable income between $4000 and $6000. 
Check the formula using incomes of $4000 and of $6000. Find the equivalent 
rate for an income of $5000. 

4. Using the data for income taxes given in Section 4-4, derive the formula 
for the equivalent single tax rate for a taxable income between $8000 and 
$10,000. Check the formula using incomes of $8000 and $10,000. Find the 
equivalent rate for an income of $9000. 

6. In traveling between two stations 100 mi apart, a freight train travels at 
the rate of 25 mph for the first 40 mi; it is then delayed for half an hour and 
continues its journey at the rate of 40 mph. What is its average speed? 



80 


LINEAR EQUATIONS 


(chap. 4 


6. A student drives 45 mi to school and allows hr for the trip, (a) One 
day ho made the first 30 mi at the average rate of 40 mph. How fast must he 
drive for the remaining time to arriv'c early? (b) .\nother day he starts 25 min 
late, and travels the first 40 mi at the average rate of 35 mph. How fast must 
he drive the rest of the trip to arrive at the usual time? (c) On still another day 
he drives the first third of the distance at half the average rate and the remaining 
two-thirds of the distance at twice the average rate. Is he early, late, or on time? 


4-5 Simple interest and simple discount. Direct proportion. If two 
variablc.s A' and Y are related so that Y = kX, k a given constant, we say 
that Y is directly proportional to X. Thus in the formula for uniform mo- 
tion, d = rt, the distance is directly proportional to the time. In general, 
if (A'l. K>) and (A' 2 , >’ 2 ) arc any pairs of corresponding values, so that 
I'l = kXi and I'a = AA',, then 

^ - k 
A'l " X2 

and tlie etiuality between the two fractions is called a proportion. 

Simple interest. Interest, represented by the symbol /, denotes money 
pai<l at the end of the period of tlie loan for the u.se of other money, or for 
money earned by loaning other money. Tims, if money is borrowed, and 
if at the end of tlie hum period it is repaid together with an additional 
sum of money, this aiiditional sum is the interest. The amount that is 
periodically paid on saving account.s, or earned by stocks and bonds, is 
inlcre.'^t * The original .<um of immey is called the principal, represented 
by I*-, the time, represcjited by t is usually exprcs.sed in years. The interest 
is called simple interest provided it is directly proportional to the product 
of the principal ami the time: 

I = rPl, (4-5) 


where r. the c<mstant of proportionality, is the interest rate. This is usually 
expressed as a de<-imal fraction per year or {10()r)% per year. However, 
other time intervals, .such as "interest at 1^% per month,” may be used. 

'I he principal plus the interest is the amount, represented by A, to be 
rep:iid. P is also called the present value and A is called the accumulated 
vnlue. ,, 

,l = /> 4 - Prl = /^(l + rO. (4-C) 


Fapiatinn (4-(i) is readily solved for P or r in terms of the other symbols: 



.1 

] -I rt ’ 



(4-7) 


If three of the quantities /^ .1, r, t are given, the other can be computed. 
* This is sometimes referred to as dividend. 
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Ordinary and exact interest. There is no single procedure used to measure 
the time t. If the time is stated in months, a year contains 12 months, each 
month is assigned 30 days, and fractions of a month are given in terms 
of the number of days. When the time is computed in this way, the interest 
is called ordinary interest. Ordinary interest, lo, is given by 



no. of days 
360 


f 


where the no. of days = 30 (no. of months) + no. of extra days. 

If the exact number of days is counted, and a year is considered to 
contain 365 days, the interest is called exact interest. Exact interest, Ir, 
is given by 



exact no. of days 
365 


A usual practice, and in some states this is the legal practice, is to count 
the first day or the last day, but not both. In this text, ordinary interest 
is used unless exact interest is specified. 

When purchasing regi.stered or coupon bonds, the price i.s given as of 
the last interest date plus accrued interest, using exact interest. 

Example 4-23. A $100, 5%-bond whose last interest payment was 
December 31 was bought on I-ebruary 12 next at 98.5 plus accrued (exact) 
interest. What wa.s the total price? 

The total number of days is 31 for January and 12 for the first part of 
February. Hence the total price is 

A = $98.50 + ^ $5 = $98.50 + $0.59 = $99.09. 


Example 4-24. Mr. Smith receives $97.50 from a hank and promises 
to repay $100 four months later. What is the corresponding simple 
interest rate? 

The equation of value (4-6) i.s 

100 = 97.50 



from which it is found that r = 0.0769 = 7.69%. Equation (4-7) could 
be used directly, recognizing = $97.50: 


r 


2.50 
(97.5) § 



Simple discount. »Siniple discount, often referred to as “Banker’s dis- 
count" or "interest paid in advance," has these characteristics: The 
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charges are paid in advance by being deducted from the amount that 
must be repaid, and the amount of this discount D is directly proportional 
to the product of the amount A that must be repaid by the time t: 

D = dAt. (4-8) 


Here d is the constant of proportionality, called the discount rate, and is 
usually expressed as a decimal fraction per year or (100d)% per year. 
The present value P, namely, the amount actually received, is 

P = A - D = A - Adt = A{1 ~ dt). (4-9) 


Equation (4-9) is readily solved for /I or d in terms of the other symbols: 




1 



(4-10) 


Note that the simple discount rate and the simple interest rate (Eq. 4-7) 
for the .same .4, P, and t are not equal. 

Example 4-25. Miss Jones, a school teacher, borrows money from a 
l)aiik which uses a simple di.scount rate of S%. She promises to make 
payments of $250 at the end of 3, 4, 5. and G month.s. respectively.* What 
amount doe.s she receive from the bank? 



$2501(1 - Ml - A -8%) 

+ (1 ~ T 2 * 8 %) + (1 

.$2r)0[ l - i'll ■ S'x,! = $250(3.88) - $970.00 



Exvmpi.e I 2() (coniparc 1-Nample 4-24). Mr. Smith receives $97.50 
fiot!i a l»aiik and promises to repay $100 four months later. What is the 
corn*, -ponding simple di.scount rate? 

'I'lie e([uation of value is 


97.50 - 100 


O-s)' 


from which it is seen that d = 7h%. A compari.son with the earlier cal- 
I'ulation shows that a simple discount rate of 7.50% fur fuur month.s and 
a simj)le interc.st rale of 7.09% for four months arc equivalent. 


* more detailed discu-ssion of partial payment plans is given in Chapter 10 
after a disciisysion of arithmetic and geometric progressions. 
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More generally, it is possible to find the relation between corresponding 
simple interest and discount rates using Eqs. (4-6) and (4-10): 


A = P{1 + rt) = 


1 + r/ = 


rt = 


1 - dl 
1 

1 - dt 
1 

1 — dl 


- 1 = 


dl 


1 - dt 


so that 


r = 


1 - dt 


(- 1 - 11 ) 


In the above example, if < = § and d = 7.5%: 


r = 


7.5% 


1 - 0.025 0.975 


7.5% 


= 7.69%. 


Using either Eqs. (4-7) and (4-9), or directly from Eq. (4-11), we get 


d = 


1 + rt 


(- 1 - 12 ) 


Euodlem Set 4-4 

1. Find the ordinary and exact simple interest on S400 from March 1 to 
each of the following dates, if the rate is 5% per year. 

(a) June 1 (b) June 11 (c) June 16 (d) June 19 

2. A coupon bond of the given denomination and interest rate, with the lust 
interest paid on June 30, was bought on the date indicated and at the indicated 
quotation plus accrued (exact) interest. Find the total price. 


Denominalion 

Interest 

Hate 

Quotation 

Dale of 
Purchase 

(a) $100 

5% 

97.6 

August 19 

(b) $100 

6% 

102.5 

July 24 

(c) $1000 

4% 

92.5 

September 15 

(d) $1000 

8% 

104.7 

August 26 


3. Mr. White borrows money from a bank. He receives $290 and promises 
to repay $300 six months later. What are the corresponding simple discount 
and simple interest rates? 

4. Derive the formula d = r/(l -f- rl). Using this formula, check your results 
in problem 3. 
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5. Mr. Green borrows $285 net and promises to repay $300 eight months 
later. What arc the corresponding simple discount and simple interest rates? 
Use Eq. (4-11) as a check. 

G. A man borrows $4000 from his insurance company for six months at 6% 
simple interest, (a) How much is due at the end of that time? (b) He finds 
he can only repay $2500 on his note when it falls due. He gives a new note for 
the balance due at 6i% simple interest and repays his debt four months later. 
How much does he pay at that time? 

7. Miss Bowers, a school teacher, borrows money from a bank which uses a 
simple discount rate of 7^%. She promises to make payments of $150 at the 
end of 4, 5, 6, and 7 months, respectively. What docs she receive from the bank? 

8. Miss Jones borrows money from a bank and receives $960. She promises 
to make payments of $250 at the end of 3, 4, 5, and 6 months, respectively. 
What is the corresponding simple discount rate? 

9. In a certain state, the legal rate on unsecured loans under $100 is 30% 
simple discount (2^% per month). If Mr. Poor borrows $90 under such a plan: 

(a) What should he repay at the end of each month for the next three months? 

(b) U'hut should he repay at the end of each of the third, fourth, and fifth 
month.s? 

4-6 Linear functions and linear equations in two variables. A Junction 
is a correspondence or rule which associates with each number x of a 
given set I) one and only one number y of a second set R. 

The set D is called the domain of the function. Unless stated othenvise, 
we understand that D is the set of all real numbers. The set D may be 
restricted by the nature of the algebraic formula or by given inequalities. 
The set R is called the range of the function. It is ordinarily determined 
from the given rule. Examples of functions of the variable x are (a) 3x; 
(b) 2x -1- 1, X ^ 0; (c) x/ (x^ - 1); (d) 2x/(x^ + 1). In (a), the domain 
of X i.s the set of all real numbers, and the range of the function is ahso the 
set of all real numbers. In (b), the domain of x is the set of all positive 
real numbers and zero, and the range of the function is the set of all 
positi\c real numbers greater than or equal to 1. In (c), the domain of x 
is the set of all real numbers, with the exception of x = 1 and x = — 1. 
Tlie range of the function is the set of all real numbers. In (d), the domain 
f)f X is the set of all real numbers, and the range of the function is the set 
of real number.s between and including —1 and 1. 

'rhe function (or correspondence) may be represented by a single letter 
such as /, g, h, F, etc., much as letters x, y, a, b are used to represent 
numbers. To indicate that the rule operates on the variable x in the domain 
D, the function is written as /(x). The statement /(x), 0 < x < 1 is 
read; “the/ function of x, x between 0 and 1." A single letter, y, may be 
used to represent /(x), by setting y = /(x). Here »/ is a variable restricted 
to the range R determined by the function / and the domain D of x. If 
a is a fixed number, f{a) represents the unique number determined when 
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X is replaced by a in the expression for which f{x) stands. This operation 
is called functional evaluation. Polynomials in x are examples of functions. 
The simple polynomial 

mx h, m 7^ 0, 

with or without restrictions on x, is called a linear function of x. For each 
X there is one and only value of mx + 6 . A variable y is introduced by the 
defining equation: 

y = mi b, m 0, (4-13) 

and y is called a linear function of x. U y = x, y is the identity function of 
X, and i( y = 6, y is a constant function. The equation 

Ax By C = 0, (4-14) 

where A, B, C are constants while x and y are variables, may be solved 
for y in terms of x to obtain y as a linear function of x. This equation can 
also be solved for x in terms of y and so it also gives x as a linear function 
of y. Equations (4-13) and (4-14) are called linear equations in the two 
varicd}l€8: x and y. In the graphical representation that follows they repre- 
sent straight lines. 

Graphical representation. Certain arbitrary but convenient conventions 
are adopted for use throughout the text. Take two mutually perpendicular 
lines (Fig. 4-3), one horizontal and the other vertical, and let 0 be their 
point of intersection. The horizontal line is called the j-axis and the 
positive direction on it is considered to be to the right; the vertical line 
is called the y-axis and the positive direction on it is considered to be 
upward. On each axis consider a number scale (Section 1-7) with 0, 
the origin, assigned the number zero on both lines. When the two varial)les 
X and y represent quantities with the same geometric or physical character- 
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istics, or when these are given abstractly as numbers with no indication 
of their physical interpretation, the same unit of measure is used on both 
axes. When the variables have different physical characteristics (such as 
pounds and dollars) the units are selected to fit the particular problem. 
On each axis there is a 1-1 correspondence between the points and the 
real numbers. 

The points in the plane are set into 1-1 correspondence with the ordered 
number pairs (x, y) as follows: Through any point P draw a line parallel 
to OY and intersecting OX at A. Similarly, draw a line through P which 
is parallel to OX and intersects OY &t B. If the coordinate of A is a, 
and the coordinate of B is 6. then P corresponds to the ordered number 
pair (a, 6). Conversely, for the ordered number pair (a, 6), points A and 
B with coordinates a and 6 are located on the two axes and lines drawn 
through each parallel to the other axis. These meet at a point P which 
corresponds to (a, 6). The 1-1 correspondence so obtained is called a 
rectangular coordinate system in the plane and indicated by the notation 
P{a,b). For the special points A and B, we have A{a,0) and 5(0,6). 
Figure 4-3 shows the special ca.ses /I (3, 0), 5(0, 2), 5(3, 2), Q(— 2, 1). 

Equation of a line and the graph of a linear equation. If a variable point 
P with coordinates (z, y) moves along a curve, an equation which relates 
the varialiles x and y is called an equation of the curve. Conversely, for 
any equation which relates two variables x and y, the totality of points 
(x, I/) whose coordinates satisfy the equation is called the graph of the 
equation. It is now shown that an equation which corresponds to a 
straight lino is a linear equation and, conversely, the graph of a linear 
equation is a straight line. 

If the line is vertical, let it meet the x-axis at the point A{a, 0). Every 
point P(x, ij) on the line has x = a. Conversely, the equation i = a is 
siitisfied for all points (a, y), all of which lie upon the vertical line through 
the point d(a, 0). 

If the line is not vertical, any two points Pi(xi, j/i) and P 2 i^ 2 > l/a) 
it have .ri x-i. The number m, defined by the equation 




y2 " in ^ 

X2 — Xi 


(4-15) 


is called the .dope of the line segment PiP^- If the lines through Pi and 
7'o parallel to the axes meet the axes in the points Mi, il/ 2 , X\, N 2 , re- 
spectively, and if the lines N iP i and M^Pi meet at T, then xo xi is 
the directed distance d/id/. = PiT, and 1/2 - Vi is the directed distance 
A'jA'j = TP 2 - The slope of segment P 1 P 2 is the ratio of the change in 
y to the change in x, where directed distances are taken into account. 
If P{x,y) is any other point on the nonvertical line through Pi and P 2 , 
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use lines through P parallel to the axes to determine the points M, N, Q, 
and R as in Fig. 4-4. Then the slope of the segment PxP is 

/ ^ y ~ y\ ^ _ 0 ^ 

X ~ Xi MiM PxQ* 

and 


I’ropertics of parallel lines and similar triangles show that m' = m for 
all points P. Hence m, called the slope of the line, is independent of the 
points used. Conversely, if Pi, Pj and P are three given points and the 
slopes of the segments P 1 P 2 and PiP are equal, the three points are 
collinear. The line is completely determined by the point Pi and the 
slope m. If P is any point of the line different from Pi, then 

^ = m, ^ ^.) 
and 

y ~~ yi - m{x — xi). (4-16) 

This equation is also satisfied by the point Pi(x,, j/O and hence is the 
equation of the nonvertical line through Pi(xi,yi) with slope m. It is 
referred to as the point-slope form of the equation of the line. 

Let the non vertical line meet the y-axis in the point J9(0, 6). The 
directed distance OB, the number 6, is called the y-intercepi. If this special 
point is used instead of the general point Pj, Eq. (4-16) becomes 


y ~ mx b. 

This is the slope-y-iniercepl form of the equation of the line. 


(4-17) 
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If and P 2 {x 2 ,y 2 ) are any two points whose coordinates 

satisfy the equation y = mx b, then 

1/2 = mx2 + b 

yi = 7WJi + b 

y2 — yi ~ ”*(-^2 — -Ti) 

= m, (X2 5*^ Xi). 

X2 — Jl 

Since any two points that satisfy the equation determine the same slope, 
the graph of Eq. (4-17) is a line. 

The equation of a vertical line and that of a nonvertical line are both 
covered by the linear equation 

Ax A- By + C = 0, (/I and B not both zero), (4-18) 

and this equation is called the general form of the equation of a line. 
Conversely, the linear etjuatiun 


Ax By C = 0, (.4 and B not both zero), 

reduces to the form x = a if B = 0. If ^ 0, it reduces to the form 
y = tnx A- b. Hence the graph of the linear equation, Eq. (4-18), is a 
line. Therefore, the equation of a straight line is a linear equation and 
the graph of a linear equation is a straight line. 

The graph of the equation of a line may be found from any two points 
whose coordinates satisfy the equation. Any two values of x can be used 
to compute the corresponding values of y. The points are then plotted 
and the line drawn. \ third point is often used as a check. Important 
points to find are the intercepts on the axes. These are obtained by putting 
x = 0 and solving for y, and then putting y = 0 and solving for x. If 
the line goes througli the origin, these give the same point and another 
ptiijit is needed. If the equation is given in the form (4-16) or (4-17), one 
point (0, b) is known directly and a second point can be found from the 
.slope. Write m as p/q. To obtain a second point, start at the known 
point, move horizontally a directed distance q and then vertically a 
directed distance p. 


Example 4-27. Write the etiuation 5x -1- 3»/ = 18 in different forms 
and find its graph. 

Solve the e<iuation for y: 


y = ~§x -h 6. 
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In this equation, the value x = 6 gives y = —4. The K-intcrcept is G 
and the slope of the line is —5/3. If the original equation is divided by 
18, we find 



or 

— + ^ = 
18/5 ^ 6 


In this, if X = 0, y = 0; if y = 0, x = 18/5, and these are the two inter- 
cepts. Three points on the line: 5(0, G), 4(18/5, 0), and C(6, —4), are 
available to draw the line and for checking (Fig. 4-5). 

Since the slope of the line is —5/3, the point D is obtained by starting 
at B, moving 3 units to the right and 5 units downward. 


Problem Set 4-5 

1. If a function /(x) is defined as below, find /(2), /(y), /(2 -f- y),/(x k). 

(a) /(I) - 3x - 4 (b) m = , (X ^ -2) 

(c) fix) = (d) fix) = — 2x + 4 

2. For each of the following linear functions, determine the domain of x and 
the range of the function of z. 

(a) fix) » 3x + 2 

(c) fix) - 3x -H 2. I/(x) ^ 0) 


(b) fix) = 3x + 2, (z ^ 0) 
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3. For each of the following linear functions, determine the domain of x and 
the range of/{z). 

(a) /(i) = 3i - 2. (i ^ 0) (b) y = /(i) = 3x - 2, (y ^ 0) 

(c) y = Six) = 3x - 2, (x ^ 0, y ^ 0) 

4. Graph each of the following lines from the given point and given slope. 
Find the equation of each line and determine its y-intercept. Check the graph. 

(a) P(2, 3), m = 1/3 (b) Pi2, 3), m = -3 

(c) P(-3/2, 5/2), m = -1 (d) P(-2, -4), m = 2 

5. Graph each of the following lines from the given y-intercept and slope. 
Find the equation of each line and its x-intercept. Check the graph. 

(a) 6 = 4, m = 2 (b) 6 = —5/2, m = 5/2 

(c) 6 = 10, m = -3/2 (d) fc = -2, m = -2/3 

6. Find the graphs of the following equations; use a third point as a check 
point. 

(a) y = + 3 (b) y = fx 

(c) y = -§x+3 (d) y = §x-6 

(e) y = — 2x + 5, (0 ^ X g 2) and y = 1, {2 ^ x ^ 4) 

(f) y = 2x - 3, (0 S X ^ 3) and i = 3, (0 ^ y ^ 6) 

7. Use the intercepts to find the graphs of the following equations. Use other 
points if needed. 

(a) 3x + 4y = 24 (b) 3x - 4y = 0 

(c) 3x - 4y = 12 (d) 5x + 8y = 12 

(c) X + y + 1 = 0 (0 8x - 5y + 160 = 0 

4-7 Applications. In applications of linear equations to physical or 
financial problems, the variables often have entirely different natures, so 
the same unit cannot be used on both axes. The units are selected so that 
the significant part of the line appears in the diagram. If the variables 
are x and y, the changes in y and x are measured with different units. 
The ratio of change in y to change in x is referred to as the relative slope 
in or<ler to distinguish it from the slope of a line when one standard unit 
is usctl to measure all distances. When no confusion results, the word 
“relative” is dropped. For example, in the distance formula for uniform 
motion, d — rl, i may be expre.ssed in hours, d in miles, and the rate of 
change of d with respect to I is then expressed in miles per hour. Graphi- 
cally, r repre.sents the relative slope of the line, where the horizontal axis 
is used for the time scale, the vertical axis is used for the distance scale, 
and only lengths parallel to either axis have physical significance. 

Example 4-28. In traveling between two towns 150 mi apart, a freight 
train moves at the rate of 30 mph for the first 50 mi, is then sidetracked 
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t (ih hourn) 


Fiourk 4-C 



for an hour, and then continues its journey at the rate of 50 mph. What 
is its average speed? 

The distance scale is adapted to the 150 mi involved and a rough cal- 
culation indicates that the time range is of the order of magnitude of 5 hr. 
The time unit is chosen so that the diagram fits in the desired space. The 
equation for the first part of the journey is rf = ;10^ (0 ^ d ^ 50). The 
corresponding line segment OA (l-'ig. 4-0) is found by starting from 0 
and drawing a line with relative slope of 30 (rise 30, run 1) until it reaches 
a vertical distance of 50 at the point A. The line segment AH has the 
equation d = 50, ^ g §), and extends to B(§, 50). From 13, the 

graph continues along a segment of relative slope 50 until it reaches a point 

C for which d — 150 and / = The equation of the line segment I3C 
is found from Eq. (4-10): 


(d - 50) 




The average speed is the relative slope of the line OC, namely, 


o 14 


= 32| mph . 


Example 4-29. Represent graphically the relation between the Centi- 
grade and Fahrenheit temperature scales: 


F = ~C + 32, (0 2 F S 100), 
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The units may be chosen of equal sizes but such that F = 100 appears 
in the diagram. The line is sketched from its intercepts; 

C = 0, F = 32; F = 0, C = - 
= — 18 (approx.) 

The slope, | = ^, provides a check Fig. (4-7). 

Fxample 4-30. The law.s of .simple interest for (the principal) P = 1, 
take tlie form 

I — rt and .1 = 1+ rt. 

If r is a constant, the graph of each of these equations is a straight line, 
the first pa.ssing through the origin and the second with y-intercept 1. 
The rate r is usually a small decimal fraction and t is usually less than 1, so 
the scale, ^ may be given in small units. To show A and 7 on the same dia- 
gram, the origin of the .l-scalc is not shown, but the yl -scale is the /-scale 
with each reading increased by I, and the same line can be used for either 
etjuation. Figure 4-8 show.s such lines for r = 5%, 10%, 18%, and 30%. 

Similarly, if the amount subject to simple discount is A = 1, the 
present value is given by the eejuation 

P = 1 - dt. 

In order that the corresponding line sliould appear in the diagram, only 
the upper part of the P-scale is shown. The omission is indicated by the 
use of a zig-zag line. Figure 4-9 shows the lines for d = 8% and 15%. 
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Linear laws of demand and supply. In a competitive market, there are 
commodities whose average price p for each unit of the commodity de- 
pends upon the number of units i of the commodity demanded by the 
consumers. “All other things being equal," the price p per unit of the 
commodity demanded may be considered a monotonically decreasing 
function of x, that is, as x increases, p decreases. The simplest such func- 
tion is a linear function, and the graph of the equation is part of a straight 
line for which both p and x are zero or positive. Such equations take 
one of the forms 

p = po + mx, 

X = xo - kp, {4-19) 

Ax 4- 5p = C, (x ^ 0, p g 0), 

where po is the p-intercept and is the highest price that is paid for the 
commodity; xq is the x-intercept and is the quantity demanded when the 
commodity is free; m, a negative number, is the slope of the line, and k is 
the negative reciprocal of m. Any one of these forms can bo reduced to the 
other forms by simple algebraic proces.scs. 

Example 4-31. A demand equation is given in the form 5x -}- 4p = 30 
(x ^ 0, p ^ 0). Use the intercepts to draw the corresponding line seg- 
ment. These intercepts correspond to the highest price that will be paid 
for the commodity (x = 0) and the largest amount that will be demanded 
(p = 0). Find a check point from the slope of the line. 

Solve for p: 

P = 

The highest price any one would pay under the assumed law is p = 

The maximum quantity demanded is found from the equation to be x = o! 
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From these two intercepts, the line segment can be drawn. The slope of 
the line is —(5/4), which is interpreted as 5 -5- (—4). Starting at the 
x-intercept, decrease x by 4 and increase p by 5 to get a check point (2, 5) 
on the line (Fig. 4-10). 

In a competitive economy, the supplier of certain commodities increases 
the average price p for each unit of the commodity supplied when the 
quantity x to be supplied increases. “All other things being equal,” the 
price p per unit of the commodity supplied may be considered a mono- 
tonically increasing function of x, that is, as x increases, p increases. The 
simplest such function is a linear function, and the graph of the equation 
is part -of a straight line for which p and x are zero or positive. Such 
equations take one of the forms 

p = Po-\- 

x = Kp- Xo, (4-20) 

Ax -f Bp = C, (0 ^ X ^ L, p ^ 0), 

where Pq is the lowest price at which the supplier will offer the com- 
modity; M is the slope of the line and K is its reciprocal; Xq is a positive 
number, indicating that the line has a negative x-intercept. The part of 
the line corresponding to negative values of x has no economic significance. 
Any one of these forms reduces to the other forms by simple algebraic 
processes. 

Ex.xmple 4-32. A supply e(;uation is given in the form 

15x - 4p -f 50 = 0, (0 g j ^ 10). 

Use the intercepts and the point for which x = 10 to determine appropri- 
ate scales. Draw the corresponding line segment, including a check point. 
Point out the part of the line that 
is economically .significant. 

Solve the given equation for p: 

p - -i- -r- 

I'he three points used are 

10 I - 10/3 
50 I 0 

These data indicate the size of the x-unit and the p-unit. The part of the 
line for which x is negative is not economically significant, but includes 
the x-intercept which is used as a check. The slope of the line is 75/2 -r 10 
= 15/4 (Fig. 4-11). 
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Budget equation. If a given expendable income E is to be spent on two 
commodities, and the amounts of the commodities are x and y while their 
respective prices are A and B, then the equation 

Ax-\- By = E, (4-21) 


with all quantities positive, is called the budget equation for two com- 
modities. Its graph is that part of a straight which lies in the first quadrant.’ 


Example 4-33. Draw the budget 
expendable income of 25. 

The equation is 

3x-\-4y = 25, 

{x ^0,y ^ 0). 

The line is determined (Fig. 4-12) 
from two of the three points 
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curve for prices of 3 and 4, with an 



Problem Set 4-6 

1. In traveling between two stations, 100 mi apart, a freight train moves 
at the rate of 25 mph for the first 40 mi; it is delayed for half an hour and then 
continues its journey at the rate of 40 mph. Represent these data by means 
of a broken line (see Fig. 4-6) and write the equations of the throe different seg- 
ments. What is the value and the geometric significance of its average speed 
for the total elapsed time? 

2. A student drives 45 mi to school and allows li hours for the trip. One day 
he made the first 30 mi at the average rate of 40 mph. How fast should he drive 
the remaining distance to arrive just on time? Represent these data and results 
graphically, writing equations for the corresponding line segments. 

3. Represent graphically the relation between the Fahrenheit and Centigrade 
temperature scales 

C = i(/'’ - 32), (0 ^ C ^ 100). 

4. Mr. Poor borrows money from a loan company which uses a simple discount 
rate of 2J% per month. If he borrows the money for T months, how much does 
he receive for each dollar he borrows? Draw the corresponding graph for 

0 g r g 12. 

5. If the demand law is p - 45 — 5x, (a) what is the highest price anyone 
would pay for the commodity, and (b) what is the quantity demanded if the 
commodity is free? Draw the demand curve, (c) If the given demand law 
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wen? restricted to the domain 0 ^ x ^ 7 and if p remained constant thereafter 
until X = 10, what is the nature of the demand curve? 

6. The demand law is x = 64 — 4p. (a) WTiat is the highest price anyone 
would pay for the commodity? What is the amount demanded if the com- 
modity is free? Draw the demand curve, (b) If the given demand is valid until 
the price drops to p = 4, and remains fixed until x *= 80, what is the nature 
of the demand curve? Write the corresponding equations which give p as a 
function of x, indicating appropriate limitations on x. 

7. .'V demand law is given in the form 4x -|- 9p = 48. (a) Find the intercepts 
from this form and draw the corresponding curve, (b) Solve this equation for 
p in terms of x and find the slope of the line. Use this slope to locate a third 
point on the line. 

8. The supply function is p = -|- |x, (0 ^ x ^ 12). Draw the supply 
curve, using the values x « 0 and x *= 12. Find the x-intercept and check 
the graph. 

9. The supply function is x = ^p — 4, (0 ^ p ^ 9). Draw the graph from 
its intercepts and use the value p = 9 to determine a third point. What part 
of the curve is significant? 

10. The supply function is given by the equations 2p — 3x = 6, (0 ^ x ^ 4) 
and 3p — 2x = 19, (4^x5 9). Draw* the supply curve. 

11. The total cost Q of producing x units of a certain commodity is 

Q = 4 + ix, (0 S X g 40). 

For 40 ^ X 5 100 the cost of each additional unit is*^. Find the equation 
for Q in this new interval. Find the equation of the line segment joining the 
points corresponding to x * 0 and to x = 100. Show all three line segments 
in the same diagram. 

12. Draw the budget curve for prices of 4 and 7 with an expendable income of 
35. What is the slope of the line? Use this slope to find a check point. 

13. If a given expendable income F is to be spent on three commodities, and 
the amounts of the commodities arc x, y, and z with their corresponding prices 
of A, B, and C, what is the budget equation? How could you represent this 
graphically? If there were four commodities, what could be done? 


CHAPTER 5 


SIMULTANEOUS LINEAR EQUATIONS 

5-1 Simultaneous linear equations in two variables. Portions of this 
section apply to any two equations in two variables, although the treat- 
ment is given for two linear, conditional equations in two variables. These 
are written in the form: 

AiX^^Biy = Cu (5-1) 

A 2 X A' B2y = C 2 . (5-2) 

An ordered number pair (zq. !/o) which satisfies both of these equations is 
called a solution of the simultaneous Eqs. (5-1) and (5-2). The totality 
of such ordered number pairs is called the solution set. When there is no 
number pair which satisfies the equations, the solution set is said to be 
the null set. Unless otherwise stated, the domain of the variables is under- 
stood to be the set of all real numbers. In problems having economic 
significance, the variables may be restricted to the non-negative real 
numbers. 

Two pairs of linear equations are .said to be equivalent when they have 
the same solution sets. Arithmetical operations are performed on a pair 
of linear equations to obtain other pairs of equations which are equivalent 
to the original pair. The process of solving a given pair of simultaneous 
linear ecjuations consists of finding equivalent pairs of equations in sequence 
until a pair is obtained for which the solution set is recognized. An opera- 
tion on the given equations which leads to an equivalent set of equations 
is called permissible. The permissible operations of Section 4-1 on cither 
of the two equations may be used. These are: (1) removal or insertion of 
parentheses, (2) addition of the same algebraic expres.sion to both members 
of an equation (transposition being a special case), and (.'!) multiplication 
of both members of an equation by the same nonzero constant. Additional 
permis.siblc operations which combine the two eejuations are: (4) substitu- 
tion and (5) elimination by addition and subtraction. These are used in 
the algebraic solutions of Eqs. (5-1) and (5-2). 

5-2 Algebraic solution. Method of substitution. If Bx — 0, solve Eq. 
(5-1) for X and substitute this value, x ~ Xq, in Eq. (5-2). The resulting 
e({uation, 

A 2 X 0 + Bay = C 2 , (5-3) 

and the equation x = xq form a pair that is equivalent to the original pair. 

07 
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If Eq. (5-3) has the solution y = yo» then the pair x = xq, y — is 
also equivalent to the given system and gives the solution set. 

If 5*^ 0, solve Eq. (5-1) for y and substitute this value of y, 

y ~ mx -\-h, (5-4) 

in Eq. (5-2) : 

A 2 X + B2(Tfix 4- 6) = C 2 - (5—5) 

If Eq. (5-5) has the solution x = lot then the equations x = xq and 
y = mx b are equivalent to Eqs. (5-1) and (5-2), and yo is obtained 
by substitution to give the solution in the form 

X = To, yo — mxQ + b. 

Elimination by addition. If two linear equations are added to get a 
third linear equation, then this together with cither of the original equa- 
tions gives a pair equivalent to the original pair. If (to, yo) is a solution 
of Eqs. (5-1) and (5-2), then 


A iTo B ii/o — Cl, 

~ C 2 , 

and by addition: 

(.4j -b .■l2)xo *1- (Bi + ^ 2)^0 = C] + C 2 . 

Hence (jq, .Vo) is also a solution of 

(-'ll -f- -•l2)x 't- (Bi + B2)y = Cl + C 2 . (5-5) 

By subtraction, if (to. Vo) is a solution of Eqs. (5-1) and (5-C), it is also 
a solution of Eq. (5-2). Hence the pair (5-1) and (5-2) is equivalent to 
the pair (5-1) and (5-5). 

Multiply Eq. (5-1) by Bz and Eq. (5-2) by — and add to eliminate y. 
Multiply Eq. (5-1) by — .I 2 - and E(i. (5-2) by ,1 , and add to eliminate x. 
This pair of new ecjnation.': is equivalent to the original pair. The process 
can be abbreviated a.s indicat(‘d below: 


-1 jx Biy = Cl Bz 
.'1 2 X T B iy = C'z — Bi 

{AJi-z^ Bi-h)x = C,Z?2 - 


A I 

^.C2 


(5-7) 


{A 1 B 2 - IhA2)y = AiCz - C,Z?2 


(5-8) 


If (.1,«2 


^ 1 - 12 ) ^ 9, .solve thc.se equations for x and y and, since the 
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set Eqs. (5-7) and (5-8) are equivalent to the original set, Eqs. (5-1) and 
(5-2), the unique solution is found. If (/I 1 B 2 ~ ^ 1 -^ 2 ) = 0, special 
consideration is necessary. This is discussed in the next section. 

Example 5-1. Solve the simultaneous equations 2x + 4y = 11, 
— 5x -}- 3i/ = 5 by the method of substitution and by the method of 
elimination by addition. 

Solve the first equation for x and substitute in the second : 



-55 + 20y + 6y = 10 

26y = G5 

= 5 

^ 2G 2 


Substitute this value for y into the first equation: 


2x + 10 = 11 
X = I 

The solution obtained by first eliminating y and then i can be put in the 
form 


2x -1- 4y = 11 
— 5x + -iy = 5 


3 

— 1 


2Gx = 13, 
2Gy = G5, 


5 

2 

= i 

y = I, as before. 


Second-order determinants. The square array of numbers written be- 
tween vertical bars, 

a 6 
c d 


to which Ih assigned the value ad — be, is called a second-order determinant. 
Thus 


a 

c 



Ai B, 
A 2 B2 


A 1B2 ~ A 2B j 


If the determinant 
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is not zero, Eqs. (5-7) and (5-8) take the forms 


Cl 

Bx 


Ax Cx 

C2 

821 


A 2 C 2 

Ax Bx 

t y — 

Ax Bx 

A 2 B 2 


A 2 B 2 


(5-9) 


Provided the equations have first been written in the precise form of Eqs. 
(5-1) and (5-2), the denominator in each case is the determinant formed 
from the coefficients of x and y. The numerator for x is the determinant 
formed from the denominator by replacing the A column by the C column, 
and the numerator for y is the determinant formed from the denominator 
by replacing tlie B column by the C column. 


5-3 Graphical solution. Dependent and inconsistent equations. The 
simultaneous linear equations may be solved graphically by drawing the 
corresponding line.s in the same diagram and determining the coordinates 
of their point of intersection. In general, there will be one and only one 
solution. In special cases the lines coincide, in which event they have an 
infinite number of points in common. If the lines are parallel, they have 
no point of intersection. If two linear equations differ only in that one is 
obtained from the other by multiplying by a nonzero constant, they are 
equivalent and have the same line as their graph. In that case the equa- 
tions are dependent. From the equations 


= /?2 = A-B,, Ca = A-C,. (5-10) 


it is seen that all the coefficients in Eqs. (5-7) and (5-8), as well as the 
determinants in Eqs. (5-9), arc equal to zero. Equations (5-9) would be 
meaningless. 



Bx 


A X 

Bx 

A 

B2 

1 

1 

kA 1 

kBx 




AxB,) = 0 


and similarly 



Bx 

Bi 


= 0 and 




If in Etjs. (5 1) and (5 2), Bi and B 2 are both zero, the lines are vertical 
and parallel (or identical). If B 1 B 2 0, and if 


B2 = kBi, 


.12 — kA I, 


C2 ^ feC I , 


(5-11) 


6-3] 
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the two given equations take the forms 





B2 


t 


with slopes mi = —Ai/Bi, m 2 = —A 2 fB 2 - It is noted that two non- 
vertical lines that are parallel have the same slopes and, conversely, if 
two lines have the same slopes they are parallel. Equations (5-11) show 
that mi = m 2 and that the y-intercepts are different. Hence the lines 
are not coincident but parallel and have no point of intersection (Eig. 5-1). 
But Eqs. (5-11) also show, as above, that 


Ai 

A2 



C, B, 
C2 B2 


^ 0 , 


Ai 

A 2 


Cl 

C 2 


^ 0 . 


Two linear equations which satisfy Eqs. (5-11) are inconsistent and have 
no solution. 


Example 5-2. Solve the equations 2.r -f 4?/ = 11, — 5.i- + liu = 5 


graphically and by means of deter- 
minants. 

Both lines are drawn from (heir 
intercepts (Fig. 5-2). 

2x + 4y = 11 -5x + 3y = 5 


z 

y 

X 

y 

0 

11/4 

0 

5/3 

11/2 

0 

-1 

0 
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The solution by determinants is 



26 


5 

2 ' 


This agrees with the geometrical solution. 

Example 5-3. Determine the constant A so that the lines 3x — 4j/ = 12 
and Ax -f Gy = —9 arc parallel. 

Multiply the first equation by —3/2 in order to make the coefficient of 
y equal to (5. The new coefficient of x is —9/2, so A = —9/2 and the 
required equation is — |x + Gy = —9 or 3x — 4y = G. 


Pkodlem Set 5-1 


1. Solve the following pairs of simultaneous equations graphically and alge- 
braically, using the method of substitution. 


(a) y = 3x — 4 
2j — y = 1 

(r) X + 4y = -3 
3x — 5y = 25 

(e) 3x+ 4y = 12 
5x + I2y = 00 

(r) y = 3-r -b -1 

2x - 3y -r 12 = 0 


(b) y = 3x + 4 
6x — y = 2 

(d) 3x - 2y = I 
2x + 3y = -8 

(f) 4x 4- 3y = 10 
12x — 5y = 9 

(h) y = 5x -f 4 

2x - 3y + 6 = 0 


2. Solve problems l(a)-l(h) by the method of elimination. 

3. Solve the following pairs of simultancou.s equations by determinants and 
clieck graphically. Do not use the point corre.sponding to your answer to graph 
citluT line, since this would de.'stroy your check. 


(a) 2x — 3y = 5 

5x — 4y = 2 

(c) 2x + 3y = S 

Ox -h 5y = 24 

(e) 4x - 2y = 7 

Ox — Sy = 5 


(b) 2x - 3y = 2 
3x — 2y = 6 

(d) 3x - 2y = G 

Ox -I- 5y = 3 

(f) 5x 4- 4y = 1 

8x 4- 6y = 1 


1. The following pairs of simultanefms equations are cither dependent or in- 
consistent; determine which. .Vttempt to .solve each pair by the method of elim- 
ination or by cletermiiiant.s and explain the results. Cheek the results graphically. 

(.a) y = 3x - 4 (b) y = |x 4" 0 

y = 3x 4- 0 3x — 4y 4- 24 = 0 
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(c) 2i — 3i/ = 8 
6x — 9i/ = 18 

(e) y = - 8 

4i — 3y = 16 


(d) 3x — 2t/ = 8 
6x - 4y = 16 

(f) U — h = ^ 

~ y - t 


5-4 Equation of a line determined by two conditions. In Eq. (4-17), 
the equation of a line is given in the form y = mx b, where x and y 
are the variables, m is the slope of the line, and b is its y-intercept. If m 
and 6 are known, the equation of the line is determined. Howe\’er, m and 
b may be treated as unknowns that must be found from given conditions. 
If m and a point (xi, yi) on the line are given, b is found from the equation 

yi = mxi + b. 

The equation of the line under these conditions is 

y = mx + y, — mx,, y — y^ = m(x — x,). 

When two points (x,, y,) and (x 2 , y 2 ) with x, 9 ^ x^ are given, the Equa- 
tion of the line is determined from the two linear equations 

y, = mx, -f- b, y 2 = mx 2 + b 

in m and b. These may be solved by any of the given methods. The method 
of determinants yields 


yi 

y? 

1 

1 

1 

1 

1 

w 

1 

\ 

X| 

X2 

yi 

y2 

xiy2 — X2y, 

Xl 

1 

1 

1 

H 

1 

H 

< 

1 

Xl 

1 

Xj — X2 

X2 1 


X2 

1 



Substitution in the equation y = mx b gives the equation of the line 
determined by the given points. 

(If x, = X 2 , the line determined by the two points is the vertical line 

X = X,.) 

Example 5-4. Kind the equation of the line passing through the points 
(2, 5) and (0, 2). Check the results graphically (Fig. 5-3). 

Substitution in the form y = mx b gives the two equations which 
determine m and b: 

2m 6 = 5, 6m 4- 6 = 2. 

These equations are solved to find —4m = 3, and then by substitution, 
6=55 + 2*| = Ai^. Hence the equation is 

y = -ix + 
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Figure 5-3 


5-5 Worded problems and simultaneous linear equations. Many 
problems which involve two related, unknown quantities can be solved by 
means of simultaneous linear equations. Some problems are more con- 
veniently solved in this way than by use of a single variable. The general 
procedure^ is to let z and y represent the two unknown quantities and 
from the problem determine two equations that relate x and y. 

ExAMPLg 5-4 (see Example 4-6). The sum of two numbers is 24; one 
number is 3 more than twice the other. Find the numbers. 

Represent the numbers by x and y. Then 

X y = 2A, y = 2x + 3. 

The elimination of y by substitution leads to the solution x ^ 7,y = 17. 

Example 5-5 (see Example 4-8). The sum of two numbers is 25 and 
the difference of their squares is 225. Find the numbers. 

Represent the numbers by x and y. Then 

X A- y = 25, ~ y^ = 225. 

The elimination of y by substitution leads to an equation which reduces to 
a linear equation and then to the solution x = 17, y = 8. 

Another procedure would be to divide in the form (x^ — y^)/{x + J/) = 
225/25 or X — y = 9. When this last equation is combined with x -f- y = 
25, the same solutions arc obtained. 

Example 5-6 (see Example 4-14). A man invests $40,000 in govern- 
ment bonds yielding an annual return of A{% and in stocks yielding an 
annual return of 6%. The investments are made in units of $100 each. 
He desires an annual income of $2000. How many bonds and stocks should 
he buy? 
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250 

200 

I 

c ^•*0 

■a 100 


4 


/ (in hotirs) 

Figure 5-4 

Let z be the number of $100 bonds, and \j be the number of $100 slocks. 
Then the equations and their solutions are 

6 

-1 

1.75a: = 400, x = 229, y = 171, approx. 

Example 5-7 (see Example 4-19). Two towns A and B are 250 mi apart. 
A car travels from A to B at the average rate of 40 mph. Two hours after 
the first car starts, a second car leaves B for A and travels at the average 
rate of 55 mph. When and where do they meet? 

Let d be the distance in miles from A to where they meet, and let I be 
the time in hours that the first car travels. Figure 5-4 gives the graphical 
solution. The distance of the first car from A is represented by the line 
AC, where the coordinates of the points are A(0, 0) and C(4, 160). The 
distance of the second car from A is represented by the line DE, where 
the coordinates of the points are i)(2, 250), E(4, 250 — 110 = 140). 
These two lines intersect approximately where d = 150 and t = 3.8. 

The algebraic solution is found from the equations of these two lines. 

AC: d = 40/; DE: d = 250 - 55(f - 2). 

The simultaneous solution of these two linear equations yields the results: 
f = 3f| (hours) and d — 151.6 (miles). 

Example 5-8. Two boys sit on a teeter board supported at its center. 
They just balance when one sits 6 ft from the center and the other 8 ft 
from the center. If they exchange positions, it requires an additional 
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weight of 35 lb with the lighter boy to maintain the balance. How much 
does each boy weigh? 

Let X and y be their weights in lb. The conditions of the problem give 

6x = 8y and 8x — 6(y + 35). 

Solving: 

6x — Sy = 0 —6 —8 

8x - 6y = 2101 +8 +6 
28x = 1680, X = 60, 

28y = 1260, y = 45. 

Example 5-9. How many quarts of milk containing 3% butterfat and 
of cream containing 18% butterfat should be combined to give 25 quarts 
of milk containing 5% butterfat? 

Let X be the number of quarts of milk containing 3% butterfat, and 
let y be the number of quarts of cream containing 18% butterfat. Then 

X + y == 25, 3%x 18%y = 5%(25). 

Multiply the second equation by 100 and the first by 3, and subtract: 

3x + 3y = 75 
3x + 18y = 125 

15y= 50, y = ^, x = ^. 

Problem Set 5-2 

1 . Find the equation of the line which has the given slope m and passes through 
the given point P. Check your results graphically by use of the y-intercept. 

(a) m = i P(-l,3) (h) m = -I P(2. 4) 

(c) m = I P(-3,5) (d) m = -f. F(3. -5) 

2. Find the equation of the line which has the given y-intercept b and which 
passes through the given point P. Check your result graphically using the slope. 

(a) b = 3, P{4. 7) (b) 6 = 3. F(2. -4) 

(c) 6 = -i Pi-2,3) (d) 6 = -2, P(4, -2) 

3. Find the equation of the line which passes through the given points P and 
Q. Check your results graphically by use of the y-intcrccpt. In problems (a), 

(b), (c) use the method of determinants; in problems (d), (e), (0 use another 
method. 

(a)F(2.3), <3(5,8) (b) m 2), 0(-1.5) 

(c)F(l. 1), g(-2,4) (d)m4), (3(2. -3) 

(c)F(-2.3), (3(4, -5) (f) P(-3,-4), Q(2, -1) 

Solve problems 4 to 20 by use of simultaneous linear equations in two variables. 
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4. The sum of two numbers is 10; their difference is half their sum. Find the 
numbers. 

5. The sum of twice one number and the second is 12; the difference of the first 
and twice the second is 11. Find the numbers. 

6. A line segment AB is in. long. Locate the point C between A and B so 
that AC is § inches longer than twice CB. 

7. A line segment AB is 9 in. long. Locate the point C on this segment so that 
two-thirds of AC equals one-half of AB plus one-half of CB. 

8. One part of $3000 is invested at 5% and the remainder at 8%. The yearly 
income from both is $186. How much is invested at each of these rates? 

9. Mr. Rich wishes to invest %A in two types of investments, one which earns 
4% with no risk, and the other that earns 16% with considerable risk. He 
would like to have an annual income of about 8% on his investment, (a) If 
he does not consider that any of his high yield investments will default, what 
part of his money should he invest in each? (b) If he considers that 5% of his 
high yield investment will default on both interest and principal, and he wishes 
his annual income to be 8% of his investment above the replacement of the de- 
faulted principal, what part of his money should he invest in each? 

10. The widow and a son are to receive $2000 and $1000, respectively, from 
an $8000 estate. The rest is to be divided so that the widow receives ^ as much 
of it as the son. 

Let S be the son's total share, W the widow’s total share. Show that IF -f S = 
8000; W — 2000 = §(5 — 1000), and solve the problem graphically to deter- 
mine the share of each. 

11. The relation between the Centigrade and the Fahrenheit temperature 
scales is given by F = IC + 32. (a) When will the readings be the same? 
(b) When will the Fahrenheit reading be twice the Centigrade reading? (c) When 
will the Fahrenheit reading be 100 more than the Centigrade reading? Solve 
both algebraically and graphically (use one diagram). 

12. Two towns A and B are 200 mi apart. A car travels from A to B at the 
average rate of 50 mph. One hour after the first car starts, a second car leaves B 
for A and travels at the average rate of 40 mph. When and where do they meet? 
Solve algebraically and graphically. 

13. A freight train leaves Chicago for Denver and travels at the average rate 
of 35 mph. Three hours later a passenger train leaves Chicago for Denver and 
travels at an average rate of 60 mph. When and where will the passenger train 
overtake the freight? Solve algebraically and graphically. 

14. Two boys sit on a teeter board supported at its center. They just balance 
when one sits 5 ft from the center and the other 7 ft from the center. If they 
exchange positions, it requires an additional weight of 25 lb with the lighter boy 
to maintain the balance. How much docs each boy weigh? 

15. Two men carry a long pole which carries a weight of 150 lb. One man 
holds the pole 4^ ft from the weight and the other holds the pole 6 ft from the 
weight. How much of the weight does each lift? 

16. A lever is in equilibrium when two unknown weights are placed 3J in. and 
4J in., respectively, from its point of support. If an additional weight of 1 oz is 
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added to tlie lighter weight, it must be moved i in. closer to the fulcrum to ob- 
tain equilibrium. What arc tlie sizes of the weights? 

17. How many gallons of milk containing 4% butterfat and of cream contain- 
ing 15% butterfat should he combined to give 5 gallons of milk containing 6% 
butterfat? 

18. How many pounds of candy worth $.85 per lb and of candy worth $.60 
per lb should be mi.xed to obtain 50 lb of candy worth $.75 per lb? 

19. How many quarts of a mixture containing 45% alcohol should be com- 
bined with a mixture containing 70% alcohol to obtain 6 quarts of a mixture 
containing 55% alcohol. 

20. A inixtun* of 5 lb of first grade coffee and 8 lb of second grade coffee is 
worth SlO. \ mi.xture of 8 lb of the first grade coffee and 4 lb of the second grade 
coffee has the same value. What is each grade worth per pound? 


5 6 Market 6quilibriuni with linear demand and supply laws. Under 
pure competition where the price per unit quantity depends only on the 
(piantity demanded and the supply available (“all other things being 
eciual”), there is a tendency for the price to adjust itself .so that the prices 
pel unit (luantity demanded and per unit quantity supplied are the same. 
If the price is too high, the con.sumer will not purchase, and if the price 
is too low, (he supplier will not sell. Market equilibriuTn corresponds to 
the point where the domand curve and the supply curve (Section 4-7) 
intersect. The corre.^ponding price p per unit quantity and the quantity x 
re[)resent the equilihrium price and (luanlity. If the demand and supply 
laws are linear, the methods of Sections 5-2 and 5-3 can be used to find 
the eciuilihrium price and quantity. For a realistic situation, p and x 
sljould both he positive. 

Kxami’li-: 5-10. .\ demand law is given in the form 4x + Op = 48 and 
the supply law has the f(»rm p = gX I 2. hind the equilibrium price and 
qvmntity, first graphically and then algebraically. 

'File demand curve is <lrawn frf)m 


the intercepts (0, l<v.3), (12.0). The 
point (3, 4) .serves as a cheek point. 
'I’lie supply curve is drawn from the 
[xiiiits (0,2), (!), .3). 'I'he two lines 
intersect at x = 0, p 2.7, approx. 
(J'ig. 5-5). 'i'lie algcl)raic .‘Solution 
is obtained by sul)stitufiun: 

4.1- f ‘J(^x -r 2) - IS 

5.r = .30 

X (), 

P § -(- 2 ^ §. 




'‘f 





15 
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Additive tax and market equilibrium. If the government imposes a tax 
on a given commodity, the price to the consumer increases and the quan- 
tity demanded decreases. Consider the effect upon market equilibrium 
under pure competition and under the assumptions (1) that the quantity 
demanded by the consumer depends upon the price alone (that is, the 
demand function does not change), and (2) that if an additive tax of t 
per unit quantity is imposed, the producers adjust the supply to this new 
price. 

If the supply law is given in the form p = F{x) before taxation, it be- 
comes Pi = F(x) 4- t after taxation, where pi is the new price per unit 
quantity. The new equilibrium point is found as the intersection of the 
original demand curve with the new supply cur\'e. If the original supply 
curve is a straight line, the new supply curve is also a straight line, parallel 
to the original line, a vertical distance equal to t above it. 

If the original supply law is given in a form different from p = F{x), 
it may be possible to obtain this form by solving for p. The supply law 
after taxation is then written by the addition of t. 

A subsidy may be considered as a negative tax. The supply curve is 
moved downward by an amount equal to the subsidy. The price to the 
consumer decreases by an amount to be determined by comparitjg the 
old and new equilibrium conditions. The quantity demanded increases. 

Example 5-11. Using the demand and supply laws of Example 5-10: 

4r -f 9p = -18, p = + 2, 

suppose an additive tax of 1 per unit quantity is imposed. Find the new 
equilibrium conditions. 

The new equilibrium conditions are obtained from the equations 


4j, -f- 9p, = 48, 
Pi = i-Ti + 2 + I, 


where the subscripts indicate the new conditions. The new supply line is 
shown dotted in Fig. 5-5. The algebraic solution gives 

4xi + 9(ix, + :i) = 48 

5x, = 21 

xi = 4.2, pi = •'* + 4 • V = 3.47, approx. 

These results are consistent with the diagram. Comparison with the result.s 
of Example 5-10 gives the price increase a.s Pi — p =: 3.47 — 2.07 = 0.8 
and the (|uantity demanded dccrea.se as x — xi = 0 — 4.2 = 1.8. 
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Problem Set 5-3 

1. (a) If the demand law is p = 12 — 3r and the supply law is p = 2, 

find the equilibrium price and quantity. Check graphically. Do not use the 
equilibrium price and quantity found to draw either line. 

(b) If a tax of 1 per unit quantity is imposed on the commodity, find the new 
equilibrium price and quantity, the increase in price and the decrease in quan- 
tity demanded. Check graphically. Use the diagram already constructed in 
part (a). 

2. With the demand and supply laws of problem 1, (a) show that if an addi- 
tive tax of I is imposed on each unit of quantity, then the increase in price will 
be §1. (b) What additive tax would increase the price by §? 

3. (a) if the demand law is p = 36 — 5x and the supply law is p = 9 + 4x, 
find the equilibrium price and quantity. Check graphically; do not use the equi- 
librium point to draw cither line. 

(b) If a subsidy of 4 per unit quantity is granted to the producer, find the new 
equilibrium price and quantity, the decrease in price and the increase in quantity 
demanded. Check graphically. Use the diagram already constructed in part (a). 

4. With the demand and supply laws of problem 3(a), show that the decrease 
in price is a constant multiple of the subsidy. 

5. (a) The demand and supply laws arc given in the form 

X = 15 — §p, X = 3p -- 6. 

Find the equilibrium price and quantity. Check graphically. 

(b) If a tax of 2 per unit quantity is imposed upon the commodity, find the 
new equilibrium conditions. Check graphically. 

G. (a) If the demand and supply laws arc given in the form of the equations of 
problem 5(a), and an additive tax of t per unit is imposed, find the now equilib- 
rium price and (piantity as functions of t. Check the answers against the results 
in 5(a) and 5(b). 

(b) If a subsidy of s = 2 is granted, wliat is the decrease in price and what is 
the increase in the quantity demanded? 

7. The demand and .supply laws are given in the form 


X = 10 — 2p, I = Gp — 6. 

hat additive tax will cause the price to increase by I ^ units? Solve the problem 
graplucally first and tlien algebraically. 

8. (a) The demand and .supply laws are given in the form 


2x -}- 3p = IS, Gp - 3x = 8. 

Find the eqviilibrium pih-e and quaidity. Check graphically. 

(I)) If a subsidy of 4, 3 price units is granted per unit quantity, determine the 
new <Mjui!ibrium ctmditinn.-^. Check graphically using the diagram constructed 
in part (a). 
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9. If the demand law is 12x + 8p = 27 and the supply law is p = + §, 

&nd the equilibrium price and quantity before and after a tax t == ^ is imposed. 
Check graphically. 

10. If the demand and supply laws are 

12i+8p = 27, p = i 

and a tax of t per unit quantity is imposed, find the new equilibrium price and 
show that the increase in price is -j^f. 

5-7 Deter min ants of the third order. In order to formalize and simplify 
procedures for finding the solution of three simultaneous linear equations 
in three variables, determinants of the third order are introduced. A 
determinant of the third order is a square array of nine elements written 
within a pair of vertical bars, 



bx 

C| 

02 

62 

C 2 

03 

63 

C3 


to which is assigned a value in the manner discussed below. 

The minor of any clement is the second-order determinant obtained by 
striking out the row and column which contain that element. Thus the 
minor of hi is the determinant 


02 C2 

03 C3 


<22^3 — C2<23. 


The cofacior of any clement is its minor together with its sign of position. 
The sign of po.sition is obtained by assigning the + sign to the upper left- 
hand element and then alternating the + and — signs throughout the 
pattern. The sign of position is positive if the sum of the row and column 
in which the element is found is even. The sign of position is negative if 
the sum of the row and column in which the element is found is odd. The 
cofactor of any element is represented by the corresponding capital letter 
with the same subscript. For example, bi is in the first row and second 
column, its sign of position is negative and its cofactor is 



02 C2 

03 C3 


The value, D, ateiffned to the third-order determinant ie 


D = OiAi -|- 02^2 "h 


(5-12) 
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In expanded form, this becomes 

D = 01(6203 — 63C2) — 02(6103 — 63O1) 03(6102 — 62O1) 

= 0162C3 + 026301 + 036102 — 016302 — 026103 — 036201. ( 5 - 13 ) 

This value is described by expanding the determinant in terms of the ele- 
ments of the first column. It is not difficult to show that the value of the 
determinant may be found by expanding in terms of the elements of any 
column or any row. Thus 

D = 61^1 + 62^2 + 63B3, ( 5 - 14 ) 

D = Oi^i -[- biBi CiC], ( 5 - 15 ) 

with similar expansions involving the third column, the second row, or the 
third row. To verifj^ Kqs. (5-14) and (5-15), it is only necessary to re- 
group the .six terms of Eq. (5-13). For Eq. (5-14), regroup as 

D = —61(0203 ~ 0362) + 62(0103 — 03O1) — 63(0102 — 02O1) 

= h\B\ + 62/52 4" 63/53, 

P'or Eq. (5-15), regroup as 

D = 01(6203 — 62C3) — 61(0203 — 03C2) + 01(0363 — 0362) 

= oi/li -}- 6iiBi + OiCp 


A comparison of Eqs. (5-12) and (5-15) shows that the value of a de- 
terminant IS not changed if rows and columns are interchanged. Thus 


0 \ 

6i 

Cl 



Qo 

as 

a 2 

62 

C2 


6, 

h 

63 

03 

^3 

C3 


Cl 

C2 

C3 


(5-16) 


1<> find the value of a determinant, it is often convenient to replace the 
gi\-en determinant, by one which has the same value but for which all 
except one of the elements in a column (or row) are zero. Expansion in 
terms of the elements of this column replaces the third-order determinant 
by a -seeond-order cleterminaiit. To develop this procedure, the following 
properties of tleterminants arc needed: 

(A) 7 he value of a determinant is zero if the elements of two columns are 
the. same or are proportional. 

(H) 'I lie value of the determinant is unchanged if the elements of any 
column are multiplied by the same number and added to the corresponding 
elements of any other column. 
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From these two properties a third one is proved: 

(C) If two columns are interchanged, the value of the determinant changes 


sign. 

Property (A) is proved for the case where Ci = kbi,C 2 = kb 2 ,cz — kbs, 
that is, 



a I b\ kb I 
(I2 ^2 ^^2 

03 63 kbs 



(5-17) 


If this determinant is expanded in terms of the elements of the first 
column : 

Ai = ^:(6253 — ^263) = 0= A 2 ~ A3, 

so that 

D = 0. 


The same result could be obtained from Eq. (5-13) by replacing Ci, C 2 , C3, 
by the values given above. If the same determinant is expanded in terms 
of the elements of the third column, the following formula is obtained: 


b\Ci -|- ^2^2 “b 53C3 — 0. 


There arc five similar formulas, one of which is 


(2|J3i + 02^2 “b a^Bi — 0. 
Property (B) is proved for the case 



ai 

bi 

Cl 

1 

ai 

bi + koi 

Cl 

D = 

02 

bi 

C2 

. />' = 

02 

62 “b ka2 

C2 


as 

bs 

C3 


03 

63 + ka3 

Cs 


(5-18) 


(5-19) 


Expand in terms of the elements of the second column and use Eqs. 
(5-14) and (5-18). 

D’ = (6i + (62 “b ka^B 2 "b (63 "b ^.'03)^3 

= {})\Bi -f- b 2 B 2 + b^B^) + k{a\Bx + 02^2 "b 
= Z) + 0 = D. 


Property (C) is proved for the case where 



ai 


Cl 

1 

bi 

a\ 

Cl 

D ^ 

Ci2 

62 

C2 


bz 

02 

C2 


az 

63 

C 3 


63 

Od 

Cz 
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Apply property (B) and expand : 

6i a\ — 6| Cl 

D ‘ =62 02 — 62 C2 = (oi — 6i)Bi + (02 — 62)52 + (03 — 63)53 

O3 “ 63 C3 

= (oiBi + 0252 + 0353) — ( 6 i 5 i 6252 + 6353) 

= 0 - Z) = - D . 

Proofs for other cases of (A), (B), (C) and for cases where “column” is 
replaced by "row” in the rules are similar to the foregoing. 

Example 5-12. Find the value of 


1 1 2 

D = 2 5 -3 . 

3 4 1 

(a) Expand in terms of the elements of the first column: 

5 = 1(5 + 12) - 2(1 - 8) + 3(-3 - 10) 
= 17 + 14 - 39 = -8. 

(b) Expand in terms of the elements of the first row: 

D = 1(5 + 12) - 1(2 + 9) + 2(8 - 15) 
= 17 - 11 - 14 = -8. 


(c) If we subtract twice the elements of the first row from the elements 
of the second row, and then subtract three times the elements of the first 
row from the elements of the third row, we find 



(d) We could proceed in various ways to obtain zeros in other positions. 
I- or example, leaving the third row unchanged, we find 



and by further combinations and interchanging two columns, we obtain 



1 

0 

0 

1 

0 

0 

0 

0 

8 

= - 0 

1 

0 

0 

1 

0 

0 

0 

8 
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5-8 Simultaneous linear equations in three variables. The remarks 
made in Section 5-1 concerning systems of equivalent equations apply 
to three simultaneous equations in three variables. The algebraic methods 
of Section 5-2 can be adapted to such systems. These may be written in 
the form 

+ ^ly + CiZ = di, 

<i2X 4- biy 4- C2Z = dj, (5-20) 

azx + b^y + C3Z = dz. 

(A) Solution by elimination. By multiplying the first of these equations 
by 02 , the second by —Oi and adding, the variable x is eliminated; in an 
analogous manner, x can be eliminated in a combination of the first and 
third of these equations. This gives two equations, 

biy + CiZ = d4, bsy csz = ds, (5-21) 


which, with the first of the equations in the set (5-20), form a set which is 
equivalent to the original set. By eliminating y between these two equa- 
tions, we obtain an equation of the form 

CfiZ = da. (5-22) 

If c« 9 ^ 0, find z from Eq. (5-22), then by substitution find y from Eq. 
(5-21), and then find x from Eq. (5-20). It is important to make the 
eliminations systematically, but which variable is first eliminated is non- 
essential. In some cases it may be simpler to eliminate z first and then 
X to find y, and then complete the solution by substitution. 

Example 5-13. Solve the system of equations 

3x - 2y + 4z = 3 (1) 1 

4x 4- 3y =9 (2) 

2x + 4y 4- z = 0 (3) -4 

Since equation (2) does not contain z, eliminate z between equations (1) 
and (3) and combine this with equation (2): 


Then 

and 


6 
1 

19x =57:x = 3. 

12 + 3y ~ 9 gives y ^ 

9 + 2 + 4z = 3 gives z = —2. 



The solution (3, —1, —2) is checked in equation (3): C — 4 — 2 = 0. 
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(B) Solution by determinants. The deteiminant formed from the co- 
efficients is 

ai bi Cl 

D = 02 bz C2 (5-23) 

bz C3 

and the cofactor of each element is represented by the corresponding cap- 
ital letter. The procedure for solving the equations by determinants is 
shown in the following form; 

Cl 
C2 
C3 


(5-24) 


where 





fll/ll + 02*42 

+ 03*43 

= 








OlBl -f- 02^2 

“T 03^3 

= 0 , 








OiCi a 2 C 2 

+ osCa 

= 0 , 





have been 

used to 1 

‘ind X. Similar relations are used 

I to 

find 

y and 

z. The 

expre.'sions for A),, 

D 2 , and Dz are: 






bi 

Cl 

la, d, 

C| 


Ol 

bx 

dx 


Cl = do 

1)2 

I 

C 2 , 

II 

C 2 , 

^>3 = 

as 

bz 

dz . 

(5-25) 

«:i 

63 

C3 

I ^3 «3 

C 3 


03 

bz 

dz 


I rovided the equations arc written in the precise form of ( 5 - 20 ), D,, 
2 , and D are obtained from D by replacing the o's, b\ and c’s, respec- 
tively by the ds. The determination of the actual cofactors is not re- 
quired to write the set of Eqs. (5-24) and (5-25) 
r Vomer’s Rule. If D ^ 0, Eqs. (5-24) give' 




as the unique .solution of the system (5-20), where D, D 2 , Z >3 are 

( e UK. by Eqs. (5-23) and (5-25). The four determinants may be evalu- 
ated by any convenient method. 
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Example 5-14. 
determinants. 


Solve the following system of equations by means of 

X - 2!/ - 32 = 2 
—2x + 3y + 2 = —5 
:ix ~ 4i/~ 2z = 7. 


D = 


Di = 


Do = 


D. = 


Therefore 


1 

-2 

-3 


1 -2 -3 

-2 

3 

1 


0 -1 -5 

3 

-4 

-2 


0 2 7 

2 

-2 

-3 


1 

t 

o 

-5 

3 

1 


-1 -1 - 

7 

-4 

-2 


1 2 





' 4 0 




— 

-1 -1 - 





-1 0 - 

1 

2 

-3 


1 2 -3 

-2 

-5 

1 


0 -1 -5 

3 

7 

-2 


0 1 7 

1 

-2 

2 


1 2 2 

-2 

3 

-5 


0 -1 -1 

3 

-4 

7 


0 2 1 



5 


-2 


X 

= 3‘ 

P 

3 ' 



1 

-2 

-3 

— 

0 

-1 

-5 


0 

0 

-3 


= 3, 


7 

7 


= -l(-12 + 7) = 5, 


= -7 + 5 - -2, 


= -1 + 2=1 


1 

^ = 3 


A check is obtained by substitution: 


15 + 8-2 _ 2]^ _ - 
3 3 ~ ' 


PiioULEM Set 5-4 
1. Evaluate the determinant 

1 3 4 

2 7 3 

3 10 8 
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by each of the following methods: 

(a) expand in terras of the elements of the first column ; 

(b) expand in terms of the elements of the first row; 

(c) expand in terms of the elements of the second row. 

2. Proceed as in (a), (b), (c) of problem 1 for 

1 3 4 

2 7 5. 

3 10 8 


3. Proceed as in (a), (b), (c) of problem 1 for 


2 3 4 
—3 4 2 
4 5 6 


4. Proceed as in (a), (b), (c) of problem 1 for 


-1 1 I 

1 -1 1 
1 1 -1 


5. Proceed as in (a), (b), (c) of problem 1 for 


1 

2 

3, 


3 

I 

2 

2 

3 

4 

and 

5 

2 

3 

4 

5 

6 


3 

2 

1 


umn.f r'T^- ""I"*' determinants by combining rows (or col 

r or V? reducing the third' 

Older determinant to one second-order <letcrroinant. 

1 3 4 

2 7 3|. (b) 

!3 10 8 


(a) 


2 3 4 

3 4 2 

4 5 6 


(c) 


1 2 3 

2 3 4 
4 5 6 


/. Uy a combination of rows, reduce the determinant 


1 3 4 

2 7 5 

3 10 8 




8. Proceed as in problem 7 for 

3 1 2 

5 2 3 
3 2 I 


except that you may combine either rows or 


columns. 
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9. By regrouping terms of Eq. (5-13), show that 

(a) D = c|Ci + C 2 C 2 + C3C3, 

(b) D = 03/I3 -|- 63B3 -}- f3C3. 

10. By regrouping terms of Eq. (5-13), or by using other properties of deter- 
minants, show that 

(a) aiBi + 02^2 + 03-53 = 0, 

(b) 01^3 -|- biBz -j- C1C3 = 0. 

Write other similar equations. 

11. Solve the following sets of linear equations by the method of successive 
elimination. Include a check. 


(a) X — 2y — 3z = 2 
— 2i + 3(/ -|- z = —5 
3x - 4y — 2z = 7 

(c) — X + y + z = 2 
a: — y + z = 3 
a: + y — z = 4 

12. Solve by means of determinants. 

3x - 2y -I- 4z = 3 
4x -b 3y =9 
2z+ 4y-\- 2 = 0 


(b) j -|- 3y 4z = 1 
2x -[- 7y + 3z = —5 
3x -h lOy -1- 8z = -3 

(d) -3x-i-2y-f- 2 = 2 
I + 3y — 22 = 4 
— 4x + 5y -h 3z = 6 


(See E.\amplc 5-13). 


13. Solve each of the problems 11(a). (b). (c), (d) by means of determinants. 
Use several different procedures for evaluating the determinants. Include a 
check by substitution. 


5-9 Graphical interpretation. Consider three mutually perpendicular 
lines (drawn in perspective) meeting at 0 (Fig. .'5-0). The point 0 is called 



Fiounu 5-0 
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I 


X 

O 


^ I 


Figurk 5-7 



Figure 5-S 



Iho origin and the lines O.Y, OY, OZ arc called the coordinate axes. The 
pianos YOZ, ZOX, XOY are called the coordinate planes. Let P be any 
point in space. Through P draw planes parallel to the coordinate planes 
intor.<ci-ting the coordinate axes in L, M, X, respectively. On these axes 
l('t the directed distan(*es OL, O.M, OX ho x, y, z, respectively. To each 
[)oiiit ./' corro.sponds a uni(|uo ordered number triple (x, y, z). Conversely, 
Kiven any such ordered number triple, reversal of the construction locates 
a nni(juc point P. In this way a 1-1 correspondence between points in 
spac(* and number triples i.s obtained. This correspondence is represented 
i'.v P(x, y. z). rrom the construction, it is .seen that the coordinate planes 
are characterized by the eijuations x — 0, y = 0, 2 = 0 and the co- 
t)r(linate axes are represented by taking these eijuations in pairs. The 
plane YOZ has the eciuation .r = 0, and the j--axis, OA', ha.s the equations 
.'/ (t. 0. 

It is assumed without proof* that the graph of a linear equation 

o.r -L hy -I- C 2 = d 


IS a plane in ^pace. To make a perspective diagram of the general plane, 
dislmgiiish between the (-ases when the plane pas.scs through the origin, 
d - () tl'ig. .5-7), anri when it does not pass through the origin, d ^ 0 
(I'ig. .5-8). In the fnrmcr case, find the traces of the given plane on two 
of (ho coordinate planes, for example, the plane x == 0. with trace OP, 
and the planes ^ 0 with trace OQ. The eijuations of these traces are 


OP:.r = 0, 
OQ:y - 0. 


by \ cz = 0; 
a.r rz = 0. 


i he lines in these coordinate planes can be drawn in perspective in the 
diagram, and the reejuired plane is (h‘(ermine.l by the lines OP and OQ. 


* ' 1 ' 


I’lic |)roof is given in .\i)i>i'ndi\ I. 
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If the plane does not pass through 0, draw the three traces 

BC.x = 0, by cz = d“, 

CA:y = 0, ax cz = d) 

AB\z = Q, ax by = d\ 

by first finding that the given plane cuts the coordinates axes at the points 
yi{d/a, 0, 0), /^{O, d/6, 0), C(0, 0, d/c). The rc(|uired plane is then de- 
termined by the three points A, B, C. 

Example 5-15. Sketch the plane x A- -iy — 2z — 0. 

In the X = 0 plane, y = U, and this line can be drawn through the 
origin and through the point (0, 1, 2). In the f/ = 0 plane, x = 2z, and 
this line can be drawn through the origin and the point (2, 0, I). These 
lines are shown in Tig. 5-7. The trace in the 2 = 0 plane, x -j- !»/ = 0, 
would be more difficult to draw. 

Example 5-10. A total expenditure of 20 units is made for three 
commodities where the prices arc 3, 1, 5 units, and the corresponding fjuan- 
tities are x, y, and z. The budget eciuation is 3x -f -iy !- oz = 20. Sketch 
the corresponding budget plane. 

The three intercepts arc found to be /l(20/3, 0, 0), B{0, 5, 0), r(0, 0, 1) 
and from thc.se three points we can picture that part of the plane that has 
.significance (x,y,z ^ 0). 

Under certain competitive conditions, the sale of one commodity in- 
fluences favorably the sale of a related commodity ami the quantity x 
demanded by the consumer of the one commodity depends upon the price 
p of that commodity and also the price g of the related commodity. This 
dependence is such that x increases as p decrca.ses and also increa.scs as g 
decreases. The simplest such demand law arises when x is a linear func- 
tion of p and g with the coefficients of p and g both negative. 

Example 5-17. The demand law is given in the form x = 12 — 2p — g, 
where p is the price of each unit of the commodity, x is the quantity de- 
manded, and g is the price of each unit of the “complementary” com- 
modity. Sketch the corresponding plane, taking the x- and p-axes as in 
Section 1-7 and the 7-axis as the third axis in .space. 

Note that x decrea.ses if cither p or 7 increases and x increases if either 
p or 7 decreases. It is desirable to select the p-unit equal to the 7-unit, 
but the diagram must be viewed in perspective. The x-unit is cho.scn for 
convenience. The equation can be written in the convenient form 

12 ^ 12 ' 0 ' 

from which the intercepts can be read: OA = 12, OB = 12, OC = G. 
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The diagram (Fig. 5-9) also shows the demand line A*C' corresponding to 
fixed 7 = 4 and variable x and p. The equations of this line are g = 4, 

X — % — 2p. 

Inconsistent and dependent equations. As shown earlier, the solution of 
three simultaneous linear equations 


fli-r + hiy + CiZ\ — d\, 

fla-r + + C 222 = dz, (o-20) 

OsX + 637 •+■ C3^3 = ds, 

by means of determinants uses the equations: 


Dx = Di, Dij = D 2 , Dz = D 3 . (5-24) 


(1) If D 7 ^ 0, they can be solved for the unique solution. 

In general, the three planes which correspond to the three equations in 

J, //. z have one and onl}' one point in common and this point is found 
algel>raically as 


.r 


D” 



where D, Dx, O 2 . D 3 are given in Eqs. (5-23) and (5-25). 

(2) If D = 0, and Di, D 2 , Dz are not all zero, Eqs. (5-20) arc incon- 
sislent, that is, have no solution. 

1 he as.sumpf,ion that Lqs, (5-20) have a solution under conditions (2) 
leads to the contradiction 0 • .r 0. There arc two possible geometric 
.situation.s where this may arise, (a) If two of the planes are parallel, they 
ha\e no common point and the corresponding equations can have no set 
of values for .r, y, z which .simultaneou.sly satisfy both. This ca.se arises 
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when two of the equations can be reduced to the form 


ax by cz = d I 


and 


ax + by-\-cz = d 2 , di ^ do- 


(See proof in Appendix I.) (b) If no two of the planes are parallel but the 
line of intersection of two of the planes is parallel to the third plane, the 
three planes have no common point. This case arises when D = 0 no 
two of the pjanes are parallel, and one of D^, D^, is different from 0 . 

(3) U D = Dx = D 2 = Di = 0, the equations are either inconsistent 
or dependent. If the three corresponding planes are parallel, the equations 
have no common solution. If the three corresponding planes are not paral- 
lel, they have a line in common and the e(iuation.s are dependent. One Of 
the variables, say 2 , could be as.signed arbitrarily and (he values of .r and 
y determined from the system 


axx + bxy = (d, - Ci2); QiX + 621/ = dx - £32. 

(The case when two of the planes are identical needs no special discu.s.sion.) 

Example 5-18. Show that the following systems of equations are in- 
consistent, and discuss the corresponding geometric situati«jns. 


(a) z + 2 )/ + 32 = 0 
2x + Uj + 02 = 8 
3/ -2y 'r 2=4 


(b) 3 j: — 2y = 5 

- 2=4 
J + 2// — 22 = 0 


In the set (a) it i.s recognized that the first and second equations give 
parallel planes x d- 2y ^ 32 = fl. 2y = 4 . jf ,„,„.o,l of 

eliminating i between the first two e(|uations is applied 0 • x f 0 . 

0 • z = — 1 , which i.s impos-siblc. 

In the sot (h), it is recognized Unit no two of ll.e corresponding ,, limes 
nre puralk'l. However 



3 

— 

0 


3 

-2 

0 

D = 

2 

0 

^ 1 

1 

2 

0 

-I 


1 

2 

— 2 


-3 

2 

0 


5 

2 

0 

1 

1 

5 

-2 

0 

Dx = 

4 

0 

- 1 


4 

0 

-1 


(i 

2 

2 


-2 

2 

0 


= 0 , 


0 . 


It is not necc^si^ry to compute D, and D^. The three planes arc such that 
the line of mter.s.*ction of two of them i.s parallel to the third. 
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Example 5-19. Show that the following systems of equations are 
dependent, that is, have an infinite number of solutions. Discuss the cor- 
responding geometric situations. 

(a) X 2y Sz = G (b) 3x - 2ij =5 

2x + 4(/ + 62 = 12 2x -2 = 4 

3.r - 2i/ + 2 = 2 4y - 32 = 2 

In the set (a) the first and second equations represent the same plane, 
but this plane is neither parallel nor identical with the plane that corre- 
sponds to the third equation. To find the complete solution, con.sider that 
2 may have any arbitrary value and solve the system 

X + 2?/ = 6 - 32 
3x - 2j/ = 2 - 2 

■\x =8-42 

.r = 2 — 2 ; 

2i/ = (i - 32 - 2 -f- 2 = 4 - 22. 

Hence the ino.st general solution is (2 — 2 , 2 — 2 , 2 ). The line could be 
drawn by plotting two points, say ( 2 , 2 , 0 ) and ( 0 , 0 , 2 ). 

In the .set (b) no two of the planes are parallel or identical. However 



Hence the equations arc dependent, representing three planes through the 
same line. From the last two equations, we obtain 


X = f (2 -t- 4), y = 4(32 4- 2). 


The general solution is 




32 + 2 



2 


4 
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One of the most important cases of dependent equations occurs when 
di = d 2 = dz = 0, in which case the equations are called homogeneous 
linear equations: 

+ biy + C[Z = 0 , 

^2^ + &2'/ + C2Z = 0, (5-27) 

<23^^ + hy + Czz — 0. 

The origin 0(0, 0, 0) is a common solution. If the equations represent di.s- 
tinct planes, they have no other solution unless 0 = 0. It is noted tliat 
Oj = D 2 = Oa = 0, since one column of each is a column of zeros. 
If Z) 0, the planes have only the origin in common, but if Z) = 0, the 
planes have a line in common. 

Example 5-20. Show that the equations 

X ~ 2y = 0, — -Iz = 0, x + — 4? = 0 

are dependent, and illustrate the situation graphically. Find their com- 
mon line by means of the origin and some other convenient point. Use this 
line and the traces of the.se planes in the z = 0, // = 0, x = 0 planes, 
respectively. 

The determinant of the coeffi- 
cients is 

1 -2 0 
Z) = 3 0 -4 

1 4 -4 

= 1(10) + 2(-12 + 4) = 0. 

Since the planes are distinct, they 
have a line in common. The first 
two equations give 

X 3 

y z = 2 = - X, Figure 5-10 

If we take x = 4, we find the convenient point 7^(4, 2, 3). The trace of 
the first plane in the 2 = 0 plane is x — 2y = 0. This line and the line 
OP determines the plane o. The trace of the second plane in the ^ = 0 
plane is 3x — 42 = 0 and so the plane 0 can lx* visualized. The trace of 
the third plane in the x = 0 plane is y — 2 = 0 and so this plane 7 can 
also be visualized (Fig. 5-10). 

A problem closely related to the one above but which has an entirely 
different geometric interpretation is that of determining whether three 
distinct, nonparallel lines in the xy-plane are linearly dependent. In gen- 
eral, three such lines form a triangle, but if they all pass through the .sinie 
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point, they are linearly de-pendent. If the equations are 

aix -f- biy = Cl, 

a2x + b2y = C2, (5-28) 

03 -*^ + ~ Cz, 


and no two of the lines are parallel or coincident, they may be solved for 
X and y to obtain 


Cl 

C2 

bx 

62 

— ' 

a \ 

02 

Cl 

C2 

fll 

61 

» y — 

Ol 

hx 

02 

62 


^2 

62 


ai 

02 


bi 

62 


0 . 


This point lies on the third line if and only if 



Cl 

bi 

C 2 

62 

a\ 

bx 

02 

bo 



<1, Cl 

^2 C 2 

fli 61 
O 2 (>2 



After clearing of fractions and changing signs, this condition can be written 
in the form 


or 





^3 

Ol 

Cl 


02 

C 2 

Oi 

bi 

Cl 

02 

62 

Co 

03 

bs 

C 3 





Hence ICqs. (5-28) will have a common solution and the corresponding 
noncoincident and nonparallel lines will be concurrent when the deter- 
minant of the coefTicients vanishes. If two of the lines are coincident, this 
determinant will also vanish. 


Problem Set 5-5 

1. Sketch the following plane.s that pass through the origin. 

(a) X i = 0 (b) x + \y + 2z = H 

(c) J — 4i/ f = 0 (d) j - 4y — = 0 

2. by mcan.s of the traces in all throe coordinate planes sketch the following 
planes. 

(a) X 4- 4i/ 2z = G (b) X -r Ay — 2z = Q 

(c) X - 4,v -1- 2c- = G (d) j- i- Ay — 2z = — G 
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« 

3. (a) The prices of three commodities are 4, 3, 5, respectively, and the total 
expenditure is limited to 100. What is the budget equation? Sketch the cor- 
responding plane. 

(b) A decision is made to purchase equal amounts of the second and third com- 
modities and twice this amount of the first commodity. How much of each is 
purchased? Show the corresponding point in the butlget plane as determined by 
the intersection of three planes. 

4. (a) The prices of three commodities arc 6, 2, 10, respectively, and the 
total l)udget is limited to 120. What is the budget equation? Sketch the cor- 
responding plane. 

(b) A decision is made to purchase equal amounts of the first and third com- 
modities and three time.s this amount of the second commodity. How much of 
each is purchased? Show the corresponding point in the budget plane as deter- 
mined by the intersection of three planes. 

5. In the following problems, p is the price per unit of a commodity if x units 
of it are demanded ami 7 i.s the price per unit of a relab-d commodity. Sketch the 
corresponding demand planes subject to the restriction that p, x, 7 ate zero or 
positive. Note that i must decrease as p increases, but that x may increase or 
decrease as 7 increases. 

■fa) X = 10 - - 7 (b) X = 10 - 3p -b 7, (7 ^ 20} 

(c) z = 135 - 9/j - 37 (d) X = 135 - 9p-l- hq. {7 ^ l.S) 

(e) 15z + 4p 4- 27 = 30 (f) I5x + 4/) — 27 = 30, (7 S 20) 

6. Use the tlcfinitions of problem 5 for p. x, 7, and let ij re|)rescnt the number 
of units of th<! second quantity that are demanded. Solve the following linear 
equations in z and y for x and y in terms of p and 7. In separate diagrams draw 
the demand planes that give z as a function of p and 7, and that give y as a func- 
tion of p and 7. 

= 15 _ X - 7. 7 = 5 4- X - y 


7. Proceed as in problem 0 for the following demand laws. 

(a) p = 24 — z - 2y, 7 = 27 - z - 3y 

(b) 9p = 40 — fix — y, 9q = 44 ~ x — 2y 

(c) p = 41 - fix — 7y, 7 = 58 - 7x — lOy 

S. Show that tlie following sots of equations arc inconsistent. Give geometrical 

interpretations of the systems. 


(a) 2/ 4- 3y 4- 4z = 12 

z - 2y 4- 3z = 0 

4z 4 dy -f Hz = 16 

(e) 2z 4- 3y 4- 4z = 12 

4z 4- Cy 4- Hz ^ 10 

6z 4- 9y 4- 122 = 20 

(e) 2z 4- 3i/ 4- 42 = 12 

I 4 2y 4- 32 = 0 

X — y - 32 = 20 


(b) 2z 4- 3y 4- 42 = 12 

X — 2y 4- 32 = G 

3z — 6y 4- 92 = 10 

(d) 2z 4- 3y 4- 42 = 12 

I 4- 2y 4- 32 = 0 

•r - 2 = 10 

(f) 2x - 3y =1 
3x — 22 = I 

9j/ — 42 = 1 



128 


SIMULTANEOUS LINEAR EQUATIONS 


(chap. 5 


9. Show that the following sets of equations are dependent. Find the general 
solution of the systems. Give geometrical interpretations of the systems. 


(a) 2 j: + 3y 4- 4z = 12 
z + 2]/ 4- 32 - 0 
4z 4- 6 y + 82 = 24 

(c) 2x — 3y = I 

3z — 22 = 1 

— 9]/ 4" 4r = 1 


(b) 2z 4- 3y 4- 42 = 12 
z 4“ 2t/ 4“ 32 = 0 
z — y — 32 = 36 

(d) X — 2y 4- 32 = 6 
2z 4- 3y 4- 42 * 12 

3z — 20y 4- 132 = 18 


10. Show tliat the following systems of equations have no solutions other than 

( 0 , 0 , 0 ). 

(a) z — 2y 4- 32 = 0 (b) r — 2y + 32 = 0 

2j - y 4- 42 = 0 2z 4- 3y 4- 42 = 0 

3z 4- 5y =0 4- 102 = 0 

11. Show that the following systems of equations have solutions other than 
(0. 0. 0) and find the most general solutions. Illustrate graphically. 

(a) z — 2y 4- 32 = 0 (b) X — 2y 4- 32 = 0 

2z — y 4- 42 = 0 2j 4- 3y 4* 42 = 0 

2z 4- 5y =0 4 j _ y _|_ 102 = 0 


12. Determine whether or not each of the following systems of equations has 
a solution. If so, find the solution. If not. find the vertices of the triangle formed 
by the three lines. Illustrate each problem graphically. 


(a) 2 j 4- 4y = 11 
— 5z 4- 3y = 5 
X — y = — 2 

(e) 3 j - 2y = 1 
2 j 4- 3y = -S 
j - 2y = 5 

(e) 3z 4- 4y = 12 
5x 4- 12y = GO 
2z 4- 2y = 3 


(b) 2z + 4y = II 
-5z 4* 3y = 5 
z - y = 2 

(d) 3z - 2y = 1 
2z + 3y = -S 
z - 2y = 3 

(0 3z 4- 4y = 12 
5z 4- 12y = 60 
2z — 2y = 3 
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QUADRATIC EQUATIONS 

6-1 Square root. If n is a positive number, a square root of n is defined 
as a real number x such that 

n. 

It is assumed licre that there is at least one such number x. Then 

(~xr~ = {-I)V = n. 

so that —X is also a Mjuare root of n. Further, if y is any number such 
that y^ = n, then 

y^ - = 0, (y - x)iy + x) = 0, 

so that either y = x or y — —x. Hence a given positive numl)er has 
two and only two .s(|uare roots. One is positive, is represented by the 
symbol \/n, and is called the (principal) square root. 'Fhc other is negative 
and is represented by the symbol —\/n. I’he stpiare root of 0 Is 0; zero 
has only one scjuare root. Note that the Mjuare root of a negative number 
has not l)een dedined, but no real number could be a scjuare root of such 
a number, since the s(|iiare of any real number i.s positive {Section 2-13). 
In summary, 

X = y/ri moan.s n S 0, x ^ 0, and x^ = n. (0-1) 


Thus y/Ti is the positive number such that (\/3)^ = 3; + \/3 

is the positive number such that (\/2 -h = - + \/3; \/(— = 
\/l = ‘2. More generally, = c if c is po.sitive, and = (-c), 
if c is negative. In terms of ab.solute value, 


= lc|. 


((5-2) 


The s(|uare roots of real numbers uk not. in general, rational numbers 
that is, {(uotients of two nonzero integers. y/O = 3, \/^/4 = •.i /2 are 
rational numbers but v^, v/3. v/7, . . . are not. Euclid’s proof 

that \/2 is not rational is essentially as follows. Any integer is eitlier even 
or odd, that is, of the form 2m or 2m + 1, where m i.s aii integer. If 
n/2 = p/q, where p and q are integers with no common factor, 

p^ = 2qK 
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If p is odd, p = 2pi + 1, then p^ = 4pi -f 4pi + 1 is the even number 
‘IfPi + Pi) increased by 1 and hence is odd, while 2q'^ is even. This is 
impofisible. If p is even, p = 2pi, then q must be odd, else p and q would 
have 2 as common factor. Hence 

4p? = 2q^ or q^ = 2p?, 

where q^ is odd and 2pi is even. This contradiction shows that p cannot 
be even and completes the proof that \/2 is not rational. 


6-2 Decimal approximation to \/n. In Section 3-7 it was shown that 
rational fractions and repeating (or terminating) decimal fractions are 
eipiivalent. A positive integer n which is not the square of an integer is 
sucli that V n cannot be rational. A generalization of Euclid’s method 
can be used to prove this. In such cases, a satisfactory decimal ap- 
pro.vimation to n’T! is .sought, noting that the decimal equivalent to y/n 
can neither terminate nor repeat. 

Tal>!c I. Appendix III, gives, to four significant figures, square roots of 
integers 1,2,..., 100; 10, 20, .30, . . . , 1000. Square roots of these integers 
multiplied or divided by 100 are olitained from the table by moving the 
deciniiil points one place to the right or left, respectively. For example, 
the table gives = 0.1128 and \/4^ = 21.91. Hence 


V'O.-IS - T6\^ = 0.0928 


and 


V^4.80 = = 2.191. 


I'or m(»st calculations, four .'<ignificaat figures arc sulficient. If great ac- 
curacy is ifM|uircd. the tal«lc serves as a .starting point for the method 
now to be discas.'^cd. 

Tlir (hfiauin proers.-i for \ n. An algorithm for finding the scpiare root of 
a iiunilter l)cgins by writing .r" = n in the form 


H 

j* = - • 
T 


ff tlic exact value of .r were known, then the (luoticnt n/x would also be x 
If an ap()roxiniato value, ri. of .r is known, then 


(ji ^ 


tt 




is another approximation. If X| is too large, qi is too small and vice versii 
Tile arithmetic average of .ri and 71, 


.ri -h 7, 

.rj _ - - , 


is n<eti ji.s the' .second appro.ximation. 
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It can be shown (Appendix II) that if Xi > \/n, then xi > yjn and X 2 
is a better approximation to than xi. By repetition of the process, 
can be obtained to any desired number of significant figures. This gives 
the following rule: 

To find \/n, eslimate a first approximation xi and divide n by Xi to obtain 
qi. Take the arithmetic average of xi and qi to obtain Xo. Divide n by X 2 
to obtain q 2 and let X 3 = (x 2 + q2)l2- The number of significant figures 
obtained for q 2 should be Imce the number of significant figures h u'hich X 2 
and q 2 agree. Continue the operations, obtaining the quotient to twice the 
number of significant figures to ivhick the divisor and quotient agree. Since 
the last figure in the final average is doubtful, round off the answer to one 
less figure. 

Example O-I. Kind and v''430 to four significant figures. 

The details of the divisions are not shown luit succe.'isi\’e result.s are 
these: 

v /43 is between (> and 7. Take xi = (>.5. 

Then qi = Ayn.-) = 0.0 and X 2 - ^‘>.5 -f O.G) = O.o5. 

43/0.55 = 0.505, where the ([uotient is carried to four significant 
figures because the divi.sor and ({UOtient agree to two significant figures. 
Then 

X 3 = ^{0.550 f 0.505) = 0.557, 

which agrees with the value in 'i'able I. To find \/43 more accurately 
than could befound in the table, divide 13 by 0.557 to find <73 = 0.5578771“* 
carried to eight significant figures. Hence y/V-i — 0.5571385. 

To find \/436, take Xj = 20 . Then <71 = 21.5 and the average is nearer 
21 than 20 . Use Xj = 21 , then <72 = 20.48 and 


X 3 = M^I OO t 20.18) = 20.74, 
which is slightly too large but correct to four significant figures, 


6-3 Algebraic operations with square roots. If a and b are positive 
numbers and c is any number, then y/b, \c\ are positive numbers, and 
the fundamental laws for combining them are the following: 

= Vaf>, 

VC'ia |c|\/^, ((i-4) 

\/a ja \/af/ 

y/L~ylb~~l~‘ 
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Proof. Let x == \/a, y = \/6, so that by definition = a and y~ ~ b. 
By multiplication, 

xy s= y/aVb and x^y^ = ab. 

If the commutative and associative laws are applied to x^y^, 

= i^y)^ = ab, 

so that, by definition, xy = y/^. Equation (6-3) then follows from the 
two forms of xy. 

If Eq. (G-3) is applied to V^, and Eq. (6-2) is used in the form 
\'c_2 = \c\, Eq. (6-4) is obtained. It is recognized that if c is positive, then 
x/c2 = c, whereas if c is negative, y/^ = — c. For example, 

n/(-5)22 = ^/50 = 5y/2. 

Equation (G-5) may be derived as follows: 

Likewise, 

n/q _ 

\/6 y/b ^ 

These laws indicate that the operations of multiplication and extraction 
of square roots are commutative. However, the operations of addition 
and extraction of square roots are not commutative. That is, if o and b 
arc positive numbers, then 

v'a + 6 ^ y/a + V^, 

where the symbol \‘a + b means that the addition must be performed 
first. It is also noted that 

62 a ■{- b. \/a -f i) < \/a + y/b, 

and 

(,2 <; a ^ Qj 


Problem Set 6-1 

1. iable I, Appendix HI, gives square roots of and lOA’’ for A’ = 1 to 100. 
(^n the l)asis of Eijs. (6-3) and (6-4), justify that the table can be used to find 
sfluare roots of A’/IO and ;V/I00 by shifting the decimal point. 

2. Find the following square roots, using Table I and a convenient shift of 
decimal point. 
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(a) \/03 (b) \/3.9 (c) \/b.039 (d) \/3900 

3. Find the following square roots to two significant figures by the division 
process. Check your results by Table I. 

(a) vTa (b) \/n3 (c) \/i9 (d) -s/l^ (e) \/37 (f) \/37 

4. Use the tables or the division process to find the square roots of the following 
numbers to four significant figures. 

(a) 23 (b) 230 (c) 563 (d) 0.5G3 (e) 8.479 (f) 23.72 

5. Starting with the answers in problem 4, find the square roots to six sig- 
nificant figures. 

6. Use the division process to find the square roots of the following numbers 
to four significant figures. 

(a) TT = 3.142 (b) lOir = 31.42 (c) 1 /t = 0.3183 

(d) e = 2.718 (e) 10c = 27.18 (f) I/e = 0.3679 

7. Use Table I to find the inner square roots and complete tlie problem using 
the division process. 

(a) (b) \/\/7 + >/5 (t) V\/7 - \/5. 

8. Find the square roots of the following fractions, to four significant figures, 
in the following ways: 

(i) rationalize the denominator (Eq. 6-5) first and then extract root.s; 

(ii) divide first and find the square root of the decimal fraction. 

(a) 17/5 (b) 12/7 (c) 37/6 (d) 22/7 

9. Prove that is irrational. (Suggestion: Every natural number is of the 
form 3n, 3n -f 1 or 3n -f- 2.) 

10. I’rove that \/2/Z, V3/2, and \/6 are Irrational. 


6-4 Algebraic solution of a quadratic equation. An eiiuation of the 
form 

ax^ -h fix -1 c = 0, {a 0), (G-(i) 

or one which can be reduced to this form by permis.siblc operations (Sec- 
tion 4-1), is calletl a quadraiic equation in one unknown. The coelhcionts 
a, b, c are limited in this discussion to real numbers. .1 priori it is not 
know'll whether there are real numbers x wliich satisfy the etiuution. 'I'hc 
finding of such numbers, if they exist, is discus.sed under three headings: 
factoring, comphding the sipiare, and the quadratic formula. 

Factoring. If the cr>efficients are integers, it may be possible to factor 
the polynomial ax'^ bx c into two linear factors with integral coefli- 
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dents (Section 3-9). The equation is then solved by setting each of these 
linear factors equal to zero (Section 2-2) and solving each such equation 
for X. Solutions obtained in this way are rational numbers. 

Example 6-2. 

(a) To solve the equation ~ Sx = 0: 


x(a: — 3) = 0, a: •= 0 and x — 3 = 0 or x = 3. 

(b) To solve the equation 6x^ + 5x — 4 = 0; 


4- 5x — 4 = (2x — l)(3x + 4). 

Hence the solutions are found from the equations 

2x — I = 0 and 3x + 4 = 0 to be x = x = — 

(c) To solve the equation Cx^ 4- ox — 2 = 0: 

Examination of ail possibilities shows that Gx* 4- 5x - 2 cannot be fac- 
tored into linear factors with rational coefficients. This means that the 
equation Gx 4- ox — 2 = 0 does not have rational solutions, but leaves 
open the po.ssihillty that it does have irrational solutions. 

Co7npletino the square. This general method is Hrst illustrated by several 
examples. When the rational factors cannot be found readily, this pro- 
cedure is used instead of the factoring method. To solve 

3x- 4 j- - 4 = 0, 

divide by 3 and transpose the constant to the right member 


Add to each member the square of one-half the coefficient of x, in this 
case (2/3) , thus making the left meruber a perfect scjuarei 

t 

(X -f 5)^ = 

Take square roots of botii .sides: 



X 


— O 


anil 


X 


2 

s- 



6 - 4 ) 


ALGEBUAIC SOLUTION OF A QUADRATIC EQUATION 


135 


The original polynomial could have been factored thus: 

+ 4i- - 4 = (.r + 2)(3jr - 2) = 0. 

again yielding the solutions .r = —2 and x = 2/3. 

For the equation Cx^ + 5x — 2 = 0: 


4. 5 , 25 _ I 25 __ 73 

G 144 3 144 144 



Since these are not rational and ^''73 = 8.544, approximately, the ap- 
proximate values of the roots are 0.2953 and —1.1287. 

Quadratic formula. If tlie meiliod of completing the square, as illustrated 
above, is applied to the equation ax'^ -f- tj -f- c = 0, the quadratic formula 
is obtained. 

Divide by a and transpose the con.stant term; 



This formula can Iw used to find the real solutions of (fi-ti) when 
ever 6* — 4ac S 0. 
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Example 6-3. For the equation + 5x — 2 = 0: 

a = 6, 6 — 5, c = —2 

and Eq. (6-7) gives 

-5 ± \/25 - 4(6)(-2) -5 ± \/73 

12 “ 12 

For the equation 3x' + 4x — 4 = 0: a = 3, 6 = 4, c = —4, and 

-4 ± Vie + 48 -4 ± V^i -4 ±8 „ 

•r - g g = g 2 and 2/3. 

6-5 Complex numbers. If the process of completing the square or using 
the quadratic formula gives — 4ac negative, the equation does not have 
real solutions. If n is a positive number, the equation 


cannot have real solutions, since the sfjuare of any real number is positive. 
The num ber syst em can be extended to include numbers represented by 
•hy/ ti and y/ — 7L The.«e new numbers are called imaginary numbers. 
If a and b are real numbers, then numbers of the form a + b\/^i, n > 0 
are called complex numbers. If Ir — -iac < 0. the solutions of ax^ bx + 
c = 0 arc complex numbers. In tlic pre.sent text, such solutions are not 
empha.^^ized. 


6-6 Equations involving square roots. The solving of equations which 
involve the s(|uare roots of linear or quadratic polynomials can often 
be reduced to solving quadratic equations of the type of Eq. (6-6). This 
is done through a process of .squaring to remove the radicals, and hence 
may yield two equations which are not equivalent. While it is known 
that if a = b, then (i~ = b", it is also known that when then a 

may equal b or may ecpial —b. Since the squaring process is not a per- 
missible operation, the solutions of an e(|uation resulting from its use may 
or may not be solutions of the original etjuation. When this operation is 
performed, it is an e.'jsential part of the problem to find out if solutions 
obtained are solutions of the original e(juation. This is done b^’ substitu- 
tion in the f»riginal eejuation. 

I wo type.s of cejuations are considered; those that involve one square 
root, and those tliat involve two square roots. To solve 


\. .lx-* -r lix -i C = Dx -}- E, (6-8) 

both members are squared and the resulting quadratic equation is solved 
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for its roots, ri and r2- Since the left member is always positive, those 
values of r are retained which make Dr E positive or zero. 

Example 6--4. Solve the equation 
y/x^ - 3j + 27 = 2i + 3. 

Squaring: 

- 3i- + 27 = + 12x + 9 

3j^ + 15x - 18 = 0 
+ 5j - 6 = 0 

( 3 : + C)(x — 1) = 0; z = 1 and z = —6. 

Since 2(1) + 3 > 0 and 2{— 6) + 3 < 0, the only solution is z = 1. 

Example 6-5. Solve the equation 

\/z2 + 24z + 3 = 2z + 3. 

Squaring : 

z^ + 24z + 3 = 4z^ + I2z + 9 
3z^ - 12z -f G = 0 
z=* - 4z + 4 = -2 + 4 
ix -2f^2 

x = 2 ± V2. 

Since 2(2 ± y/2) + 3 are both positive, Z| = 2 + \/2andz2 = 2 — 
are both solutions of the equation. A further check could be obtained as 
follows; 

If Zi = 2 + y/2, then 

(2 + V2f + 24(2 + v/2) + 3 = 57 + 2SV2 

and 

[2(2 + v/2) + 3]^ = (7 + 2\/2p = 57 + 28\/2. 

A similar calculation shows that Z 2 = 2 — \/2 is also a solution. 

To solve an equation of the form 

V az~+ 6 + Vex + d — e, (G-9) 


isolate one radical and sejuare both sides to get an equation with one 
radical. Isolate this radical and square to obtain a quadratic eejuation. 
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The roots of this equation may or may not be solutions of the original 
equation, and each solution must be tested by substitution in the original 
equation. This substitution is an essential part of the solution process. 

Example 6-6. Find the real solutions of the equation 

V3x -f 1 -f- Vx — 4 = 3. 

Solution: y/3x~-i- 1 = 3 — Vx — 4 

3x + 1 = 9 — 6V^— 4 X — 4 

GVx — 4 = 4 — 2x. 

At this point it may be observ'ed that x must be ^ 4 if the left member is 
to be real, and that x £ 2 if the right member is to be positive. 

36(x - 4) = 16 - 16x + 4x2. 

Divide by 4 and collect terms: 

x2 - 13x + 40 = 0 
(x - 5)(x - 8) = 0 
X = 5 and x = 8. 

These are the solutions of this last quadratic equation, but they may not 
be solutions of the original equation. Substitution gives 

VTO + VI ^ 3 and + V4 3. 

Hence, the original equation has no solutions. 

The equation V-lx -|- 1 — Vx — 4 = 3 is a modification of the 
foregoing and has x = 5, x = 8 as solutions. 

E(iuations involving absolute values of linear functions are similar to 
tho.se involving square roots, in view of the special form of Eq. (6-4) 

|c| = Vc^. 

To s olve such a n equation, replace each expression of the form |ax + 6| 
by V (ox -h 6)2, and proceed as before. Since the squaring process may 
introduce extraneous solutions, substitution in the original equation is 
an essential part of the solution process. 

Example 6-7. Find solutions, if any, for the equation 


ix| - lx - 8| = 6. 
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The equation can be written in the form 

yf? -6 = y/{x -8)2. 

Squaring : 

- 12v^ + 36 = x’* - 16z + 64 

Collecting terms: 

12Vx2 = 16i - 28 
3\/x2 = 4x - 7 

Squaring: 

9x* = I6x^ - 56x + 49 
x^ - 8i + 7 = 0 
(x - I)(x - 7) = 0 

80 that the solutions of the final quadratic equation are x = 1 and x = 7. 

Ifx - 1, |1| - |1 - 81 = 1 - 7 = -6 ^ 6. 

Ifx = 7 |7| - 17 - 8| = 7 - 1 = 6. 

Hence the only solution of the original equation is x = 7. 

Example 6-8. If i4(0) and fi(C) are points on the number line, de- 
termine the points X{x) such that AX — \XB. (See Sections 1-7 and 
4-3.) 

The equation to be solved is 

\x\ = 4|x - 61 or - 6)2 

_ i2x + 36) 


3x^ -b 12x - 36 = 0 
x^ + 4x — 12 = 0 
(x - 2)(x + 6) = 0 



X = 2 

and 

X = -6. 

If X = 2, 

11 

and 

II 

II 

1 

If X = —6, 

1-6] = 6 

and 

i|-G-G| = i-12 = 


Hence x = 2 and x = — G arc both solutions of the problem. 
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Problem Set 6-2 


1. Solve each of the following equations by factoring, if possible; if rational 
factors are not found, solve the problem by completing the square. 


(a) 2x2 + 5x = 0 

(c) 4x2 + 4x + 1 =0 
(e) 5x2 — 4x - 28 = 0 
(g) x2 + 2x - 6 = 0 
(i) 3x2 + 8x + 1 =0 


(b) 5x2 _ 2i = 0 

(d) x2 - 6x + 9 = 0 
(f) 2x2 - X - 1 = 0 
(h) x2 + 8x -}- 2 = 0 
(j) 5x2 i2x - 4 = 0 


2. Use the quadratic formula to determine whether or not the following equa- 
tions have real roots. If the roots are real, find decimal approximations to the 
roots. 


(a) x2 -f- 4x + 7 =0 

(c) 2x2 + 3x — 4 ^ 0 

(c) 3x2 - 5x - 1 = 0 

(g) 3x2 _ 5 j + 3 « 0 


(b) x2 + 4x - 7 = 0 

(d) 2x2 + 3x + 4 =, 0 
(f) 3x2 - 5x + I = 0 
(h) 3x2 - 5x - 3 = 0 


3. A variation in the method for solving a quadratic equation of the form 
ax2 -f 5x -j- c = 0 begins by multiplying the equation by a and then completing 
tlie square. Use this method to solve the following equations. 

(a) 2x2 - X - I ^0 (b) 3x2 _f. Sx + I =0 

(.■) 2x2 2x - -i =0 (d) 2x2 + 3x + 4 = 0 

(e) 3x2 - 5x ^ 3 = 0 3x2 - 5x — 3 = 0 

(g) ax2 -f- hx c = 0 


4- Uind the solution.^, if any, of the following equations. 


(a) \ 2x -f 4 = -2 

(e) \/2x -“4 = .3 

(e) = X -f 2 

(g) \'ax -h 6 = \/rx d, (a ^ 


(b) v''2x 4- 4 = 2 

(d) v'''8x + 9 = X -|- 2 

(f) v^x + 25 = 2 - X 
c). Justify the answer. 


5. Find the solutions, if any, of the following etiuations. 

(a) V^- 5x i- 31 = 2x + 1 (b) \/x2 - 5x + 31 = -1 - 2x 

(e) \/x^ 24x d- 3 = 2x -f 3 (d) v'x2 -f 30x 84 = 2x + 9 

(e) \/ x2~^ ()x = 10 4- 3x (f) \/x2 — 4x — 3 = 1 + 2x 

6. Find the solutions, if any, of the following equations. 

(a) \/3x*+ 1 -f 4 = 5 

(b) \/3x +1 - 2 vT^ +1=0 


(<•) \/3y + 7 - \/2ir+ 3 = 1 
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(d) \/3x+ 4 - V2x - 4 = 2 

(e) VSi + 4 - \/2x - 4 = 6 

(0 \/4x +1 - V4x - 2 = 2 

7. Find the solutions, if any, of the following equations. 

(a) |x - 4| = 3 (b) |z - 4l = -3 

(c) |x+2| =3 (d) |4j-f ]| = II 

(e) [ox — 6| = c, 0 7^ 0 


8. Find the solutions, if any, of the following equations. 

(a) |x - 2| = |z - 4| (b) |x - 2| = - 6| 

(c) |2x - 3| = |4 + x| (d) |i - 2] = 2|z - 6| 

(e) |x — a| = |x — 6|, a b. What can be said about the solution 
if a = 6? 


9. If i4(a) and B(6) are two distinct points on the number line, (a) prove that 
there is one and only one point .,Y on the line such that AX = BX; (b) prove 
that there are two and only two points X on the line such that .4A' = k ■ BX, 
w’hcrc kis & positive number different from I. 

10. Find the solutions, if any, of the following equations: 


(a) Ix 4- 2l + |x - 2| = 6 
(c) Ix + 21 + |x - 2| = 3 
(e) |ii + |x - 8| = 12 
(g) |x — 8| + |x| = 6 


(b) Ix + 21+ |x - 2| - 4 

(d) |x + 2| - |x - 2| = 3 

(f) |x| + |x - 8| = 8 

(h) Ix - 8| - lx| = 6 


6-7 The quadratic function and its graph. If y is defined by the equation 

y = + 6 j + c, (a 0), (6-10) 

y is a quadratic functiem of x. For each value of x there is one and only 
one value of y (see Section 4-6). The symbols a, b, c are real constants, 
and the domain of the variable x is the set of all real numbers unless 
specific limitations are stated or implied by the nature of the problem. 
The set of all points which correspond to number pairs (x, y) that satisfy 

Eq. (6-10) is called the graph of this equation. If it is not convenient 

to select the same size units on both axes, it is understood that distances 
are measured only along lines parallel to the axes. In this case, the diagram 
is drawn in what is called the affine plane, distinguishing it from the 
ordinary or Euclidean plane in which there is a universal unit of measure. 

The graph of Eq. (6-10) is known as a parabola. It may be sketched by 
plotting points obtained from assigned values of x and the corresponding 
computed values of y, then connecting the points in order of increasing 
X. For the purpose of sketching the curve, certain points are more im- 
portant than others. These include the intercepts on the axes, and the 
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vertex. To find the intercepts, set x = 0, to find y = c; set y = 0 and 
solve the equation + 6x + c = 0. If the roots are real, the correspond- 
ing points are located. If the roots are not real, no points on the graph 
are obtained. The vertex is the highest or lowest point of the parabola 
and may be found by completing the square on the right side of Eq. (6-10). 
The vertical line through the vertex is the axis of symmetry of the parabola, 
and this is useful in drawing the curve, especially when the curve does 
not cross the x-axis. The procedures are illustrated by examples. 

Example 6-9. Sketch the parabola y = 8 -j- 2x — x®. 

By factoring, 

y = (2 -h x)(4 - X). 


By completing the square, 

y = 8 - (x" - 2x ) = 8 -b 1 - (x* - 2x -h 1) 

= 9 - (x - 1)^ 

'I’he last form .'^hows two things: first, the largest value that y can have 
is y = U, and this value occurs when X = 1; second, the vertical line x = 1 
is a lino of .'symmetry, since the two values x = 1 -1- c and x = 1 — c 
give the same value of y. If the original quadratic polynomial in x is 
not readily factored, this last form can be used to find the x-intercepts. 
The first four points in the following table are sufficient to make a sketch. 
Several other.s are addetl for illustration. 


X 1 0 i 

' 1 ! 4 

1 -2 1 

5 

-3 

9 

u I: 8 

11 1 0 

1 0 

—7 

-7 

8 


Tin? points (2.8) and ( — 3, —7) are obtained from the symmetry about 
the lino X — 1 (Kig. 6-1). 

Example 6-10. Sketch the parabola y = 4x" -f 12x 4- 17. 

By completing the square, 

y =. 4(x^ 4- :ix ) 4 17 = 4U- + 3x 4- |) 4- 17 - 9 
= 4(x 4“ §)^ "r 8. 

This form shows that the smalle.st value that y can have is 8, and this 
value occurs for x = —3/ 2. It also shows that the curve does not cross 
the x-a.\is. If x = 0, y = 17 and the point (—3, 17) is also obtained by 
using the fact x = —3/2 is the axis of symmetry. The sketch is com- 
pleted using the points (1, 33) and (2, 57) after adopting units to fit the 
data (Fig. 6-2). 
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Figure 6-1 


Figure 6-2 


The method of completing the square applies to the general parabola 
y = ax^ -1- -I- c to give 



If a is positive, the smallest value that y can have occurs when .r = 
— 6/(2a), and x = — 6/{2o) is the axis of symmetry. The curve crosses 
the x-axis if 6* — 4ac is positive and docs not cross tliis axis if 6^ — 4ac 
is negative. It is tangent to the x-axis if — 4ac = 0. 

If a is negative, the largest value that y can have occurs when 
X = — 6/(2o). The curve crosses the x-axis if — 4ac is positive. I'he 
curve does not cross the x-axis if b^ — 4ac is negative, and touches the 
x-axis if 6* — 4ac = 0. 

The graph of the equation 


X = Ai/ + By H- C, (.4 0), (0-11) 


in which x is a quadratic function of the independent variable y, is a 
parabola whose axis is the horizontal line y = — B/(2/l). The curve is 
best skeU-hed from its vertex and its intercepts (C, 0) and the values of y 
obtained by solving the equation Ay^ By + C — 0. The vertex cor- 
responds to the smallest or largest value that x can have, according as A 
is positive or negative. 
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A special case of this equation is met in the form 

ky - VC - X, (C > 0, fc > 0). (6-12) 

which leads to the equations 

= C — X or x = Atj^ + C, (y S 0). 

Here A = — is negative, so that the graph has a maximum value of x. 
This fact, together with the point x = 0, y = VC/k, is usually sufficient 
for a sketch. If additional points arc needed, they are computed from 
Kq. (6-12). 

Example G-11. Sketch the part of the parabola corresponding to 

2y = X a 0. 

An eiiuivalent form i.s 

X = 4 — 4y‘^, (x ^ 0, y ^ 0). 

If j = 0, y = 1 ; if j/ = 0, .r = 4, and this is the large.st value that x 
can have. Additional point.s on the curve are computed to be x = 1. 
y = v'3/2 and .r = 3, y = k. Symmetr}’ can be .used to draw the part 
of the parabola below the x-axis, and negative values of x can be used to 
(iiid further parts of the parabola. Under the gi\ en restrictions, the graph 
of the Cijuation is confined to the first quadrant. 

Ciiven three noncollinear points, tliere exists in general a uni(iue parabola 
of the form (6-10), and a uni<iue parabola of the form ((>-11), which pas.ses 
through these points. If tlu- points are /^i(xj. j/i). i/ 2 b ^^ 3 (x 3 , ys) 

and the i)arabola has the form y = ax'^ b 6.r H- c, the corresponding 



Figure C-3 
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conditions to determine a, b, c are 

ox? + 6xi + c = yi, 

0X2 + 6x2 + c = i/2. (6-13) 

0X3 + 6x3 + c = yz. 

These three linear equations in a, 6, c can be solved by the method of 
successive elimination, or by using third-order determinants and Cramer’s 
rule (Section 5-8). There is a unique solution provided the determinant 
of the coefficients of a, b, c does not vanish. This determinant is 



X? 

Xl 

1 


xf 

Xl 


1 

D = ' 

X2 

X2 

1 


X2 - X? 

X2 

- X, 

0 


X3 

X3 

1 


X3 - xf 

X3 

- Xi 

0 


= (4 - a:|)(X3 - Xi) - {xl - X?)(X2 - Xi) 

= (X2 - Xi)(X3 - Xl)[(X2 + Xl) - (X3 + Xj)] 

= (X2 — Xi)(X3 — Xi)(X2 — Xs)- (6-14) 

This determinant is different from zero if the x’s are all different. This is 
consistent with the fact tliat the line x = fc can cut the parabola in only 
one point, so that there is no paral)ola of this form through two different 
points with the same x. A discussion for the parabola of the form 
X = Ay^ + By C through the points is similar to that given above. 

Example 6-12. I''ind the equation of the parabola of the form 
y = ax^ -f 6x + c which passes through the three points ( — 2, 0) (2, 8), 
(5, —7). Find the intercepts and vertex of this parabola and sketch 
the curve. 

The equations to be solved are 

4a — 26 4- c = 0, 

4a 4- 26 4- c = 8, 

25a 4- 56 + c = -7. 

They are solved by first eliminating c: 

46 = 8, 

21a I- 76 = -7. 


Hence6 = 2;21a 4- 14 = —7,21a = —21, a = — 1; — 4 — 4 4- c = 0, 
c = 8. The equation of the parabola is y = — x* -f 2x 4- 8. The graph 
of this curve was di.scussed in Example G-9 and shown in Fig. 6-1. 
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Example 6-13. Show that there is no parabola of the form .v = Ay"^ + 
By -\- C which passes through the points (—2, 0), (4, 0), (2, 8). 

The equations to be solved are 

C = -2, 

C = 4, 

64/1 + 85 + C = 2. 

These equations are inconsistent. 


Problem Set 6-3 

1. Sketch each of the following parabolas from a consideration of its intercepts, 
vertex, axis of symmetry. Use a few’ other points if needed. 

(a) y = — Qx (b) y = 4 j — 

(e) y = z^ + 4z (d) y = 9 — 4z“ 

(e) y = 9 + 4z^ (f) y = 3 j^ — 6 

(g) y = (z — 4)2 (h) y = i(z2 + 4z + 4) 

2. Sketch each of the following parabolas from a consideration of its intercepts, 
vertex, axis of symmetry. Use a few other points if needed. 

(a) y = z2 - 4z - .5 (b) y = -z^ + 5z - 4 

(c) y = 9 -I- 3 j - 2z 2 (d) y = 27 - 12z — Ax" 

(e) y = z2 - 5z -f 7 (0 y = + 4z + 6) 

(g) y = z2 I 3/ — 0 (h) y = — z2 -f 6z — 6 

3. Sketch each of the following parabolas from a eonsiderution of its intercept.s, 
vertex, axis of .synunetrv. Use a few other points if needed. 

(a) z = ir - 4v (b) X = ij~ -f 4y 

(c» z = 12y - 6y2 (d) z = (y - 2)2 

(e) I ~ ;r "■ Ay (i (f) z = y^ — 4y + 2 

4. Sketch each of the follovsiiig parabolas from a <‘Oiisitleration of its intercepts, 
vertex, axis of symmetry. Imlit at<‘ tlie part of the parubol;i which corresponds to 
tlie giv( n equation. 

(a) y = \ tz 'r S (b) y = \ 2z T ~6. (z ^ 0) 

(c) y = v tV“- 2z. (z ^ 0) (<1) y = --1 4 \ 9 '-^47, (z ^ 0) 

5. Find the e<|Uatiuns of (he parabolas of the b>rm y = iiz^ -4- 6z r- c and 
X = .ly^-j- By - C whieh p.ass thiougli tiu* tliree points (0. 4), (1. I). (2,0). 
Sketch both parabolas in the same diagram u.sing the given points, the inter- 
cepts, and the vertices. 

G. Proceed as in prohlem 5 for the tliree points. 

(a) (1, 2) (2, 3) (3. G) (b) (0. 0). (1, 4), (3, 0) 

(e) (0. 3), (1. 1). (3. 0) (d) (0. 1). (2, 2), (4, 5) 
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7. Find the equation of the parabola of the forms y = n/o-F^x which is 
determined by the points (4, 5). (10, 7). Sketch the parabola using the given 
points and the intercepts on both axes. Where is the vertex? What part of the 
parabola corresponds to the given equation? 

8. Find the equation of the parabola of the form z = Ay^ By C wliich 
passes through the points (0,2), (7, 3), and (2 7, 5). Compare the graph with 
that of the parabola of the form y - Va + bx which passes through the points 
(7, 3) and (27, 5). 

9. Find the equation of the parabola of the form y ~ v'F— dx which is 
determined by the points (2, 4), (—4, 8). Sketch the parabola using the given 
points, the intercepts on both axes, and the vertex. 

10. (a) Show that the three points (1,5), (2,7), (-2,-1) lie on a line, 
(b) Show by means of a third-order determinant that an attempt to find a 
parabola of the form y = ax^ + bx + c through these three points leads to 
a * 0, and hence to a line rather than a parabola, (c) If (xi, j/i), (x^, ^ 2 ). 
(^3, yz) are three points on a line with distinct values of x, prove by means of 
a third-order determinant that an attempt to find a parabola of the form 
y — ax^ + 6x -f c through these three points leads to a = 0. 

6-8 Applications. The economic laws of demand, of supply, of total 
cost, of revenue, etc., can often be approximated by quadratic functions 
and represented graphically by arcs of parabolas. In such applications 
the variables arc usually zero or positive and still other restrictions are 
imposed by the economic situation. 

Laws of demand and supply. If z represents the quantity demanded or 
supplied and p represents the price per unit quantity, then for a demand 
law p must bo a monotomically decreasing function of x within the first 
(juadrant. The price p may be given by an equation of the form 

p = ox^ + 6x -f c. (0-15) 

If a is negative, then the vertex corresponds to the largest value that p 
can have and 6 must also be negative. The vertex corresponds to a nega- 
tive value of X and although the part of the parabola corresponding to 
negative values of x ha.s no economic significance, the vertex is a useful 
guide in drawing the curve. (The simplest case corresponds to 6 = 0.) 
The variable x is limited to the domain 0 ^ x g xj, where x, is the posi- 
tive root of the equation az^ A- bx + c = 0. If a is positive and x, and 
X 2 are the positive roots of ax* -f 6x -|- c = 0, then the domain of x is 
^ ^ X ^ xi, where x, g X 2 . The simplest case is when x, = X 2 : 

p = a{x - r)*, (0 g X ^ r). 

The quantity x may be given by an equation of the form 

X = Ap^ A- Bp + C. 


(G- 16 ) 
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/ 

/ 

y 

✓ 

Figuuk 6-6 

All important spei-ial case (•orre.‘'poiKls to 

Ap = \'C - X, (0 g X g C), (6-17) 

or tlie equivalent equation 

X = C - k^p\ (o g p s ^ ■ 

(irnphs corrcspomlinp to luj-s. (6-15). (6-lG), (6-17), respectively, are 
shown in Fips. (i—l, 0 5. ti-ti. 

A supply law can he represented in a fashion analogous to that used 
for demand laws. 1'he price p is usually a monotonically increasing 
function of r and the upper !>ound on x depends upon the particular 
problem. I’arabolas of the form 

X = Ap^ -h Bp -h C, (A ^ 0). (6-18) 

where B and C arc selected so that the equation + Bp -r C = 0 
lias at least one positive or zero root, are often used. An equivalent form is 

p = d \''mx -h 71, (771, 71 positive). (6-19) 

Example 6-14. Sketch the supply curve corresponding to the equation 
X = ^(p2 + 2p - 3), (0 £ X g 5). 
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The given equation can be written 
in several convenient forms: 

9j: = _|_ 2p _ 3 

= (p + 3){p - 1) 

= (p' + 2p + 1) - 4 
= (p+ 1)' - 4 

(p 4- 1)2 = 9_r + 4 

p = — 1 + V^9x 4- 4, 

where the 4- sign is selected with the 
square root in order that p increase 
with j. From the various forms, the 
intercepts (0, 1), (0, —3), ( — 1/3, 0) 
and the vertex (—4/9, —1) arc found. Additional points on the curve 
may be found by assigning values to p and computing x or assigning 
value to X and computing p: 

X = 5 gives p = 0 and p = 3 gives x = 4/3 (Fig. G-7). 

Total cost. The total co.st Q of producing (and marketing) x units of a 
commodity can often be approximated by parabolic laws which are similar 
to, and related to, supply laws. The total cost may involve an initial 
overhead, and usually the cost of producing one additional unit of the 
commodity decreases as x increases. Parabolas of the type suggested for 
supply curves are useful for total cost curves. 

Revenue. The total revenue obtained from selling x units of a com- 
modity at price p per unit is R — px. If the demand law is linear, so 
that p = po — mx, (po > 0; m ^ 0), then 

R = x(po — mx). (0-20) 

The graph is a simple parabola with intercepts at the origin and at 
X = po/m, p = 0. A good sketch can be obtained from these two points 
and the vertex of the parabola. It is not difficult, using the method of 
completing the square, to show that the vertex corresponds to the value 

^ = i(po/m). 

If the variable p is taken as the independent variable, and the linear 
demand law is written as x = Xo — kp, then 





* 

\ i 
% 

% 



\ 

\ 

Figurl 6-7 


R = p(xo “ kp) 


( 0 - 21 ) 
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and the graph in the p^-plane is a parabola. If the p-axis is now taken 
horizontal and the /?-axis vertical, there is essentially no distinction 
between the cur\’es drawn for Eqs. (6-20) and (6-21). If, however, the 
p-axis is retained as vertical and the ff-axis is horizontal, then the axis 
of the parabola (6-21) is also horizontal. 


Problem Set 6-4 


1. If the demand law is given by the equation p = 6 — nu, (6 ^ 0, m ^ 0), 
use the method of completing the square to show that the revenue R has its 
maNimum value for x = ^{b/m), and determine the value of this maximum 
revenue. 

2. Consider the revenue /? as a function of x and sketch the revenue curves 
corresponding to the following linear demand functions making use of the 
intercepts and vertex. Use a few other points if necessary. 

(a) p = 3G - 4z (b) 3p -|- 2z = 27 

(e) 3p = 105 - X (d) 5r+ 3p = 12 

3. Con.'=iider the revenue R as a function of p and sketch the revenue curves 
corre.><pon(ling to the following linear demand functions. Use intercepts, vertex, 
and a few other points, if necessary. 

(a) X = 100 — 5p (b) 5 j + 3p = 30 


4. Sketch tlie following <lemand curves. Obtain enough information about 
the whole parabola to correctly represent the part in the first quadrant. 

p = 4S - 3z- (b) p = 20 — 4z- 

(<) p — 4") — Ox — 3x” (tl) p — 16 — 8x — 4x^ 


(»•) ;) = X" — lOx 'I' 25 


(f) p = x2 - Sx ^ 15 


(g) X = 36 - p- 
(il p = \ (T^ix 


(h) X = 32 — 4p — p‘ 

(i) p = V^IO — 3x 


5. Sketch the following supply curves and total cost curve.s. Obtain enough 
infnrinatii»n at)Out the whole parabola so that the part in the first quadrant is 
repre.sentcd correct ly. 


(n) Ax = p' — 16. 

VII 

(b) 4.r = p‘ — 4/j, 

VII 

(e) p = v'9 't- 2x. 

(X ^ S) j 

1 (d) 2x = p- -h 2p - 

s. (X ^ 8) 

(e) Q = \‘i + S, 

'h 

HA 

if) Q = v4x + 0, 

(.r ^ 10) 

(g) Q = 5 4^ ^x 

- U g 10) 
oO 



(h) g = ix 4- x^x" 

. (0 ^ X ^ 4) 

aiul 



Q = \'l0x - 24. (4 S j ^ 12) 
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6-9 Circle and ellipse. In the plane of common experience, called the 
Euclidean plane, there is a universal unit to measure distances along any 
line. The distance between two points is computed by use of the Theorem 
of Pythagoras. A circle is defined as the locus of a point which moves so 
that its distance from a fixed point, the center, is a positive constant, 
called the radius. 

If the center of the circle is the origin and P{x, y) is a variable point on 
the circle such that OP = r, then (Fig. 6-8) from the right triangle OMP, 

t/ = r-, ( 6 - 21 ) 

and conversely, if P{x, y) satisfies this equation, then OP = r. 

The graph of the equation 

^ (C-22) 


where a and 6 arc positive constants, is called an ellipse. It is related to 
the circle .c^ y'^ ~ a'^ in such a way that if P{.r, y) is a point on this circle 

and Q{x, yO, with the same x, is a point on the ellipse, then i/i = ib/a)y. 
The value of b may he less than a or greater than a, and both possibilities 
are show'n in Fig. 6-8. The graph of Eq. (6-22) is readily sketched from 
the intercepts on both coordinate axes (ia, 0), (0, ±6). If more precision 
is needed, the related circle can be used. 

If the centers of the circle and ellip.se are at the point C{h, k), then the 
Theorem of Pythagoras applied to the triangle CMP (Fig. 6-9) .shows 
that the eejuations of the circle and ellipse are: 



Fiovrl 6-8 


Fioune 6-9 
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If Eqs. (6-23) and (6-24) are expanded, they take the form 

Ax- Cy^ A- Dx Ey A- F = 0, (6-25) 

where .4 and C are both positive con.stants and A = C when the curve 
is a circle. Conversely, an equation in form (6-25) can be reduced to the 
form (6-24), l)y the method of completion of siiuares, in cases where that 
C({uation represents a circle or an ellipse. 

Example 6-15. Reduce the equation 

-r" 4- 2i/2 -f 4r - 12)/ + 6 = 0 

to the standard form (6-24) and locate the center and intercepts. Draw 
the ellipse and the corresponding auxiliary circle. Check tlie diagram 
by finding where the coordinate axes intersect the curve, using the original 
eiiuation. 

The procedure is as follows: 

(.r- i- 4.r ) -1 2{y- - Qy ) = -6 

(.r- ; 4.r - 4) + 2{t/ - 6)/ + 9) = -6 -r 4 -f 18 = 16 

(x + 2)^ , {y - 3)= 

‘ ^ _ 1 , 


Th«' auxiliary circle has equation (x + 2)“ + {y — 3)" = 10. The center 
of ilu* ellip.^e is 2.3), and the ellipse cuts the line y = 3 where 
X • - 2 ± 4, ami cuts the line x = —2. where y = 3 ±\/S (Fig. 6-10). 

If the gi\en ecpialion, with ^ = 0. is solved, it is noted that the inter- 
sections on flu' x-a\is :ire not real. When the given c(iuation is solved with 
.1 0. tin- //-intercepts an* fountl to he // = 3 d= v^- 



Figuhe 6-10 
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6-10 H 3 rperbolas. The graphs of the equations 



(C-2G) 

(6-27) 


where a and 6 are positive constants, are called hyperbolas. 

In sketching the curve corresponding to Eq. (6-26), it is noted that 
X cannot be less than a if is to be real. For the hyperbola corresponding 
to Eq. (6-27), all values of x may be used but |^| ^ b. The graphs of both 
of these curves are related to the graph of the equation 


This equation corresponds to a pair of straight lines through the origin 
with slopes ±6/a. When x is very large, y is also very large but .c and y 
are so related that the hyperbolas come very close to these lines, called 
the asymptotes of the hyperbolas. 

For many applied problems, the variables, x and y, are inver'^ely pro- 
portional: 

y = - or xy = c. (0-28) 


The curve corresponding to this e(iuation is a special hyperbola called 
an equilateral hyperbola. Its asymptotes are the coordinate axis. If x 
is very large, y is very small; as |x| increases, |y| decreases toward zero. 
If y is very large, z is very small; as |i/| increases, [j-| decrea.'^es toward 



Ficuna 6-11 
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0 


V i 

yj 

h 

'I 


yi 

(h 

(A, fr) 


* *= 

k 

. 1 



,(x. y) 


*■ 


Figure &-12 


zero. The curve is quite easy to draw using x = 0 and y — 0 as guide 
lines. If c > 0, the curve appears in the first and third quadrants. If 
c < 0, the curve is in the second and fourth quadrants. 

Translation of axes. The equations of hyperbolas may be written when 
the center is not at the origin. Before doing this, we discuss the topic of 
translation of axes. Let the coordinates of a point P be (x, y) and consider 
a new set of axes OiXi, 0\yi, which are parallel to the origin axes. Let the 
original coordinates of Oi be x = h, y = k. The point P has coordinates 
(•^ 1 , l/j) when referred to the new axes, and the two systems of coordinates 
(Fig. 6-12) are related in terms of directed distances by the equations 


or 


X = xi + A, y = j/i + fc 

xi = X — A, yi = y ~ k. 


(6-29) 


Equations (6-29) are known as the equations for translation of axes. 

After completing the square, a translation of axes reduces the equation 
of an ellipse (see Eqs. (6-24) and (6-25)) to the form 

o o 

^ = 1 
a2 ^ 62 


The equation of the parabola with axes parallel to a coordinate axes 
((Eqs. (6-10) and (6-11)) can be reduced to one of the forms 

(y — k) = a{x — hy or (x — A) = A(y — k)^, 

where (A, k) are the coordinates of the vertex V, and a translation of 
axes reduces them to 

yi = ox? or xi = Ay?. 

A similar procedure can be used for the equation 

+ C,/ + Dx + Ey + F = 0, 
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where A and C have opposite signs. After completion of squares and a 
convenient translation of axes, this equation takes one of the two forms 

^ _ KI - _n 

a2 62 

The hyperbola which it represents is sketched from this form. 

The equation 

(x - h)iy - k) = c (6-30) 

becomes x,j/i = c, when a translation of axes is made, and its graph is 
an equilateral hyperbola with asymptotes 

Xi = 0 and t/i = 0 or x — h = 0 and y — k — 0 . 

If Eq. (6-30) is expanded, it takes the form 

Bxy A- Dx Ey A- F = 0, {B 7 ^ 0), (6-31) 

and conversely, Eq. (G-3I) can be reduced to form (0-30), The equation 
of the equilateral hyperbola can also be written as 



or 



k{x — g) 
X — h 


» 


(G-32) 


Example 6-lC. Discuss the graph of the eciuilatcral hyperbola 



2(x + 5) 

X + 3 ■ 


(a) The horizontal asymptote is y = 2 and the vertical asymptote is 
x= -3. These lines are drawn as guide lines. The curve can be sketched 
from this information and the following points. 


X 

-3 

00 

0 

-5 

5 

-7 

y 

00 

2 

10/3 

0 

5/2 

1 


(b) By clearing fractions and collecting terms, the given equation be- 
comes 

xy + 3y - 2x = 10. 

It is then prepared for completing the factors: 


(x - h)iy - k) = 10 + hk. 

It is observed that to get the term 3y. A must be -3; and for the term 
2x, k must be 2. The product term, hk = -G, has been added to both 



156 


QUADRATIC EQUATIONS 


[chap. 6 



Figure 6-13 


members and hence the process gives 

{x -f 3)(i/ - 2) = 10 - 6 = 4 
XiVi = 4, 

where ri = j + 3, yj = y — 2. From this last form additional points 
can be obtained and several such points are shown in the diagram 
(Fifi- 6-13). 

The branches of the equilateral hyperbola either rise consistently or fall 
consistently, thus giving a reason for its use in economic applications. 
Although the demand law, px = c, would not be realistic for very small 
value of X (large p) or very small value of p (large x), its simplicity has 
made it convenient for other values of p and x. The more general form 

(x — h)ip — k) = c, 

where h is negative, k and c are positive, is often realistic for commodities 
whose prices are not very sensitive to the quantity demanded. If in Ex- 
ample 6-16, y is interpretated as p, the equation 

(p - 2)(x + 3) = 4, (x ^ 0), 

represents a demand function, where the highest price paid is 10/3 cor- 
responding to X = 0, and where the average price tends to p = 2 as 
X increases. 


PnoBLKM Set 6-5 


1. Sketch the following ellipses, using an auxiliary circle when convenient. 




16 
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(</) +!,"=! 


2. Sketch the following hyperbolas, showing the intercepts and asymptotes. 


22 . -•22 


(a) x" - p' = 1 
2 2 

2 2 


(b) - -1 

2 2 


(f) 2x“ - / + 1 = 0 


3. Skekh the following equilateral hyperbolas, showing the asymptotes and 
such other points as are needed to complete the sketch. 

(a) xp * 9 (b) 4xp = -9 


(c) y = 


(e) y = 


X - 2 

4 

x+2 


(d) y = 


(0 y = 


2 - X 
X 

X 


(0 g X g 8) 


4. Simplify the following equations by means of a convenient translation of 
axes. If the curve is an ellipse, sketch the curve using an auxiliary circle. If the 
curve is an hyperbola, sketch the curve showing the asymptotes and a few other 
points. In each case, check the graph against inU'rcepts on the original coordinate 
axes. 

(a) y^ 4z — 6y = 0 

(b) 4x^ -f* 4y^ — 12x + 4y + 1 =0 

(c) x2 + 4y2 _ -f- i6y -I- 16 = 0 

(d) 3x2 ^ 2y2 - I2x - ]2y + 24 = 0 

(e) 4x2 -t- 12i + y - 27 ^ q 

(0 y^ — X — 4y + 6 = 0 

(g) x^ — y* + 4x — 6y — 9 = 0 

(h) x2 _ 4y2 _ 8x + 16y + 9 = 0 

(i) 3x2 _ 2y2 - I2x - 12y - 12 = 0 

5. Simplify the following equations by means of a convenient translation of 
axes and sketch the curves. Show the asymptotes. Check the graph against 
intercepts on the original coordinate axes. 

(a) (i + 5)(y — 7) = 15 (b) (x - 40)(y - 30) = 300 

(c) (x + 2)(y + 3) = 2 (d) xy — 6x + 3y — 18 = 0 

(c) xy + 30y + 40x + 900 0 (f) 2xy — 6x — 5y + 20 = 0 

6. SkeU'h the following demand or supply curves showing both asymptot*-s. 
Indicate the part of the curve that is significant. 

(a) (X + 2)p - 8 (b) px + 2p - 5x = 0 

(c) (i -f- 2)(p — 2) =» 10 fd) px — 5x -f p — 1 = 0 
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6-11 Intersection of a line with simple conics. The parabola, circle, 
ellipse, and hyperbola discussed in Sections 6-7, 6-8, 6-9 belong to a class 
of curves called conics. The equations were given for cases where the curves 
have relatively simple positions with reference to the coordinate axes, 
and these equations were special cases of the general equation of the 
second degree in the variables x and y. If the equation of a conic and 
straight line are given, their simultaneous solution may be found alge- 
braically by eliminating one of the variables and then solving the resulting 
(juadratic equation. Substitution in the linear equation then yields the 
value of the other variable. A graphical solution can be obtained by first 
sketching the 'conic and line in the same diagram and then reading co- 
ordinates of the points of intersection. The diagram may indicate that 
they have two, one, or no real points in common. The graphical pro- 
cedure can also be u.«ed if both curves are conics. Except in special cases, 
the algebraic solution retjuires techniques which are beyond the scope 
of this book. The special ca.'^e.s of a conic and a line, and of two parabolas 
whose a.xes of symmetry are both parallel to the same coordinate axis, 
are now considered. When the curves represent economic situations in 
which both variables arc positive, only positive solutions arc retained. 

Example 6-17. Find, algebraically and graphically, the intersections 
of the line 2.r -r y ~ S and (a) the hyperbola xy = 8; (b) the circle 

-L = 20; (c) the parabola y = C.r — x^. 

(a) y = 8 — 2.r, jy = 8 

8j - 2x2 = 8 
.t2 - 4x -f 4 = 0 
(x - 2)2 = 0 

x=2, y = 8- 4 = 4. 

This indicates that the line is tangent at the point T{2, 4) to the hyperbola 
(Fig. 6-14). 

(b) y = 8 - 2x, x2 + y2 = 20 
x2 -f 04 - .12x + 4x2 = 20 

5x2 _ 32j, 44 0 

32 ± v'T024 - 8"^ 32 ± \/TTi 32 ± 12 , ... 

0 - = = = 2and4.4. 

If X = 2, y = 4; if X = 4.4, y = 8 — 8.8 = —0.8. These results cor- 
resj)ond to the points T and C in the diagram. 
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(c) y = 8 — 2 j:, j/ = G.e — x* 

8 - 2x == Gx - x* 

X* - 8x4- (IC) = -8+ (1C) = 8 
ix - 4)2 = 8 

X = 4 ± \/8 = G. 83 and 1.17. 

If X = 4 — v^, y = 2\/8 = 5.GG; if x = 4 + \/8, y = -2\/8 = 
—5.66. These results correspond to the points Pi and P^ of Fig. G-1 1, 
where only the diagram for x ^ 0 is drawn. If the line corresponds to a 
demand law and the parabola to a supply law, then only the solution 
corresponding to /^i(1.17, 5.GG) is retained. 

Example 6-18. The total cost Q of producing x units of a commodity i.s 
given by 0 = Jx^ + §x 4- 4, and the total revenue R received from the 
sale is /? = 6x — x^. For what values of x does the revenue exceed the 
cost? The profit P, defined as R — Q, is also a quadratic function of x. 
For what value of x is the profit a maximum? 

The revenue curve and the cost curve, obtained by the methods pre- 
viously discu.ssed, are shown in I-'ig. 0-15. The revenue curve is drawn 
from its intercepts (0, 0), (6, 0) and the vertex (3, 9). The cost curve is 
drawn from its intercept (0, 4) and, since Q is monotonically increasing 
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0 1 2 3 15 0 


Figure 6-15 

for a: ^ 0, several other points. The curves intersect at two points and 
the revenue exceeds the cost for the values of x between these points. 
The vertical distance between the curves represents the profit. 

To find the points where the curves cross, 

Cx — X" = ^x^ + §x + 4 
4^2 - 4 = 0 

x^ - 4x + 3 = 0 

(x — l)(x — 3) = 0 or X = 1 and x = 3. 

Hence the revenue exceeds the cost for 1 S x ^ 3. 

The profit F is given by 

F = {(ix - x^') - (^x= + ^x + 4) 

The method of completing tlie square yields 

F = -4 - ^(x2 - 4x ) 

= -4 -r V- - 3 ^^ - 4x T 4) 

= ! - - 2)2. 

This shows that maximum profit occurs when x = 2 and this profit has 
the value 4/3. All tlie above results agree with Fig. 0-1.5. 

PiiODLEM Set 6-6 

1. Find the simultaneous solution of the following pairs of equations by 
graphical and algebraic methods. 

(a) = 16 

X + j/ = 4 


(b) x2 -I- 1/2 = 16 
X -h 2y = 4 
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(c) = 13 (d) z2 H- 1/2 = 13 

X ~2y-\-4 = 0 3z + 2y = 13 

2. If the equations of two intersecting circles are given, z^ + may be 
eliminated between them by subtraction to obtain the equation of the line which 
joins their points of intersection (common chord). The intersections of this line 
and the circle can then be found. Find the points of intersection of the fol- 
lowing circles graphically and algebraically. 

(a) 22+1/2 = 16 (b) z2 + 1/2 _ ^ 0 

a:’* + — 9z = 0 a;2 _|_ ^2 _ ^ q 

(c) z2 + 1/2 = 25 (d) z2 + 1,2 _j_ ^ Q 

- 4z - 2y - 3 = 0 22 + 1/2 _ 6z + 6y - 2 = 0 

3. Find the intersections graphically and algebraically for the ellipse 

X- + 4i/2 == ] 


and each of the following lines. 

(a) z + 2i/ = 1 (b) 2 + 2y * 0 


(c) z + 21/ = -2 


4. Find the intersections graphically and algebraically for th(‘ following 
parabolas and lines. 


(a) 1/ = 82 — z2 
z + 2y = 26 
(c) y = 22 - 5z + 4 
2 - 2y - 1 =0 


(b) 1, - 8z - z2 
2 + 2y = 24 

(d) y = ~ 5 i 4 

2 - 2i/ + 2 = 0 


6. Find the intersections graphically and algebraically for the following 
hyperbolas and lines. 

(a) 4 z 2 — 9y2 = 32 (b) 4z2 — 9i/2 = 32 

2z + 3y = 12 2z - y = 8 

(c) zy = 8 (d) zy = 8 

2z + y = 10 -2z + y = 10 

6. Determine the market equilibrium price and quantity, geometrically and 
algebraically, for the following demand and supply laws. 


DEMAND 

(a) pz = 10 

(b) pz = 25 

(c) p = 30 — 4 j 

(d) p -= 30 - 3z 

(c) (z + I0)(p + 12) = 200 
(f) p(z + 0) = 120 


SUPPLY 

P = § + Jj-. {2 ^ z ^ 8) 
P = 3 + z, (2 S Z ^ 10) 
p = 2z2 + 4z + 6 
p = 2z2 + 4z + 6 
2z = 2p - 3 

P “ 0 + iz 
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7. Find the intersections for the following pairs of parabolas, 
cally. 


(a) y = 6z — 

(b) y - hx — 

(c) I = — 2y, 

(d) y = \/8 — 2z, 


y = z^ — 4z 
y = z^ — 5z + 4 
z = y2 4y 
y = V8+ 4z - 2 


Check graphi- 


8. The total cost Q of producing z units of a commodity is given by Q = 
z^ + 2z, and the total revenue R received from the sale is i2 = 12z — 4z^. 
For what values of z does the revenue exceed the cost? The profit F = R — Q 
is a quadratic function of z. For what value of z is the profit a maximum? 
Include a diagram. 

9. Solve problem 8 with = 8z — z^ and Q — -^x^ + 

10. If the demand law is p(z -h 2) = 16 and the supply law is p = 1 + zV^, 
the equilibrium quantity and price are difficult to find by algebraic means, but 
a good estimate can be determined graphically. Find such an estimate. 



CHAPTER 7 


LAWS OF ALGEBRA. EQUALITY AND INEQUALITY 

7-1 Introduction. In this chapter we seek to develop a better under- 
standing of the real number system rather than to develop techriiques and 
skills in the fundamental operations of algebra or their use in the solution 
of equations. This requires some reconsideration of ideas already estab- 
lished on an intuitive basis but which now are discussed from a more 
theoretical point of view. Understanding of this material may be tested 
by supplying proofs for the theorems that are preceded by an asterisk. 

This chapter also discusses inequalities involving one variable. The 
theory, techniques, and skills developed here are extended to inequalities 
with two and three variables in the next chapter, especially in Sections 
8-5 and 8-6. 

The concept of “real number” has evolved over many centuries and is 
one that must be developed in the sense that it is taken as one of the primi- 
tive undefined terms. Real numbers arc represented by a variety of sym- 
bols such as 0, I, 2, ... , 3/7, . . . , 2.38, . . . , \/3, .... tt ... or by symbols 

such as a, 6, c, . . . , z, y, z, Elliptically, these symbols are usually 

referred to as numbers, although they are really symbols which stand for 
numbers. This convention is followed here. 

In order to develop the real number .system from a logical basis, certain 
entities called real numbers, certain relationships connecting real numbers 
called equal, greater than or less than, and the two operations addition and 
multiplication are taken as undefined, subject to explicitly stated Axioms. 
These axioms are statements accepted without proof. Additional (]uanli- 
ties are defined in terms of these primitive terms and/or previously de- 
fined terms. Certain statements called Theorems are proved in accordance 
with the usual laws of logic from these axioms and previously proved 
theorems. 

Various axiom systems have been given for the real numbers. The sys- 
tem used here is a compilation and rearrangement of systems that can be 
found in many sources.! No claim is made that it is the best system for 


tSee Whyburn ami Daue, Algebra for College Students, Prentice-Hall, 1955- 
Department of Mathematics, University of Kansas, Universal Malhcmaiics 
Part I, 1954 ; jjaus and Whyburn, Introduction to Mathematical Analysis 
Addison-Wesley, 1958; especially p|). 35-38. The authors were recently influ- 
enced in this selection by the work of the School Mathematics Studv group, office 
at Yale University. See Studies in Mathematics. Volume II, Euclidean Geometry 
Based on Ruler and Protractor Axioms, by Curtis. Daus, and Walker. 

1G3 
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all purposes. The axiom system for real numbers is conveniently divided 
into three sets; (1) the axioms for a number field concerning equality, 
addition, and multiplication; (2) the axioms of order concerning less than 
and greater than or the equivalent notions of positive and negative numbers; 
(3) an axiom of continuity, or the least upper bound axiom, which is needed 
to insure the completeness of the real number system. In brief, the real 
number system is the set of entities which satisfy the system of axioms 
(and their consequences) presently to be discussed. As the discussion 
progresses, it is well to keep in mind the set of all infinite (and terminating) 
decimal fractions as a model of the real number system. 

7-2 Equality. The following axioms concerning real numbers a, b, c and 
the relationship of = are assumed. 

Axiom El. Equality is reflexive. 

a = a. 

Axiom E2. Equality is symmetric. 

If a = b, then b = a. 

.\xioM E3. Equality is transitive. 

If a = b and b — c, then a = c. 

Axiom E4. the rule of substitution. 

If a occurs in any algebraic expression and if a ~ b, then b may 

be substituted for a to give an algebraic expression which is equivalent to 

the original expression. 

7-3 Addition and subtraction. The operation of adding two real numbers 

is indicated by the symbol -f. The following axioms which involve addi- 
tion are assumed. 

.\xiOM Al. CLOSURE. If a and b are real numbers, there is a unique 

real nwm6er a -f- called their sum. 

Axiom A2. Addition is commutative. 

If a and b are real numbers, then a b = 6 -{- a. 

Axiom A3. Addition is associative. 

If a, b, c are real numbers, then 

(o + 6) -f- c = a -b (6 -f- c) = a -b 6 4- e. 
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The parentheses are used to indicate that the operation within them is 
to be performed first. Since the result is independent of the order in which 
the additions arc made, the parentheses may be omitted. 

Axiom A4. zicro. For any real number a, there exists a uniyue real 
num6er, called zero and represented by the symbol 0, such that 


* It follows thatf 


a -|- 0 = a. 


a-j-0 = 0 + a = G. 


Axiom A5. additive inverse. For each real number a, there exists a 
unique real number, called the additive inverse of a and represented by 
the symbol (—a), such that 

a + (—a) = 0. 

Theorem: ( — (—a)) = a. 

Proof. In view of the commutative law of addition, (— u) -f o = 0, 
so that a is the additive inverse of (—a), and tlie Theorem follows from 
the definition of the additive inverse. 

Theorem 7-1. For any real numbers a, b, c, d, if a = b ami c = d, 
then a + c = 5 + c and a + c = b d. 

Proof. Start with the .sum a -f- c, and apply the rule of substitution, 
replacing a by 6: 

a c = 5 + c. 

A second sub.stitution gives 

fl + c = 5 + d. 

The converse is now considered. 

Theorem 7-2. law of cancellation for addition. 

// a + c = 5 + c, then a = b. 

The proof is pre.sented in two-column form. 

(a 4- c) + (—c) = (6 + c) -f ( — c) Substitution 
« + (c 4- (— c)l 5 4* fc 4- ( — c)l A.ssociative 

a 4- 0 = t 4- 0 Additive inverse 

a = b Definition of zero. 


t The asterisk is usid in this chapter to itjdicnU* that the proof has been 
omitted and should be supplied by the reader. 
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Corollary. Jj a c = b -j- d and c = d, then a = b. 

Definition of Subtraction. If x, a, b are real numbers such that 

X + a = 6, then x is the result of subtracting o from 6. The operation 

of subtraction is represented by the minus sign, — . 

X a = b means x = b — a. 

Theorem 7-3.* For any pair of real numbers a and b there is a unique 

real number x such that x ^ a = b, namely, x = 6 4* (“o)- 

Because of its importance this was proved as Theorem 1-1. The reader 
should supply the details of the proof which requires a few changes in 
references. 

Corollary. If a and b are real numbers, 

t — a = b + (—a)- 

Proof. This follows from the definition of subtraction and the unique- 
ness of X in Theorem 7-3. 

Remark. This Corollary justifies use of the symbol — to represent both 
the operations of subtraction and the formation of the additive inverse of 
a number; (— o) is also called the “negative of a” or “minus a." When no 
misunderstanding can occur, —a is written instead of (—a) and —(—a) 
is written instead of ( — { — o)). 

Thi.*? Corollary is the basi.s for the rules of sign when removing or in- 
.sertirig parentheses. 

’i'nEORKM 7—1.* For each real a 

a — a = 0 and a = a — 0. 

Theorem 7-5. If a and b arc real numbers, then 

— (a -I- 6) = —a — 6 and —(a — b) — b — a. 

Proof: Let j = — (a -f 6) = 0 — (a -|- 6). 


Tfu'n 

X -j- a -j- 6 = 0 

and 

X — (—a) + (—b) = —a — b. 

Let 

y ^ ~(a - b) = 0 —(a — b) 

Tlicn 

y + (a — b) = 0 


y f [a 4 (-b)\ = 0 


y = (-a) — {-b) = b — a. 
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Corollary. If a, b, c are real nundyers, 

c — (a -\-b) = c — a — b and c — (a — b) = c — a b. 


Problem Set 7-1 

(All proofs should be precise and with appropriate references.) 

1. If zero is defined by a 4* 0 = a, prove 0 -f a = a. 

2. Give and prove the subtraction facts which correspond to the definition 
of zero (Theorem 7-4). 

3. Prove the Corollary to Theorem 7-2: 

If 04-0 = 6+ ^ and c = d, then a = b. 

4. (a) Prove Theorem 7-3: The equation x a = b has one and only one 
solution, (b) Discuss the case when 6 = 0. 

5. Prove that if a = 6 and c — d, then a — c ~ b — d and, conversely, 
ifa — c = 6 — d and c = d, then a = 6. 

6. Prove the Corollary to Theorem 7-5: 

c — (a4-6) = c — a — b and c — (a — 6) = c — a + 6. 

7. If a, b, c are real numbers, prove 

(a — 6) — (c — 6) = a — c. 

7-4 Multiplication. The operation of multiplying two real numbers is 
indicated by the use of symbol X, the center dot •, or by placing the num- 
bers in juxtaposition. The following axioms concerning multiplication are 
assumed. 

Axiom Ml. closure. If a and b are real numbers there is a unique real 

number ah, called their product. 

Axiom M2. Multiplication is commutative. 

If a and b are real numbers, then ab = ba. 

Axiom M3. Multiplication is associative. 

If a, b, c are real numbers, then 

(ab)c = a{bc) = abc. 

The parentheses are used to indicate that the operation within them is 
to be performed first. Since the result is independent of the order in which 
the multiplications are made, the parentheses may be omitted. 
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Axiom M4. one. For any real number a, there exists a unique real 
number, called one ami represented by the symbol 1, such that 

a • 1 — a. 


CouoLLARY. a • 1 = 1 • a = a. 

Axiom M5. multiplicative inverse. For each real number a different 
from 0, there exists a unique real number, called the multiplicative inverse 
or reciprocal of a and represented by the symbol l/a, such that 

a(l/a) = 1. 

Corollary. \/(l/a) = a. 

Proof. In view of the commutative law of multiplication 

(I/a)a = 1, 

so that a is the multiplicative inverse of 1/a, and the stated corollary fol- 
lows from the definition of the multiplicative inverse. 

Theorem 7-0.* For any real numbers a, b, c,d,if a = b and c ■= d, then 
ac = be and ac = bd. 

The proof of this theorem is analogous to the proof of Theorem 7-1 and 
is left fur the reader. There is a close analogy between the discussion for 
addition and that for multiplication. 

Since the reciprocal of 0 was not defined, this must be taken into ac- 
count when the converse theorem is stated and proved. The proof is 
analogous to the proof of Theorem 7-2. 

Theorem 7-7. law of cancell.vtion for multiplication. 

If ac = he, {c 0), then a = b. 

'Fhe proof is presented in two-column form. 

(nc'lfl/c) = (/»c)(I/'c) Substitution (or Theorem 7-6) 
o(r(l c)| = 6(c{l/t’)) -Associative 

a ■ \ = b ■ \ Multiplicative inverse 

a = b Definition of 1. 

Corollary. If ac =- Ul and c = d 0, then a = b. 

Definition of Division. If x, a, b are real numbers such that xa = b, 
tlien X is the result of dividing b by a. The openition of division is 
represented by the solidus, /, or a horizontal bar, . 
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xa = b means j: = b/a or — • 

a 


Theorem 7-8.* For any pair of real numbers a and b, with a 7^ 0, there 
is a unique real nu7nber x such that xa = b, namely, x = b{l/a). 

Proof. 6(l/a) is a solution of the equation xa = b bccau.'ie 

[6{l/a)la = 6((l/a}a] Why? 

= 61 = 6 Why? 


The uniqueness follows from the law of cancellation for multiplication 
applied to la = 6 = ya. The details are left to the reader. (Problem 
5 of Set 7-2.) 

Corollary. If a and b are real numbers, with a 0, 




Proof. This follows from the definition of divi.sion and the uniquene.s.s 
of X in Theorem 7-8. 

Remark. This Corollary justifies u.se of the symbol / to represent both 
the operation of division and the formation of the reciprocal of a number. 
The fundamental laws of divi.sion and operations with fractions are reduced 
to multiplications. They were di.M'Us.-^'d in ('hapter and are not re- 
peated here. 

Theorem 7-9.* For each real number a different from 0, a/a — I, and 

for all a, a/ \ = a. 

The next axiom is the fundamental law connecting the operations of 
addition and multiplication. This axiom is the basis for the discussion 
of the multiplicative properties of 0 and ( — 1), which were defined in terms 
of addition. 

Axiom MG. M uUiplication is distributive with respect to addition. 

For any real numbers a, b, c 

(a j- b)c = ac 6c. 


Corollary. c(a -f 6) = ac 4 6c. 
Theorem 7-10.* For any a, «0 = 0. 
Corollary. Oa = 0. 


Theorem 7-1 1.* If ab = 0, then either a = 0 or b — 0. 
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Because of their importance, these two theorems were proved earlier 
as Theorem 2-1 and Theorem 2-2. The reader should repeat the details 
of the proofs, making a few needed changes in references. 

The numbers 0 and 1 were defined by means of different operations and 
there is no it priori reason why they might not be the same. 

Theorem 7-12. 0 1. 

Proof. Suppose o 0. If 0 = 1, then 

aO = al Rule of substitution 

0 = a, 

because of Theorem 7-10, the definition of 1, and the laws of equality. 
This is impossible and hence 0 1. 

Theorems 7-10 and 7-12 explain why the reciprocal of 0, and hence 
division by 0, is not defined. The reciprocal of 0 would be the solution of the 
equation jO = 1, but this equation has no solution since jO = 0 5*^ 1. 

Theorem 7-13.* For any a, (— l)a = — o. 

The steps of the proof are given below, and it is left to the reader to 
supply appropriate reasons. Start with the expression a + (•“l)fl- Then 

a + (-l)a = la + (-l)a Why? 

= [1 -f (-l)Ia Why? 

=- 0 • a Why? 

= 0 Why? 

Tlierefore 

(-l)a = (-a) = -a. Why? 

This is a third interpretation of the symbol —a and is the basis for the 
proof of the following theorems (see proofs of Theorem 2-5). 

Theorem 7-14:* If a and b are real numbers, then 

a{—b) = {— a)6 = —ab; {—a,)(—b) = a&. 

Corollary. (— 1)(1) = —1; ( — 1)(— 1) = 1. 


Problem Set 7-2 

(.\ll proofs should be precise and with appropriate references.) 

1. If 1 is defined by al ® a, prove lo = a. 

2. Give and prove the two division facts which correspond to the definition of 1. 
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3. Prove Theorem 7-6: If a = 6 and c = d, then ac ~ be and ac = bd. 

4. Prove the Corollary to Theorem 7-7: U ac = bd and c - d Q, then 

a = 6. 

5. (a) Complete the details of the proof of Theorem 7-8: The equation 
xa - b, {a 9^ 0), has one and only one solution, (b) Discuss the case correspond- 
ing to 6 = 0. 

6. Prove Theorems 7-10 and 7-11: If a and b arc real numbers, then afc = 0 
if and only if a = 0 or 6 = 0. 

7. Supply the omitted reasons in the proof of Theorem 7-13: For all a, 

(— 1)0 = —a. 

8. Prove Theorem 7-14: a(— 6) = i—a)b = — at and (— a)(— 5) = ab. 

9. Use Theorem 7-13, {— l)o = —a, and the distributive law to prove 

— (a -f 6) = —0 — 6 and —{a — b) = 6 — o. (See Theorem 2-5; compare 
this method with that used to prove Theorem 7-5.) 

10. Prove that if a/c = b/d and c - d 9^ 0. then a - b. 

7-5 Order and inequality. The order relationship between two real 
numbers that are not C(juiil is indicated by the symbols > and <, which 
are read: “greater than” and “le.ss than,” respectively. 

Axiom 01. trichotomy. If a is a real number, then one and only one of 

Ike follotving possibililies holds: 

(i) a > 0, (ii) a = 0, (iii) -a > 0. 

Definition 7-1. If a > 0, then a is positive. 

Axiom 02. If a and b are positive, then a b is positive. 

Axiom 03. If a arul b are positive, then ab is positive. 

Expressed in symbols these axioms arc: 

If a > 0 and b > 0, then a -t- 6 > 0 and ab > 0. 

Definition 7-2. a > b {a is greater than b) if and only if a — 6 is 

positive, that is, a — 6 > 0. 

Definition 7-3. a < b (a is less than b) if and only if 6 — a is positive, 

that is, 6 — fl > 0. 

The inequality 6 — a > 0 (in accord with Definition 7-2) implies b > a, 
and hence a < b and b > a are equivalent statements. Similarly, a > b 
and 6 < a arc equivalent statements. The incijuality may be read from 
left to right or right to left. The theorems of this section and the next 
section arc u.sually stated in terms of "greater than,” but the reader can 
readily translate any such statement into one involving “less than." 
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Theorem 7-15. general law of trichotomy. If a and b are any real 
numbers, then one and only one of the following possibilities holds: 


(i) a > 6, (i) a = 6. (iii) a < b. 

Proof. In accord with the Axiom of Trichotomy, either (i) a — 6 > 0, 
(ii) a — 5 = 0, (iii) —(a — 6) > 0. By Definition 7-2, the first of these 
Dossibilities implies a > b; the second possibility implies a = 6; and since 
— {a — 6) = 5 — a, the third possibility, by Definition 7-3 implies 
5 — a>0ora<5, and the proof is complete. 

Definition 7-4. If — o > 0, then a is negative. 

Theorem 7-16. The real tiumber a is negative (—a > 0), if and only 

if a <0. 


Proof. This follows from Definition 7-3 for the case 6 = 0: a < 0 if 
and only if 0 ~ a = — o > 0, in which case a is negative. 

Corollary 1. If a is positive and b is negative, then ab is negative. 

Proof, a > 0 and —6 > 0 yield —ab > 0 (Theorem 7-14 and Axiom 
03). Hence, by Theorem 7-lG, ab < 0 or is negative. 

Corollary 2. If a is negative and b is negative, then ab is positive. 

Theorem 7-17.* The quotient (i) of two positive numhfrs is positive; 
(ii) of o positive nwnber ami a negative number is negative, and (iii) of 
two negative numbers is positive. 


Proof of []). a/b = c, {b ^ 0), if and only if a = 6c (Definition of 
division). Assume a and 6 are po.sitive. If c = 0, then a = 0, which 
is impossible; if c were negative, then (Theorem 7-10, Cor. 1) a would be 
negative, which is impossible. Hence c is positive (Axiom of Trichotomy). 

The proofs for (ii) and (iii) are similar. 


7-6 Algebraic operations with inequality. A very useful statement 
which is eipiivalcnt to the definitions of greater than and less than is the 
following: 

Theorem 7-18. For any real 7iumbcrs a and b, 

(1) a > b if arid only if there c.risls a positive number .r such that 

a ~ b x; 

(2) n < 6 if and only if there e.rists a positive number y such that 


a y = b. 
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Proof of (1). a > 6 if and only if a — 6 = r, where z is a positive 
number. This is equivalent to a = 6 -f* x. 

Proof of (2). a < 6 if and only ii b — a = y, where y is a positive 
number. This is equivalent to a + y = 6. 

Proofs of the theorems tliat follow may be made to depend upon 
Theorem 7-18 or Definitions 7-2 and 7-3. Both methods are illustrated. 

Theorem 7-19. transitive. If a > b and b > c, then a > c. 

Proof, a = 6 + X and 6 = c + y, where x and y are positive. By 
substitution, a = c + (x + y), where x -}* y is positive {Axiom 02). 
Hence a > c. 

The compound statement a > b and 6 > c is written in abbreviated 
form as a > > c. 

Corollary. If a < b and b < c, then a < c. 

The compound statement of the hypothesi.s is written as a < 6 < c. 

Definition 7-5. If either a>6>c or a<6<c, then b is be- 
tween a and c. 

T 11 EORE.M 7-20. addition. If a > b, then a c > b + c. 

Proof. Prom the definition of “> ” (Def. 7-2), 

(a + c) — (t-}'C) = a — {*>0 or a + c>5-(-c. 

Theorem 7-21. multiplication, (i) Ifa > bandc > i),thcnQc > be; 
and (ii) if a > b an/l c < 0, (hen ac < be. 

Proof, (i) If a > 6 and c > 0, that is, if a — 6 and c are positive, then 

ac — be = {a ~ b)c > 0, or ac > be, 

sinee the product of two positive numbers is positive. 

(ii) If a > 6 and c < 0, that is, if a — 5 and (— c) are positive, then 

6c — ac = — (ac — 6c) = (— c)(a — 6) > 0, 

since the product of two positive numbers is po.sitive. Hence ac < be 
by Definition 7-3. 

Theorem 7-22. neo.vtive. If a > b, then —a < —b. 

Proof. a = 6 I- y, where y is positive. Hence 

-a r= _(/, -j- y) = -b — IJ 

— a + y = —6. 

Therefore, —a < —b by 'I'heorcm 7-18. 
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Theorem 7-23. multiplication of inequalities. Ifa> bandc > d, 

and if b and d are positive, then ac > bd. 

Proof. a = 6 + X x positive 

c = d y, y positive 

ac = bd + by dz xy. 

From Axioms 03 and 02 it follows that by, dx, xy and their sums arc 
positive. Hence ac > bd. 

The limitation that b and d be positive is essential. Otherwise one of the 
products by .or dz would be negative and no conclusion could be drawn 
about the sum by dx + xy. If b and d arc not both positive, the con- 
clusion might be false. For example, 3 > —2 and 2 > — 1 and it is true 
that 6 > (— 2)(— 1) = 2, but also 3 > —2 and 2 > —4 and it is false 
that G > {-2){-4) = 8. 

Corollary. If a > 6 > 0, then > b^. 

If, however, 6 < 0, no such conclusion can be drawn. For example, 
2 > -3, but 4 > 9. 

Theorem 7-24. square. If a 0, then a^ > 0. 

Proof. Either a > 0, in which case > 0 by Axiom 03, or —a > 0, 
in which ease a~ = ( — a)“ > 0 by Theorem 7-14 and the same axiom. 

In Theorem 7-12 it was .shown that 1 0; it is now pos.sil)lc to prove 

more : 

Corollary 1. 1 > 0 

Proof. 1 = 0. Hence the theorem can l>e applied, showing 1 > 0. 

Corollary 2. — 1 < 0. 

Corollary 3. If a and b are different real numbers, then a" -}- > 2ab. 

Proof. Start with (a — 6)~ > 0 Theorem 7-24. 

Thc'ii 0 “ — 2ab -f />“ > 0 Multiplication 

and «■ — b~ > 2ab Theorem 7-20. 

Problem Set 7-3 

(.Ml proofs should be precise with appropriate references.) 

1. Prove C'orollary 2. Theorem 7-16: If a ami b arc both negative, then ab 
is positive. 

2. I’rovc the second and third parts of Theorem 7-17: the (luotient of a 
positive number and a negative number is negative; the (juotient of two nega- 
tive nund)er.< is positive. 
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3. Prove the Corollary to Theorem 7-19: If a < 6 and b < c, then a < c. 

4. Theorem 7-19 states: "If a > b and 6 > c, then a > c." Is the converse 
statement: “If a > 6 and a > c, then 6 > c” true or false? Explain. 

5. Theorem 7-20 states: "If a > b, then a + c > 6 + c.” Is the converse 
true? Prove your answer. 

6. Prove the following converse of Theorem 7-21 : If ac > be and c > 0, 
then a > 6. 

7. Prove the theorem corresponding to Theorem 7-21 (i) stated in terms 
of "less than.” 

8. Prove Theorem 7-21(ii): If a > 6andc < 0, then ac < 6c, using Theorem 
7-18. 

9. Prove the theorem corresponding to Theorem 7-23 {Multiplication of 
Inequalities) stated in terms of “less than.” Give several numerical examples 
to illustrate the necessity of the limitations on the numbers involved. 

10. Prove Theorem 7-22: If a > 6, then —a < —b on the basis of Theorem 
7-24, Corollary 2 and Theorem 7-21. 

11. Prove the Corollary: If a > 6 > 0, then > 6^. If a- > 6^, what can 
be said about the relation between a and 6? 

12. If a < 6, prove 

a + 6 ., , ^ 2a -\-b a-\- 2b 

a < — ^ < b, and a < — - — < — ~ — < b. 

7-7 Linear inequalities. The solution of inequalities is similar to the 
solution of equalities with the theorems concerning addition and multipli- 
cation, Theorems 7-20, 7-21, playing essential roles. The main difference 
is that for inequalities, the domain of the solution set is one or more 
intervals. 

Inequalities of the form 

ox -f 6 ^ c, (a > 0) 

have the solution 

X S ► (Theorems 7-20 and 7-21(i)). 

If, however, a is negative, the linear inequality 

a.c + 6 ^ c, (a < 0) 

has the solution 

X 5 ^ (Theorems 7-20 and 7-21(ii)). 

a 

If the original inc(iualily signs are reversed, so are the final ones. 

To solve linear inequalities which involve absolute values, the following 
theorems are used. 
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Theorem 7-25. The inequalihj 

|a.T + 5! > c, (c > 0) 

zs satisfied if and only if cither 

ax b > c or —{ax-\-b)>c. 

Proof. If ax + b i.s positive, then |ax -}- 6] = ox + b, and Ia.r + 6| > c 
if and only if ax -f > c. If ax -f- 6 is negative, then |a.c + 6| = 
— (ax 4- 6) and |a.r + 6| > c if and only if —(ax -f 6) > c. a,r + 6 
cannot be zero and .satisfy the given inc(|uality, and the proof is complete. 

Theore.m 7-20. The inequality 

[a.r r b\ < c, (c > 0) 

IS satisfied if and only if both 

ax ~r b < c and —(ax + 6) < c, 

that is, if 

—c < (a.r -!- 6) < c. 

Proof. If ax 4- 6 is positive, |ax 4- 6| = ax 4- 5- and |ax 4-6! < c if 
and only if 0 < a,r -i- b < c. If a.r + 6 is negative, |ax + 6] = —(ax 4- b) 
and ja.r - b\ < c if and only if —(ax 4-6) < c, which is equivalent to 
—c < (ax I- 6). If ax 6 is zero, it lies between —c and c, and the proof 
is (“omplcfe. 

'rheorerns 7-2.’) and 7-20 can be given a convenient geometric interpre- 
tation on llu‘ nuinlx'r scale. If Xi and .r 2 are the solutions of lax 4- 6j = c, 
tlu'ii all points ln'twccn Xi and x> satisfy jax -f- 6| < c and all other points 
ex(cj)t .Cj and x> .-satisfy |a.r - 6| > c. This gives a convenient way of 
solving the im‘(|ualities (Fig. 7-1). 

(ai V ^>1 ■ f \iii + < c |<ij- + />! > c 

J, T., 

Fiourc 7-J 

F\.\mi’!.k 7 I. Solve the inetjualitics 

Ui) Ax - :i ^ 5; (b) |4x -i- 3| ^ 5; 

(a) l.r r 3 ^ 5 
4x ^ 2 
X ^ i 


(c) |4x + 3| < 5. 
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(b) |4x + 3| ^ 5 
4x -f- 3 ^ 5 


is satisfied if either 
or -4x -3^5. 


The first of these was solved above to find x ^ I'or the second, 


-4x ^ 8 

X ^ -2. 

Hence any x such that x ^ ^ or such that x ^ —2 is a solution. 

(c) l4x + 3| < 5 is replaced by 
-5 < 4x + 3 < 5 
-8 < 4x < 2 
-2 < X < f 

Hence x is between —2 and which agrees with the previous result. 
See Fig. 7-2. 

U + 3! > U + 3' <• 3 |4i- + 3! > .*> 

-2 1 •' 1 • 

Fiourk 7-2 

An alternative method of solution would be to solve [4x - 4 * 3| = 5 
as follows: 

|4x + 3| = V'{4x + 3)2 = 5 

(4x + 3)=* = 25 
IGx^ + 24x - 16 = 0 
2x^ + 3x - 2 = 0. 

Since the coefficients in the original inequality were rational, the solution 
of this equation must be rational. Hence it can be factored over the 
integers. It is readily verified that the factored form is 

(x + 2)(2x - 1) = 0, 

which gives x = i and x = —2. Hence the solution of l4x + 3| < 
is the set of numbers between —2 and and the solution of |4x + 3| > 
is the set of numbers which are greater than ^ together with the set of 
numbers which are less than —2. 

Inequalities that involve fractions are often reducible to linear in- 
equalities by clearing of fractions while observing certain cautions. First, 
the values for which a denominator vanishes must be excluded. Second, 
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the common denominator used may be positive for some values of the 
variable and negative for other values of the variable. When clearing of 
fractious, the inequality is reversed for those values for which the common 
denominator is negative. 

Example 7-2. Solve the inequality 


The inequality is meaningless for z — 2. 

If j > 2, X — 2 is positive, and multiplication of the given inequality 
by X — 2 yields 

4 < 2(x - 2) 

8 < 2x 
X > 4. 


The two ino(iualities are both satisfied by x > 4. 

If X < 2, X — 2 is negative, and multiplication by x — 2 yields 

4 > 2(x - 2) 

8 > 2x 
X < 4. 

The two inequalities are both satisfied by x < 2. Hence 


4 




if X < 2 or if X > 4. 

A graphical solution of the problem (Fig. 7-3) can be obtained by 
sketching the equilateral hyperbola y = 4/(x — 2) and the line y — 2. 
The hyperbola may be sketched from its vertical asymptote x = 2, its 
horizontal asymptote i/ = 0, its intercept x = 0, y = —2, and a few 
other points obtained by substitution and symmetry. It is then possible 
to ob.'5er\-e the value.s of x for which the hyperbola is below the line, 
namely, 

X < 2 and x > 4. 


The same <iiagram also shows that (4/(x — 2)) > 2 for 2 < x < 4. 
'bhe algebraic verification of this is left as an exercise. 

Example 7-3. Solve the inequality 

^>2 

X -i- I 


algebraically and graphically. 
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Figure 7-4 


The inequality is not defined for i: = —1. If x > — l,x+ 1 is positive 
and the given inequality is equivalent to 

X > 2x + 2 or X < —2. 

The inequalities X > — landx < —2 are inconsistent. 

If X < —1, X + 1 is negative and the given inequality is equivalent to 

X < 2x + 2 
X > -2. 

Therefore, the solution of the given inequality is the set of numbers 
between —2 and —1, that is, the interval —2 < x < —I. 

The equilateral hyperbola y = x/(x -f 1) may be sketched from its 
vertical asymptote x = — 1, its horizontal asymptote y = I, and the 
points (0, 0), (—2, 2). The diagram (Fig. 7-4) indicates that the hyperbola 
is above the line y = 2 for — 2 < x < — 1. 


PnoBLEM Set 7-1 


Solve the following inequalities. 

1. (a) 3z + 4 > 5 
(c) 3x — 4 < 5 


(b) 5x - 8 > 4 
(d) 5x + 8 < -4 


2. (a) -2x + 5 > 2 
(c) -3i - 6 < 4 

3. (a) 3x — 4| >5 
(c) -2x -1- 5| > 2 


(b) -4x + 3 > -3 
(d) -4x+ 10 < 6 

(b) 5i -t- 8] <2 
(d) -4x -f 10| < 6 


Represent the answers on a number line. 

4. 2 < |— 2i + 3| < 4. Represent the solutions of each incijuality on a 
number line and combine them to obtain answers to the given problem. 
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6 . 


X -2 


(b) |-2x+3| > 
> 2 (algebraically). Sec Fig. 7-3. 


5. (a) |-2x+3| < -1 
4 


—3, 


7. (a) 


> 3 


z — 1 

Solve both algebraically and graphically. 
2x 


8. (a) 


< 1 


z - 2 

Solve both algebraically and graphically. 


9 . -2 < 


1 


< 2 . 


I 

Solve both algebraically and graphically. 

SI > 

Solve both algebraically and graphically. 


(b) 


6 


z — 1 


< 2 . 


(b) 


2x 


z+ 2 


> 1 . 


7-8 Quadratic inequalities. If the polynomial 

ax^ -1- 6.r -f c, (o > 0), 

can be written in the form 

where P is a positive number, then the equation ox® -f- bx + c = 0 does 
not have real roots, the inequality ax^ + 6x c > 0, (o > 0), is satisfied 
for every x, and the inequality ox^ + 6x c <0 has no solution. 

If the equation ox^ + 6x + c = 0 has real roots xj and X 2 , and if a > 0, 
the quadratic inequality 

ax^ + 6x + c > 0, (a > 0), 

can be written in the form 

(x — xi)(x — X 2 ) > 0. 

The inequality will be satisfied if both factors are positive or if both 
factors are negative. If xi < X 2 , this happens if either x > X 2 0 rx < Xi. 
The inequality 

ax' -f- 6x -I- c < 0, (a > 0) 


becomes 


(x — xi)(x — X 2 ) < 0. 
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This inequality is satisfied if one factor is positive and the other negative 
or if X is between j:i and X 2 , that is, i-, < j < rg- 
If a is negative, the prol)lem is reduced to the above case by multiplica- 
tion by ( — 1) and reversing the sign of inequality. 

A special case of such problems arises in the solution of the inocjuality 

|a.c + 6] > |cj: -|- d|. 

In this case, if a, b, c, d are rational numbers, the roots xj and xj are al.so 
rational and the factors can be found by trial. This ineejuulity i.s c(}ui\ alent 
to 

\/ {ax 4- > V (w -j- (/)2 . 

Since both of the.^c radicals arc positive (Corollary, Theorem 7-2.1), 

(flx + 6)^ > (c.c + df 
and the procedure abo\c cati be u.<ed. 

Example 7-4. Solve the inequality 

|:ix - 41 > |4 - x|. 

The given ine(|uality is replaced by 

n/(;1x - 4j'2 > >^4 . 

Then 

(;jx - 4)^ > (4 - xf 
9.r^ - 24.r -\- l(i > 10 - 8.r + 

8x^ - Kij > 0 
- 2x > 0 
x(x - 2) > 0. 

(>) = (<) “ (>) 

* « i I » * 

n j 2 

Ficuhk 7-5 

Hence the solution of the given prol>len^ is the set of numbers satisfyijig 
cither z > 2 or x < 0. A similar analysis shows |;i.c — 4| < |4 — .r| for 
0 < z < 2. The complete siluatioji is shown in I'ig. 7-5. 

Example 7-5. Solve the ine(juality 


z -I- 2| > |-2z -f 51. 
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This inequality is equivalent to 

\/(x + 2)2 > Vi-2x + 5)2. 

Then 

{x + 2)^ > {-2x + 

+ 4.r + 4 > 4x^ - 20x + 25 
-:?x^ + 24x - 21 > 0 
X* - 8x + 7 < 0 
(x - l)(x - 7) < 0. 

Hence x lies between 1 and 7 or the solution is 1 < x < 7. 
lOxAMPLE 7-6. Solve the inequality 

< 5 

The common denominator used to clear of fractions is 2(x + l)(x — 2). 
This common denominator is positive if either x > 2 or x < —1. In 
this ease the inequality reduces to 

2x^ — 4x < 5x -h 5 
2x=* - 9x - 5 < 0 
{2x + l)(x - 5) < 0, 


which is satisfied if x is between — ^ and 5. The conditions x > 2 or 
X < — 1 and — ^ < X <5 are consistent if and only if (see Fig. 7-6) 

2 < X < 5. 

J' < - 1 T > 2 

^ » 0 I I r. - J — 1 n m 

-l-Jn 12345 
Figure 7-6 


'i’he common denominator 2(x + l)(x — 2) is negative if — 1 < x < 2. 
In this case, the inequality reduces to 

2x^ — 4x > 5x + 5 
2x® - 9x - 5 > 0 
(2x + I)(x - 5) > 0, 

which is satisfied if cither x > 5 or x < — The two conditions on x 
are consistent if and only if —1 < x < — 
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Hence the solution of the original inequality consists of all numbers on 
the two intervals 

— 1 < z < and 2 < z < 5. 

If the two equilateral hyperbolas 

"" X f 1 ’ "" 2(z - 2) 

are drawn in the same diagram, it will be found that j/, < ^2 for these 
same intervals. 

Example 7-7. Solve the inecjualities 

z^ — Gz + 4 >0 and z^ - G.r -f 4 < 0. 

The roots of the equation z^ - 6z 4- 4 = 0 are 3 - and 3 -f- 
By trying a .single point between these roots, say z = 3. it is found that 
3^ — G • 3 + 4 <0 and hence z^ - G.c -f 4 <0 for 3 - \/5 < z < 3 + \ ^ 
and z^ - G.r + 4 > 0 for z > 3 + \/5 and for z < 3 - \^5 (Fig. 7-7j. 

(>) = (<) » (>) 

** 1 1 M j- 

n I 2 .3 I 5 a 

Ficurk 7-7 


ritORLEM Set 7-5 

1. Show by the metijod of completing the square that each of the following 
inequalities is satisfied either by every real z or by no real z. 


(a) — 4i 4- 8 > 0 

(c) 2z=« -F 6z -F 5 > 0 
(e) —3x^ + 6z — 4 > 0 

2. Solve the following inccjualities. 
(a) (z - 2)(z + 3) > 0 

(c) (2z - 3)(3z -F 2) > 0 
(e) (2z - 5)(5 - z) > 0 

3. Solve the following inequalities, 
(a) 2z2 -[- j — r> > 0 

(c) z* — Oz -F 9 > 0 

(e) 6x2 i 3 j _ ,5 < 0 

4. Solve the following inequalitie.n. 
(a) x2 -f 2z — 1 > 0 

(c) 2z2 - Ox -F 3 > 0 


(b) z^H- 6x-F 10 < 0 
(d) —2x2 4- 6x — 5 > 0 

(0 —3x2 4- Ox — 4 < 0 


(b) (z-2)(x 4-3) < 0 
(d) (2x - 3) (3x4- 2) < 0 
(0 (2z - 5)(5 - X) < 0 


(1.) -2x2 -F -I- 9 < 0 

(d) 4x2 _ i2x 4- 9 < 0 

(0 Cz2 4- I3i _ ]5 > 0 

(b) x2 + i _ I < 0 
(d) 2x2 4- j _ 2 < 0 
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5. Solve the following inequalities, 
(a) |x + 3| < |z - 4| 

(c) |2z - 31 < |x - 4l 
(e) |x+ 2| < l2i - 6| 

6. Solve the following inequalities. 

4 8 


(b) |z+ 1| > 13 - i] 
(d) \4x - 5| > |2z - 7| 
(f) [2x - 5| > j3x + 1] 


(a) 


(h) 


X - 2 

2x 


< 


z + 2 
8 


Check the results graphically. 


j + 4 3x + 6 


7-9 Completing the real number system. The axioms of order, and 

especially the fact that 1 is po.sitive, are important in developing the real 

number system. The natural numbers, 1,2 = 1 -|- 1, 3 = 2 + 1, 4, 5, 
. . . . 10. , . . are all positive and 

0<1<2<3< -<10< -. 

If o > b. tlicM —a < - b (Theorem 7-22); hence 

... 10 < • • • < -3 < -2 < - 1 < 0 < 1 < 2 < 3 • • • , 


ami it is always po.ssiblc to determine \vhi<'h cjf two gi\en integers is the 


greater 

'I'he rational numbers n h. where a and 6 are integers and b 0, also 
ol)e\' the ord<T axioms. .\tiy two ratiojial jiumbers can be cotnpared as to 
size by writing them in e<juivaU'nt forms with the .same denominator and 
eomparing numerators. This applies whether the rational number is a 
common fraction or a repeating decimal fraction. A decimal fraction 
written in the ftaiu .l.niOjrt-j . . . , whore A is a natural number, is 
positive, and <'an be compared with a similar decimal fraction 616263 . . . 
by recognizing that the denominator is a power of 10. 

The rational numbers are eirrywhcre dense. That i.s, between any two 
rational numbers tliero is always another rational number and, indeed, 
an unlimited set of rational numbers. Let rand p.(r < p), be two rational 
numbers and let i be a rational number between 0 and I, that is, a fraction 
w'hoso numerator and denominator are natural numbers and whose 
numerator is less tluui the denominator. Then 


a- = r - t{p - r) 

i.s a rational numl)er between r niul p. That the .sum, ditTerence. product 
and (luolicnt of two ratituial miml)ers is a rational number follows from 
the laws discu.^sed in Chapter 3, Siiu o I aiul (p — r) are positive, .r > r. 
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The value of x can be written in the form 

X = p 4- (r - p) + ((p - r) 

= p - (1 — l){p — r). 

Since (1 - 0 and (p - r) are positive, x < p, or i is between r and p: 
(r < X < p) for an unlimited set of values of 1. 

The interval between two rational numbers could, for example, be 
divided into an integral number of equal parts by using t = 1/m, 2/m, 

(m — l)/m, where m is a positive integer. Each such subinterval could 
be further subdivided to obtain more rational numbers, and there is no 
end to the process. The.se numbers could be ordered with respect to 
“less than.” 

Not all the real numbers can be obtained in this way. There are real 
numbers that are not rational. It was proved in Section (i-l that \/2 
was not rational and suggested that the square root of many integers 
are not rational. It was proved in Section 3-7 that infinite decimal frac- 
tions that are not periodic are not rational. In order to complete the 
real number system by including such numbers, one more axiom is needed. 
Before stating this axiom, some preliminary definitions and discus.sions 
are given. It is beyond the scope of this text to give a complete discussion 
of this axiom. 

Definition. A non-empty set of real numbers is bounded aboi’e by the 
real number M, provided every number of the set is less than or equal 
to 

The numbers of the set may be given explicitly or they may be described 
by a rule of formation. If the elements of the set are de.signiited by 

^ 1 . ^ 2 , -ra x„, . . . , then the set is bounded above by M if x ^ M 

for every x in the set. The number M is called an upper bound of the .set. 
Every number greater than M is also an upper bound, and there may bo 
upper bounds less tlian M. 

Definitio.s. The least upper bound of a set of real numbers i.s the upper 
bound which is less than any other upper bound.. 

Least Ufpek Bound Axiom. If a non-empty set nf real numbers has an 
upper bound, then it has a least upper bound. y 

This axiom enables us to show, for example, that the set of siicces-sive 
approximations to VTV obtained by the division process define y/N as 
a real number and that every infinite decimal fraction defines a real 
number. A few illustration.s are given here. The rational number J cun 
be expressed as the repeating decimal 0.333 The set of numbers 
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0.3, 0.33, . . . , 0.333, . . . has an upper bound of 0.4. It therefore has a 
least upper bound which is indeed 

Every decimal fraction of the form A.aia 2 az . . . , whether periodic 
or not, can be replaced by the set 

A.CLi, *4.0102, .4].Oja2®3» ••• 

which has the upper bound i4 + 1 and which therefore has a least upper 
bound that can be approximated to any required accuracy by using enough 
decimal jdaccs. This least upper bound is a real number defined by the 
decimal fraction. 

Erom the point of view of infinite decimal fractions, it is not difficult to 
sec that l)etween any two real numbers (rational or irrational), there are 
infinitely many rational and irrational numbers. It was for this reason 
that Section 7-1 suggested the set of all infinite decimal fractions as a 
model of the real number system. 

In summary, the real numbers are entities which obey: (1) the axioms 
of a number field, that is, the Axioms of Equality E1-E4, the Axioms of 
.\ddition A1-A5, and the Axioms of Multiplication M1-M6; (2) the 
Axionis of Order 01-03; (3) the Least Upper Bound Axiom. 

Tln're are other number .systems. The system of complex numbers was 
mcntione<l briefly in Section 0-5. Complex numbers do obey the axioms 
of a number field but do not obey the axioms of order. In the next chapter 
an ext'-nsion of the number system is made. The new type of number 
dix*s not obey all the axioms of a number field, and it is important to 
«]cti‘nniiic which axioms thcM* numbers do or do not obey. 



CHAPTER 8 


INTRODUCTION TO MATRIX ALGEBRA AND 

LINEAR PROGRAMMING 

8-1 Row vectors and column vectors. In this chaptor, now types of 
numbers are introdiieod by means of definitions. The relation of equality 
and the operation.s of addition and multiplication for (hes(.‘ new numbers, 
represented by the usual symbols, =, +, or by placing the iuimbers 
in juxtapo.sition, are also introduced through definitions. It will be de- 
termined which of the laws for real numbers remain valid and which of 
these laws are no longer valid. It will be .shown that all of the laws of 
addition are valid under the appropriate definitions, and that some but 
not all of the laws of multiplication are valid. 

Defimtion 8-1. A row vector is an ordered set ('f nutnbers written in a 
row and enclosed in parenthese.s. The individual numbers of the vector 
are called its components. 

In this book the.so compotients are real numbers, and hereafter (his is 
to be understood. In writing (he ve<'(or. a space is left between any two 
components. Examples of row vectors are (1 li), (1 —2); and if the 

row vector has n components, it can be represented by U = (aj ^2 . . . i/„) 

where U is u single letter representing the vector and Kj, are 

real numbers. The notation .l(.r, tj) or .-Uj-, ij, z), written with commas, 
is reserved to repre.sent a point and its coordinates in two- or three- 
dimensional space. Thus -2) indicates a point in three-space 

who.se X, y, and z coordinates are 1, '.i, and —2, respectively. 

Definition' 8-2. A column vector is an ordered set of numbers, called 
components, written in a column and enclosed in parenthc.ses. 

Examples of column vectors are 



and, more generally, 



where V is a single letter repre, -renting the column vector and v.j 
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arc real numbers. To avoid the inconvenience of writing long columns, a 
column vector is sometimes written like a row vector with the exponent T 
(for “transposed”). Thus 



and the general column vector V = (I’l i '2 . . • Vn)^. 


Definition 8-3. Two row vectors or two column vectors are equal if 
they have the same number of components and if corresponding com- 
ponents of the vectors arc equal. 


Since ofjuality of vectors depends only upon the properties of equality 
for real numbers, it follows that the laws of equality El to E4 are also 
true for row and column vectors as well as for real numbers. 

The definition docs not include two row vectors having different numbers 
of components. Neither does it apply to one row vector and one column 
vector. l or example, if 

U == (1 3), V = (1 3 0). W = (4-3 9/3), S = Q , 

th(‘ii 


U -- W. U pi V. U pi S. 


Di.kimtion 8 1. If U and V are two vectors of the same type, their 
SNw. indicated by U • V. is a vector of the .same type whose com- 
ponents are the sum of the corresponding components of U and V. 

By ‘tile same type" (or “conformable") is meant that both are row 
\ei tors or both are cohimti vectors and that the vectors have the same 
number of components. Otlnnwisc. aildition has not boon defined. 

Kxami’LK 8-1. 



and 

(1 3 -2) -f (2 - I -1) = (3 2 2). 

(1 3 —2) r- (2 1) is meaningless, 

In geiHM'al, 




u > -f Vo . . . Un 



with a similar law for column vectors. 
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Since addition of real numbers is closed, commutative, and associative, 
it follows that these same properties hold for conformable vectors. (Inas^ 
much as addition is not defined except for conformable vectors, the adjec- 
tive is omitted except when u.«ed for emphasis.) If U, V, W are con- 
formable vectors, then 


U -b V is a vector of the same type, (8-1) 

U -b V = V -b U, (8-2) 

(U + V) -b W = U -b (V + W) = U -b V -b W. (8-8) 

Definition 8-5. A zero vector is one all of whose components are zero. 

When any zero vector is combined with other vectors, it is understood 
to represent a vector conformable with them. When necessary, the 
number of components can be indicated by a subscript. Thus Oa would 
be used for either 

(0 0 0) or 



The zero vector has the important property 


u + 0 = U. (8-4) 

This is an immediate consequence of the properties of real numbers: 
u -b 0 = a. 

Definition 8-6. The additive inverse, or the negative, of a vector 
U is the vector whose components arc the negatives of the components 
of U, and this is indicated by ( — U). 

If U = (u, U 2 W 3 ). then (— U) = ( — Ui —U 2 — U 3 ). with similar state- 
ments for column vectors or for vectors with n components. It is easy 
to verify the property 

U -b (-U) = 0. (8-5) 

Since vectors do not obey the Axioms of Order given for real numbers 
positive and negative vectors arc not defined. As indicated in Definition 
8 -6, the negative of a vector is introduced. 

The operation of subtraction of conformable vectors, indicated by the 
use of the minus sign, — , is defined as follows: 

Definition 8-7. If 


X -b U = V, then X = V - U. 


( 8 - 6 ) 
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If the components of these vectors are x,-, v,-, (i = 1, 2, , n), re- 

spectively, then 

Xi -I- Ui — Vi and x,- = t',- — Ut. 

Since i',- — m,- = i'.- + ( — «•), where (— Mj) is the additive inverse of u,-, 
it follows that also 

V - U = V + (-U), (8-7) 

where (— U) is the additive inverse of U. 

Theorem 8-1.* If U, V, W are conformable vectors, and t/ U = V, then 
U + W = V W and, conversely, i/ U + W =; V + W, then U = V. 
Thus all the fundamental laws of addition are valid for real vectors as 
well as for real numbers. 

Definition 8-8. The product of a number and a vector is a vector whose 
components are the components of the given vector each multiplied 
by the given number: 

AU = UA- = A-(ui U2 . . . Un) =: (A'Ui ku2 . . . kuj,), 

with similar formulas for a column vector, where k is a given real number. 

Such multiplication is referred to as scalar multiplication or numerical 
multiplication to distinguUh it from other types of multiplication which 
involve vectors. 

As a consequence of this definition, it is easy to see that 

OU = 0; lU == U; {-1)U = (-U) (8-8) 

and tliat 

V - U = V + (-l)U. (8-9) 

The minus .sign, — , has the same three interpretations with vectors that it 
has with real numbers. 

Theorem 8-2.* If a and h arc numbers and U and V are vectors, then 

(a 4 (,)U = fiU + b\J, 

a{bV) == {ah)V = b{aU), 
atU i V) = aU -I- aV. 


* 'I’ho proof is k'ft as an c\i“rrise. 


( 8 - 10 ) 

( 8 - 11 ) 

( 8 - 12 ) 
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Problem Set 8-1 

1. If U = (2 3), V = (-4 2), W = (—1 0). compute (a) U + V; 

(b) U - V; (c) 2U + 3W: (d) X, if 3V -f X = 2W. 

2. If U = (2 3 1), V = (-4 -2 0), W = (I 0 -1), compute 

(a) V + U - W; (b) 2W - 3V + 4U; (c) Y. if 3V + 2W + Y = 0. 


compute 

(a) U + V; (b) V - U; (c) JU + iV; (d) X, if 2V + 3X = U. 

4. Explain why it is not possible to compute tlic following sums. 





(b) (-1 1) + 1 + 



5. Prove the Associative Law of Addition for vectors; 


(U + V) + W = U 4- (V + W). 

6. Prove the Cancellation Law of A<ldition for vectors and its converse 
(Theorem 8-1). 

7. Prove (a) W) = 0; (b) OU = 0 for any U; (c) U -b OV = U. 

8. Prove the equalions 


(-l)U = (-U), 

V _ u = V -b (-l)U. 


9. Prove the equations of Theorem 8-2: 

(a “b 1>)U = all “b 
a(6U) = (a6)U = 6CaU), 
oCU -b V) = oU + bV. 

State these laws in words. 

10. If the quantities of certain commodities involved in a budget eciimtion 
are xi,Z 2 , Xa, would it be reasonable to represent this set of quantities by a 
vector? If the corresponding prices arc pi, p 2 , p3. would it l)e reasonable to 
represent this set of prices by a vector of the same or different type? \N ould 
it be reasonable to add two such vectors? 
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•r -V, -j) 

Figure 8-1 Figure 8-2 

8-2 Geometric interpretation of vectors. With either a row or column 
vector U which has two components, there is associated a point P which 
has these components as coordinates (Fig. 8-1). The directed line segment 
OP is used to reprc.sent the vector U. Similarly (Fig. 8-2), if U (or its 
transpose U^) is the vector (x y z), the directed line .segment OP from the 
origin fJ(0, 0, 0) to P{Xy \j, z) i.s used to repre.sent the vector TJ (or its 
transpose). For every vector except the zero vector, there corresponds 
ill a one-to-one way a directed line segment. The zero vector is repre- 
sr'ntcd by the origin and there is no direction that corresponds to it. 
Sucli a representation is called a geometric vector {bou7id to the origin)^ 
when it is desired to distinguish between the algebraic and geometric 
representation of the vector. 

'l'h«' vector AU is a vector whose terminal point has coordinates 
Q(ks, ky, kz) and hence wlncli lies on the line OP\ the directions of itU 
and U ar(‘ the sanu* if A' > 0 and opposite if k is negative. Figure 8-1 
shows a situation where A- = §, and Fig. 8-2 shows the case when fc = — 1. 
Conversely, two geometric vectors arc collinear only if one is a numerical 
multiple of the other. These statements are immediate consequences of 
the theory of similar triangles (Fig. 8-1). 

Theorem 8-3. i‘AriALLELOGR,\M law. If U and V are noncoUincar 

geometric vectors, then the sum U V fs the vector ichich is the diagonal 

of the pnralleloyrayn which has U and V as sides. 

'rhe proof for the two-dimensional ca.se is given here; that for the three- 
ilinu'iisional case is fpiitc similar, but involves several sets of congruent 
triangles. I.et the terminals of vectors U, V bo .-tfji, i/i), B{x 2 , 1/2)1 re- 
spectively. Let C(j3, 1/3) be the diagonal of the parallelogram OACB. 
L«‘t BM (Fig. 8-3) and ('.V be parallel to the i/-axis and AiV parallel to 

t The qualifying phrase ioanrf to the origin is hereafter omitted because this 
is the only gt'oinetric representation considered in this book. 
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tlio .r-Rxis. The rii^ht triiuiKlps 0MB and AXC are 
OB S AC and AOBM ^ ZdC’A'. It follows that .l;V 


congruent, since 
= J2. A'C = I/O, 



•Ta = .Ti + X2, 1/3 = !/l + 1/2, 


so that llie geometric vector OC is U V. 

The vector —V is directed opposite to V, and a similar construction 
sliows that U — V is the diagonal OD of the parallelogram that lias U 
and —V as sides. It is not difhcult to prove that the line segment 01) 
is parallel and equal to and this idea could housed to construct U — V. 

The parallelogram law makes it possible to construct any linear com- 
bination of U and V, namely, W = /.U mV. The vector AU is a multiple 
of U, mV i.s a multiple of V and their sum is then readily constructed. 
Conversely, if U and V are noncollinear vectors, it is possible to determine 
the numbers Ic ami m so that W = fcU + mV, where W is any vector in 
the plane determined by the geometric vectors U and V. Through the 
terminal of W draw parallels to OU and OV, thus determining vectors 
oil = AU and OM = mW (Kig. 8-4) .so that W = AU mV. If the 
given vectors arc U = (.Cj i/i), V = {xz i/j), W = (/a the algebraic 
solution of the problem is obtained by .solving the simultaneous eipiations 

AJ| + mx2 = X3 
Aj/i + mi/2 = 1/3- 


Since the vectors U and V are noncollinear, the determinant 


X| J2 

y\ y-i 


9^ 0 
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and the solution can always be found by Cramer's rule or other con- 
venient methods. 


Ex.\mple 8-2. Express the vector (5 5) as a linear combination of the 
vectors (3 1) and (—1 4), (See Fig. 8-4.) 

The equations to be solved arc 


Hence 


so that 


Zk — m = 5, 
k -f 4m = 5. 


5 - 1 


3 5 

5 4 

25 

1 5 


13 13 13 13 ’ 

(5 5) = ^(3 1) + |5(-1 •»). 


The following theorems in 3-space, corresponding to the parallelogram 
law and its consequences, are stated without proof. 

Theorem 8-4. If U, V, W arc three geometric vectors which do not lie 
in the same plane, then: (1) the sum U + V -f W is the vector which is 
the diagonnl of the parallelepiped which has U, V, W as edges, (2) any 
vector Z can he expressed as a linear combination of U, V, and W. 

Example S-3. If U = (1 0 -1), V = (1 1 1), W = (0 2 -2), and 
Z = (1 4 —3), express Z in the form Z = fcU + mV + pW. 

This vector equation is equivalent to the three linear equations 

k + =1 

m -f 2p = 4 

—k + m — 2p = —3. 

The solution in terms of third-order determinants (Section 5-8) is 


Dt/D, 

m = 


JO, 

p = 

Os/D, 

where 



1 

1 

0 


1 

1 

0 



D = 

0 

1 

2 

ss 

0 

1 

2 


— G 0, 


-1 

1 

-2 

1 

j 

0 

2 

2 



1 

1 

1 

I 

0 


1 

1 

0 

1 


0 , = 

4 

1 

2 


1 

0 

0 


—2, so that k 

1 

1 

; - 3 

1 



-3 

1 


1 



h > and 1)3 could also be computed, but the first equation yields m = §, 
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Figuke 8-5 


and then the second equation gives p = i(4 - §) = The last equa- 
tion is used as a check: 

The following theorem and its proof are valid in either 2- or 3-dimensional 
space. One of the advantages of the vector notation is that it is possible 
to denote a set of numbers by a single letter and it is often immaterial 
how many numbers are in the set. Indeed, the following theorem is valid 
in n-dimensional space, where the word “between" is given an algebraic 
rather than a geometric interpretation. 

Theorem 8-5. // U = OA and V = 08 are geometric vectors that arc 

not collinear, and if C is any point between A atul B, then 

W = ^ = (U -h (1 - OV, (0 < t < 1). 

Conversely, if this equation is satisfied by W, then C is between A and B. 

Proof. I>ct OD be the vector U — V, so that ODAB is u parallelogram 
(see remark after Theorem 8-3). Through the point C draw a parallel 
to the line AD, determining the point IC and the vector OB = t{U — V), 
where 0 < < < 1. B is between 0 and D because (' is between A and B. 
l-’rom the parallelogram OBCB (Fig. 8-5), it follows that 

W = t(U - V) -f V 

or 

w = m + (1 - OV. (0 < t < 1). (8-13) 

Conversely, if W = OC i.s a vector that satisfies Ecj. (8-13) or W = 
f(U - V) 4- V, then od is the diagonal of the parallelogram that has 
OB and OB as its sides. C lies on the line AB between A and B, since B 
is between 0 and D. 

Note that ^ = 0 in Eq. (8-13) yields W = V and t = 1 yields W — U. 
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Corollary 1. If Q is the midpoint of the segment AB, then W = 
OQ = (U 4- V)/2. 

Corollary 2. // U = (.ri ijx) and V = {xo 1 / 2 ), Eq. (8-13) is equiva- 
lent to the two equations 


•>*3 = + (1 — t)x2, 

Vs = tVi + (1 — 01 / 2 , (0 < / < 1), 


(8-14) 


and if V = (xi tji 2O and V = (xg 1/2 22), Eq. (8-13) is equivalent to 
the three equations 


X3 = /xi + (1 — 0-22, 

Us = IVi + (1 — 01/2, (8-15) 

23 = tZi + (1 - 023 , (0 < / < 1 ). 


Theorems 8-5 and 8-0 play an important role in the theory of linear 
inequalities and linear programming (Sections 8-8 and 8-9). 

Theorem 8-G. If U = OA, V = OB, W = OC are geometric vectors 
such that .4, B, C form a triatigle, and if D is a point in the interior of the 
triajigle, then 

Z = ^ m 4- sV -{- (1 - / - s)W, 

(0 < / < 1, 0 < s < 1, 0 < 1 - / - 5 < 1). (8-lG) 

Conversely, if Z ■= OD satisfies Kq. (8-16), then D is inside the triangle 
ABC. 

Proof. The point D is inside the triangle ABC if and only if it is between 
the vertex A and a point E which is between B and C. The point E is 
between B and C if and only if OE = rV -f- (1 — r)W, (0 < r < 1); 
and the point D is in the interior of the triangle if and only if 


Z = OZ) = /U ~ (1 - t)rV + (1 - 0(1 - r)W, (0 < t < 1). 
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Let (1 _ = s. Since (1 — 0 and r are both between 0 and 1, s is 

also. Further, 0 < (1 — 0(1 — r) < 1 and 

(1 - 0(1 - r) = I - ( - (1 - Or 1 - i - s. 

Therefore 

2 = 0/> = (U + sV + (1 - ( - s)W, 

(0 < ( < 1, 0 < s < 1, 0 < 1 - S - ( < 1), if and only if D is in 

the interior of triangle A BC. 

The proof is valid if ^4, B, C are in the xy-plane or in 3-space. The equa- 
tions in terms of coordinates that correspond to the vector Eq. (8-16), in 
both two and three dimensions, are readily given. 


Problem Set 8-2 

1. If U * (2 3), V = (-4 2) and W = (—1 0), determine the following 
vectors geometrically. 

(a) U -1- V, (b) U — V, (c) 2U + 3W, (d) 2W — 3U. 

2. If 



in a perspective diagram sketch the following, based upon geometric construc- 
tions: 

(a) U -f V, (b) V — U, (c) iU -b IV, (d) i(U — 2V). 

3. Expresseachof the following vectors as a linear combination of U =* (-3 2) 

and V = (1 1). Solve algebraically and check graphically. 

(a) (-2 6) (b) (6 I) (c) (2 -4) 

*. If U ■= (I -3), V = (4 -1). X = (18 1). Y = (-5 -7). express X 
and Y as linear combinations of U and V and then solve those vector equations 
to find U and V as linear combinations of X and Y. 

5. If U = (1 0 -2), V <= (1 2 -1), W = (0 1 2), express each of the 

following vectors as a linear combination of U, V, and W. Solve algebraically 
only. 

(a) (4 2 I) (t>) (-3 -1 4) 

6. (a) Show that it is possible to express the vectors X * (10 -6 10), 

Y = (_9 7 7) as a linear combination of U = (2—14) and V = (—3 2—1). 

What geometric relation holds for these four vectors? (b) Solve these vector 
equations to find U and V as linear combinations of X and Y. 
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determine the vector W = lU + (1 — <)V for the following values of I and 
illustrate geometrically. 

(a) ( = i (b) f = i (c) ( = J (d) ( = 1 

(e) / = 0 (0 i = 2 (g) t = -2 

8. Prove Corollary 1 of Theorem 8-5: If Q is the midpoint of the segment 

AB, where U = 0.4 and V = OB, then W = 00 = iCU + V). 

9. (a) What can you say about the vector W = 2U — V in relation to the 
vector U = 0.4 and V = OB? About the vector Z = ~U + 2V? (b) Discuss 
the general situation for the vector tU + (1 — OV for t < 0 and for I > 1. 

10. If U = (2— 14) and V = (—3 2 —I), determine the vector ~ 


W = <U+ (1 — ov 

for the following values of I and discuss the relative positions of the terminal 
pnints of U, V, and W. 


ti 


(a) f = 3 (b) f = -§ (c) i = § 

11. fa) If U = 0,1, V = OB, W = OC. Z = 00 are geometric vectors in 
ic xi/-|)!ano, write the equations in terms of coordinates which correspond to 

Z = tU-r sV-f (1 - I - s)W. 


{!>) /> i'! in the interior of triangle .tZ^C if and only if 0 < f < 1, 0 < s < 1, 
(' < ( I — f — .s) < 1 . I'sing the equations in (a), show that the point §) 
is in the iiitf rinr of triangle ABC, where .1(2. 2), B(0, 1), 0(2, 4). 

('•) 1 sing the eiiuations in (a) and the points of (b), show that the point 
('iT' 3 ) bi the interior of triangle ABC. 

12. (a) If U = 0,f, V = OB. W = OC, Z = 00 arc geometric vectors i 
3-spaee. write the ocjuati<in.s in terms of coordinates which correspond to 


in 


Z = m -f -i- rW. 

(0 < / < 1, 0 < .s < 1. 0 < r < I. r 


s 1). 
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(b) Using these equations, show that D{^, i) is in the interior of triangle 

ABC, where the points are /l(l. 1, 1), Bi2, 0, 0), C(3, 3, 0). ^ 

13. Prove the first part of Theorem 8-5, using Fig. 8-7: If U = 0/1 and 
V = ^ are geometric vectors that arc not coUinear, and if C is any point 

between /I and B, then W = OC = (U - p (1 “ OV, (0 < ( < 1). 

Draw lines through C parallel to (fB and 0.1 and let 0.1/ = lU. Use the theory 
of similar triangles. 


8“3 Matrices. Definitio.s 8-lM. A ma/rij: is an ordered rectangular 
array of numbers enclosed in parcnthesc.s. The individual numbers of the 
matrix are called its elements or entries. 

In thi.s book these entries are real numbers, and hereafter thi.s is to be 
understood. Examples of matrices are 



Definition 8-2M. The order of a matrix is indicated by a symbol sucii 
as 2 X 3 (read; “2 by 3") or more generally n X m, where the first 
integer n indicates the number of rows and the integer m indicates the 
number of columns in the rectangular array. 


A column vector is a matrix with only one column; a row vector is a 
matrix with only one row. If the number of rows eiiuals the number of 
columns, the matrix is a square matrix and its order may be indicated by 
a .single integer. A matrix may be de.sigimted by a single capital letter 
with its order shown as a subscript. Another convenient notation is to 
represent the matrix as a .set of real numbers, using the same lower case 
letter with sub.scripts to indicate the position of the entry in the matrix. 
Thus a,i represents the entry of a matrix which is in the ith row and the 
jth column, where i may have any value from 1 to n and j may have any 
value from 1 to m. 'I'hus a 2 X 3 matrix might be represented in any of 

the following ways: 



\ U ^| 0^.2 <^ 2 . 1 / 



1.2, 3j. 


and a sijunre matrix of order two might be repre.sented by 



Some of the .symlmls may b«* omitted if no misunderstanding is likely 
to occur. 
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Definition 8-3M. Two matrices are eqwd if they contain the same 
number of rows and the same number of columns and if corresponding 
entries are equal. 

Since equality of matrices depends only upon the properties of equality 
of real numbers, it follows that the laws of equality El to E4 are true 
for matrices as well as for real numbers. 

The definition does not include two matrices which have different 
orders. For example, 



the first being a 3 X 2 matrix and the second a 2 X 3 matrix. In this 
special case, the second matrix is obtained by interchanging the rows and 
columns of the first and is called the transpose of the first. The transpose 
of the matrix A is represented by the symbol or by an interchange of 
the subscripts i and the transpose of (0,7) being (a,,-). 

Tlie e<iuality 

/a ^\ _ /^i I ^I2\ 

\c dj \b2i 622/ 

implies a =• 6n» ^ = ^^i2i c = 621* d = 622! 

C 9' -(If)- 

Dekinitio.n 8-4M. If A and B arc two matrices of the same order, their 
.9nm, indicated by A -t- B, is a matrix of the same order whose entries 
are the sums of the corresponding entries of A and B. 

Addition for matrices of different orders is not defined. 

Example 8—1. 

c; 9 - 09 - e 9 

but 

G 9+^' 

is meaningless. In general, 

A„xm !- B„xm = {a,j) + (6,7) = (a, 7 + bij). 
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Since addition of real numbers is closed, commutative, and associative, 
it follows that these properties hold for matrices of the same order. If 
A, B, C are matrices of the same order, then 

A + B is a matrix of the same order, {8-lM) 

A -f B = B + A, (8-2M) 

(A + B) + C = A + (B + C) = A + B + C. (8-3M) 

Definition 8-5M. A zero mo/nx is one all of whose entries are 0. 

A zero matrix is represented by the symbol 0„xm- The zero matrix 
has the important property 

A + 0 = A, (8-4M) 

where it is understood that A and 0 have the same order. 

This is an immediate consequence of the properties of real numbers 
a 0 = a. For example, 

(a h\ (0 0\ /a + 0 6 + 0\ /a b\ 

\c d)'^\0 o) V + 0 d + Oj \c d) 

Definition 8-CM. The additive inverse or the negative of a matrix A is 
the matrix whose entries are the negatives of the entries of A, and is 
indicated by (—A). 

If A = (a„), then (-A) = (-0^,). It is easy to verify 

A -f (-A) = 0. (8-5M) 

Matrices do not obey the Axioms of Order given for real numbers; hence 
positive and negative matrices are not defined, As indicated in Defini- 
tion 8-t)M, the negative of a matrix is defined. 

The operation of subtraction of matrices of the same order, indicated by 
the use of the minus sign, — , is defined as follows: 

Definition 8-7M. 

If X + A = B, then X = B - A. (8-GM) 

If the entries of these matrices arc x.y, a,;, 6,7, (i = 1, 2, ... , n; j = 
1, 2, ... , m), respectively, then X is the matrix whose entries are the 
difTerence of the entries of B and A. Since 6,y — a,; = hi, 4- ( — a,;), 
where ( — a,>) is the additive inver.se of a,>, it follows that ul.'^o 

B - A = B 1- (-A), (8-7M) 

where (—A) Is the additive inverse of A. 
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Theorem 8-lM.* If A, B, C are matrices of the same order, and if 
A = B, then A + C = B C; and conversely, if A + C = B + C, 
then A = B. 

Thus, all the fundamental laws of addition arc valid for real matrices 
as well as for real numbers. 

Definition 8-8M. The product of a number and a matrix is the matrix 
whose entries are the entries of the given matrix each multiplied by 
the given number. 

If the entry in the fth row and jth column is a,y, then 

AA = kk = A*(a,>) = (A-a,-j), 
wliere k is a real number. 

Such multiplication is referred to as scalar multiplication or numerical 
multiplication to distinguish it from other types of multiplication which 
involve matrices. 

As a c<inse(|uence of this definition, it is seen that 

()A - 0; lA = A; (-1|A=(-A) (8-8M) 

.‘Mid tliat 

B A - B • (-DA. (8-{)M) 


Tlir iniiius sign, . lias ilio 
ii \\ ith rc:il iminbei'^. 


>amc thret' interpretations with matrices that 


rMi;oi:i:M S JM. 


// I: and / on nundurs ami A and B tire matrices, then 


(A- • DA AA i /A, (8-lOM) 

k{lA) - (A7iA 1{I:A), (S-IlM) 

A(A I B) - AA ‘ AB. (8-I2M) 


In siiniiuary, itisofar as r(juality. .'uKlition. subtraction, and numerical 
multiplication are concerned, the algebra of matricc*s is like the algebra 
of H'ul numbers. 

S»|uarc matrices play a distim tivc rt>!e. .Vssociated with every square 
matrix is a determinant, but tlu* two should not be confused. .\ scpiare 
matrix is nK'rely an urch'ivd .s<|uan‘ array of numbers, whereas a de- 
terminant is an ordi icd .•.i|uare array of numl)ers to which a value is 
a.'->ign(‘d. 'i'o distinguish between tin' two. parentheses are use<l to repre- 


riic ])i<)nf is left as an c-xiTcisc 
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sent matrices and vertical bars arc used for determinants. If the square 
array of numbers is the same in both cases, the determinant is said to be 
associated with the matrix and is indicated by det A, where A is the 
matrix. Thus if 


-(:;)■ 


then det A = 


a h 
c d 


= ad — he, 


and if 


B = 



02 

az\ 



02 

03 

62 


then det B = 

6 . 

62 

^3 

C 2 

C 3 / 


C| 

C 2 

C 3 


where the value of this determinant is obtained by the rule.s given in Sec- 
tion 5-7. 

Note carefully that the value of a determinant may he zero, even when 
the associated matrix is not the zero matrix, l-'or example, 



Problem Sftt 8-3 

1. If 

(2 3\ /2 xA-y\ 

\4 \x-y 5/ ’ 

find X and tj. 

2. If 



compute (ti) A -I- B; (b) A -I- B + C; (c) A - B; (d) B - A; (e) ^A - ^C; 
(f) X, if 3B -b X = 2C. 

3. Kxplain wliy it is not possible to compute tlie following sums. 

(a) (I + (3 .) (b, (; + 2 


4. If A uiul B are matrices uf the same order, prove A^ -f- B^ = (A -} B)^. 
First prove the statement for 2 X 2 matrices and then generalize. 

5. Prove the .\ssocialivc Law of .\<hlition for matrices of the same onlcr: 


(A -f B)-}-C = A-f- (B + C). 


0. Prove the Cancellation Law of .\ddition f<ir matrices an<l its conveix' 
(Theorem 
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7. Prove (a) AO = 0, (b) OA = 0, (c) A -|- OB = A, where A, B, 0 are 
matrices of the same order. 

8. Prove 

(-l)A = (~A), B - A = B + (-l)A, 


where A and B are matrices of the same order. 

9. Prove Theorem 8-2M. State these laws in words. 

10. Find the values of the determinants associated with each of the following 
matrices. 


(a) A = 





(c) C 



(d) D = 



8-4 Vector multiplication. Experience has shown that different defini- 
tions of products of two vectors are useful for different purposes. Two 
such definitions are given here. 

r)t;FiMTioN 8-OM. If U and V are two row vectors (or two column 
vectors) with the same number of components, then the scalar or dot 
product of U .and V, indicated by the use of a heavy center dot (U‘V), 
is the real number which is the .sum of the products of corresponding 
components of the gi\en vectors. 

For (‘xample. (i/i uo W3)-0’i «'2 C3) = u,i', -f j/gCo + U 3 V 3 , and 



is the .same number. 

Since multiplication of real numbers is commutative, it is easily verified 
that 

v-u = u-v. 


1 his .special type of multiplication is commutative, but it is not associative. 


Indeed, the product U-V-W is meaningle.ss, .since U*V is a real number 
and the dot product is not defined for a .scalar and a vector. 

Another product which is closely related to matrices is defined as follows: 


Definition 8-lOM; It U is a row vector and V is a column vector with 
the saiiK' number of components, then the product of U and V, indi- 
cated by writing them in ju.xtaposition with U written first, is the 
vector which has a single component formed as the .sum of the product.s 
of corresponding components of the given vectors. 
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For example : 

A.\ 

(«1 W2 W 3 ) I ^2 I = + W2l’2 + Mat's)- 


The product of a column vector and a row vector is not defined, and it 
is meaningless to talk about the commutative law of such a product. 
However, if R is a row vector and C is a column vector, then (C trans- 
posed) and are row and column vectors, respectively, and it follows that 

RC = C^R^ = (riCi -j- r2C2 + • • • 4" rnCn). 


Since there is no essential difference between a real number and a vector 
with a single real component, the parentheses are usually omitted. 

Example 8-5. 


(a) (2 3) 






(b) (2 3) 



(c) {2 3 4) 



2 -I- 6 - 12 = 



(d) (2 3 4) 




Cases (b) and (d) show that the product may be zero even if neither 
the row nor column vector is a zero vector. 

In case the product of two vectors U(ui 1 / 2 ) and V(wi j' 2 ) vanishes, the 
corresponding geometric vectors are perpendicular. If U = OA and 
V = OB, the lines OA and OB are perpendicular if and only if the triangle 
0/1 fl is a right triangle, tliat is, 

AB^ = OA^ 4 - OB^. 


In terms of coordinates (Fig. 8-8), OA^ = uf 4- OB' = v'i f- I'l 


and AB^ = (ui — 4- ( 1^2 — C 2 )*- 

Hence 

Uj — 2u|Ci 4" Cj 4“ M 2 — ‘2u2t'2 4" C 2 

= U? + U2 4- Cl 4" t'L 

which reduces to 

HiCi 4- '<2‘’2 = 0 - 



The proof for three-.^pacc is very simi- 
lar. 


Ficum: 8-8 



206 


MATRIX ALGEBRA AND LINEAR PROGRAMMING 


[chap. 8 


A linear equation can be written in terms of a vector product, 
equation 


is equivalent to 


ax by + cz = d 


(a b c) 




The 


If X, ij, z indicate the quantities of three commodities and a, b, c represent 
their prices, then the budget equation can be written in vector form. 
Similarly, if ^i, 52. Qs represent the cost of producing one unit of each 
of three different commodities and Xi, xa, X3 represent the number of 
units produced, then the total cost, Q, given in vector form is 


(7» < l 2 93) 




In such simple economic illustrations, the numbers involved are all posi- 
tive (or zero) and the corresponding geometric vector is limited to the 
positive octant. 

Kx.vmi’lk 8-6. In a manufacturing proce.ss three commodities in 
amounts .r. ij. r arc produced, and their prices p, 7, r, respectively, are 
functions of ilie amounts produced, .say p = /(x), 7 = giy), r — h{z). 
1 iiid the total re\cmio received from the sale of these products. 

Ib'prr's'uit the prices by the row vo«'tor 


P = (p 7 r) 

and the (piantities by the eolumn vector 


X = 

riien the revenue R is given by 




= px -h qij -f- rz 


— j/U) 4 - yg{y) + zh{z). 

It may happen that the prices depend upon all three of the quantities 
'/, For example. th(' commodities might be gasoline, kerosene, and 
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asphalt. Ill that ease, 


and 


p = F{x, y, z), q = G{x, y, z), r = II(x, y, z), 


R = xF + I/O + zU = R{x, y, z) 


is a joint revenue function. 

8-5 Matrix multiplication. Tlie definition of the product of a row 
vector and a column vector is used to define the product of two compatible 
matrices, that is, matrices which .satisfy certain conditions on their orders. 
The matrix product of two matrices is defined if and only if their orders 
arc of the form 

71 X m and m X Ic, 

that is, provided the number of columns of tlie first equals the number 
of rows of the second. A row vector and a column vector with the same 
number of components are compatible. A 2 X 2 matrix is compatible 
with any 2 X k matrix. A 2 X 3 matrix is compatible with any 3 X k 
matrix. A square matrix of order n is compatible with a scjuarc matrix of 
the same order, with other matrices of n rows, and with column veetor.'< 
with n components. A row vector of n components is compatible with 
any matrix of n rows. 

Before the general definition of matrix multiplication is given, it is 
illustrated by two special cases. I'o find the product of a row \ector A 
of three components and u 3 X 2 matrix, M, proceed as follows: 


(qj 02 fla) 




= (AC AD). 


Let C be the column vector whose components are the entries in the first 
column of M, and D be the column vector formed from the entries in 
the second column of M. Tlie product is a vector of two component.<, the 
first being the vector product (Definition 8-lOM) AC and the second the 
vector product AD. 

ICXAMPLK 8 7. 


(2 3 - 



-2 1 = (2 -b G - 3 0 - G -b 1) = {’> 1) 
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This multiplication of "row by column” is the key to the general defini- 
tion. To find the product of two 2x2 matrices, M and N, 

MN = 

lot A be the row vector whose components are the entries of the first row 
of M, let B be the row vector formed from the elements of the second 
row of M. Let C and D be the column vectors formed from the entrie.s 
in the first column and second column, respectively, of N. The product 
MN is a 2 X 2 matrix whose entries in the first row are the vector products 
AC and AD and in the second row are BC and BD. 

Example 8-8. 

/ 1 2\ /2 -iN / 2 + 2 4 + (>\ _ / 4 

V-2 lAl y V-4 + 1 -8 + 3y~V“3 

Definition 8-1 IM. The product of an n X m matrix M and an m X ifc 
matrix N is an n X k matrix P obtained as follows: The entries in 
the first row of P are the vector products of the vector formed from the 
entries of the first row of M and the k column vectors formed from the 
entries in N; the entries in the second row of P are the vector products 
of the vector formed from the entries of the second row of M by these 

same column vectors, etc. In general, the entry of P, (i = 1,2 n; 

j = 1.2 k) is the \ector product of the row vector whose com- 

ponents are the entries in the ith row of M and the column vector whose 
components are the entries in the jlh column of N. 

Example 8-9. 



^ / 8-18 + 12 -4 + 3 + 20\ / 2 19\ 

\-4 - 12 2 + 2 ) \-lQ 4/‘ 

The product of a (2 X 3) and a (3 X 2) matrix is a (2 X 2) matrix. 

A system of equations 

^iJ* + a 2 y + 032 = di 
bix + b 2 y + 632 = ^2 
cix + c^y + C3Z = ds 

can be written in the condensed form 




AX = D, 
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where A is the matrix of coefficients, X is a column vector 



and D is the column vector 



An equivalent form is 


X^A^ = D^, 


where T indicates the transpose, so that X^ and are row vectors, 
detail, 

( Qj bi cA 

02 62 €2] = (di ^2 da). 

03 f>3 C3/ 



Example 8-10. Consider the following greatly oversimplified production 
problem. A manufacturer of furniture wishes to produce 40 tables, 120 
chairs, 20 desks, and 10 book cases. It requires 8 units of material and 3 
man-hours of labor for each table; 4 units of material and 2 man-hours of 
labor for each chair; 10 units of material and (i man-hours of labor for each 
desk; and 12 units of material and 10 man-hours of labor for each book 
case. The material costs $.75 per unit and labor is $.3.00 per man-hour. 
Find the total cost as follows: Consider the quantities to be produced as 
a row vector, the amount of materials and labor as a matrix, and the 
costs as a column vector. 

Material Labor 


Total cost = 


(40 120 20 10) 




Material I^bor 
= (1220 580) = $2055. 

Note that the product of the first vector by the so-called activity matrix 
gives the total material and labor used, whereas the final product is the 
total cost. 


1. If 

U - (2 3). 


Problem Set 8-4 
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determine, if possible, the following vector products. 


(a) UV (b) VU (c) WX (d) WY 


(e) XY 


2. If A(2, 3), 5(— 6, 4), C(3, 2), D (— 6, 9), which of the six possible pairs of 
geometric vectors from OA, OB, OC, OD are perpendicular? 

3. If .1(2, 1,-3), 5(2, 1,1), C(-l,^I)^D(^-^0), which of the six 
possible pairs of geometric vectors from 0-1, 05, OC, OD are perpendicular? 

4. In a manufacturing process, three commodities in amounts x, y, z arc 
produced, and their prices p, q, r arc given by the demand laws p = 12 — Ax, 
7 = 15 — 3i/, r = 10 — 5z. Write the total revenue R as a vector product 
and compute R as a function of x, y, z. State the limitations that must be imposed 
upon X, y, z. 

5. Perform the following matrix multiplications, when possible. 


(a) (2 3) ( * 2 

(<•) (2 -1 3 l (“^ 



(b) (2-13) 




(•. ih rfnrni the following matrix multiplications, when possible. 





(2 3) 




compute (a) AB. (b) [AB]C. (c) BC. (d) AIBC], (e) AIB + C] and verify that 
it equals AB -I- AC. (f) [B -f C|A and verify that it equals BA CA. 

‘ "-C-i)' '-cr;). 

verify that AB = AC. 

verify that AB = 0. 
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10. If means AA, show that 

/i oV (I oV /-I oV /-I oV (0 

\o \) ' \o ' V 0 1/ ’ \ 0 -V ■ V/* 0/ ' 

where k is any nonzero number, are all the same. 

11. Write the following systems of equations in matrix form (a) involving 
column vectors; (b) involving row vectors. 


(a) 3x + 2y = 7 
-2x + y = 2 

(c) 3x + 2y - z = 9 
-2x+ y-i- 32 = 13 


(b) 3x + 2y = 7 
-2x + y = 2 
5x + y = 5 

(d) 3x + 2y - 2 = 9 
-2x + y+ 32 = 13 
5x + 3y — 22 = 6 


12. A contractor agrees to manufacture 5 units of article .1, 15 units of B, 
3 units of C, 7 units of D. Each unit of .1 requires 2 man-hours of labor, 3 units 
of material, and 2 hours use of special equipment; each unit of B requires 3 man- 
hours of labor, 1 unit of material, and 1 hour use of special equipment; each 
unit of C requires 4 man-hours of labor, 2 units of material; each unit of D 
requires I man-hour of labor, 4 units of material, and 2 hours use of special 
equipment. Each man-hour of labor costs $3, each unit of material costs $1, 
and each hour use of special equipment costs $4. Find the total cost by con- 
sidering the quantities to be produced as a row vector; the amounts of labor, 
material, and special equipment as the activity matrix; and the costs as a 
column vector. 


8-6 Properties of matrix multiplication. Some, but not all, of the laws 
of multiplication for real numbcr.s remain valid for matrix multiplication. 

Closure. The product of two matrices is defined if and only if the 
matrices are compatible. Two square matrices of the same order are always 
compatible. 

Commulalive law. In general, Ike product of two matrices is mU commuta- 
tive. If the matrice.s A and B have order-s n X m and m X k, so that AB 
is defined, the commutative property may fail for any one of the following 
reasons : 


(1) n 7^ k, BA is not defined; 

(2) n =■ k m, AB and BA are .square matrices of dilTerent orders; 

(3) When A and B are sejuare matrices of order n, the entries in the 
product.s may differ. For example, 
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Example 8-11. Determine, if possible, the number x, 
matrices 



are commutative. 


so that the 


XY 


V2x + 9 


o 

X + 6 




/ 6 
\2x -}- 9 



These products are equal if and onlv if x + 6 = 9, or x = 3. For any 
value of X ^ 3, XY ^ YX. 

Associative law. If ynalriccs A, B, C are compatible for the product ABC, 
then 

[ABIC = A[BC].* 


A proof is given for the case of 2 X 2 matrices. The proof for the general 
ca.se is similar, the difficulties being related to notation rather than to 
procedures. The case where A is a row vector and C is a column vector 
is considered first. 


[ABIC = 


OihiCi T • aibfCf r 0^640;}. 


01^2 "b 



AiBC] - 


(U| Uo) 






od'iC] 



• 02b\C-2- 



1 lic-^e an* the sami* itinnb«“rs, 


If now 



then [ABIC and A[BC] are determined by computations similar to those 
aho\’e with (U) 02 ) rephued by (a'j 02 ), 



The procedure for matrices of higher 


order is similar, f 


* Square brackets an* 
in the matrix notatifin, 


usetl us sign.s <>f grouping, since parentheses are used 


t For a proof in tin* ginerul 
.Mathematics for Higti Si ho..!. ! 
matics Study Group, HMith 


case, involving the summation notation, see 
ntroJuction to Matrix Algebra, School Mathe- 
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Dislributive laws. // A and B are compatible {for multiplication), and if 
B and C are conformable {for addition), then 

A[B + C] = AB + AC; (B + C]A = BA + CA. 

Since matrix multiplication is not commutative, the order of writing the 
symbols must be preserved. If A is a row vector, (an ai2 <213), and B 
and C are 3 X 2 matrices, then 


i>ii 

6i2 

621 

^22 

,^ 3 l 

^>33 

Cll 

C12 

C2I 

C22 

,C 31 

C32 


and 


A(B + C] = (a,! ai 2 a^) 


b\\ + Cii 
&2l + 

^*31 + 1^31 


612 + C12 

622 “h ^22 


It is straightforward computation to verify that 

A[B + C] = AB + AC. 


\ 


fV' 


If A has more than one row, a change in the subscripts to (a,i a, 2 Uia) 
gives similar results. The procedure in the most general case is similar. 

To prove (B + CIA = BA -f CA, first consider A as a column vector, 
and then as a set of column vectors. 

Although matrix multiplication is distributive with respect to addition, 
the failure of the commutative law means that the usual formulas for 
real numbers concerning .special products and factoring are not, in general, 
valid for matrices. 

[A + B]* = A* + AB + BA + B^ 

[A + B][A - B) = A* - AB + BA - B^, 

for any A and B which arc square matrices of the same order. 

Identity matrix. If A is a matrix of order n X m, then there exists a square 
matrix In and a square matrix such that I„A = A and AI,n = A. If k 
is a square matrix of order n, then In = Im, that is, 


IriAn — An — Anln- 


The matrices In and are called identity matrices or unit matrices. They 
are matrices in which entries on the main diagonal arc 1 and all other 
entries are 0. 
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Example 8-12. 










Multiplicative immerse. If X is a matrix of order n X m and X is a matrix 
of order m X n such that AX = !«, then X is called a right inverse of A and 
is designated by the symbol 

If Y is a matrix of order m X n such that YA = then Y is called a 
left inverse of A. The symbol A“^ is used for Y also, subscripts being used 
if necessary to distinguish X from Y. 

If A is a square matrix of order n, and if there exists a matrix A“* such that 

A-‘ A = I = AA'*, 


then A”^ is called the inverse of A. 

The existence and uniqueness of A“^ for a square matrix is discussed 
in the next section. The general situation is now illustrated. 

Example 8-13. It may be verified that 



so that A is a left inverse of B and B is a right inverse of A. 
It may be verified that 



Zero matrix and multiplication. The zero matrix 0 was defined in terms 
of addition, but if 0 and A are compatible, it is seen that OA = 0. The 
converse, however, i.s not true. It is possible to have two nonzero matrices 
whose product i.s a zero matrix. For example, 
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A characteristic of the matrix A above is that its associated determinant 
is zero: 


Cancellalion for muUiplicaiion. It is easy to prove on the basis of the 
Substitution Principle, which is valid for matrices, that if A = B, then 
AC = BC. The converse, even when C 0, is not true. For example, if 



then 

*c - c j) e t} ■ ( “ _■;) . 

“-(4 -oe ^)-(“ 4)-*'^ 

but A 5^ B. Note that = 0. 

|4 b| 

Similarly, the left cancellation law is not valid. If CA = CB, andC 0, 
it is not possible to conclude that A = B. 

The failure of the commutative law, of the law of cancellation, and of the 
zero law — if AB = 0, then either A = 0 or B = 0 — are three of the main 
differences between the algebra of matrices and the algebra of real num- 
bers. These laws are closely related to the existence of a multiplicative 
inverse. 


Problem Set 8-5 

1. (a) If 

A = (‘ ;) and B = (^ J), 

determine if AB - BA. 

(b) If 

C=.(^J) and D.(_J 

determine whether CD ® DC. 


2. Determine, if possible, values of z and y so tlmt if 




then AB ^ BA; 


(a) A 
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(b) A 


■ (-: 3 


and 


B 


= (-■ !)■ 


then AB = BA. 


3. Prove the associative law (ABJC = A[BC] if 

(a) A is a 1 X 3 vector, B is a 3 X 2 matrix, and C is a 2 X 1 vector; 

(b) A is a 1 X 3 vector, B is a 3 X 3 matrix, and C is a 3 X 1 vector. 

4. Prove the distributive law [B -f CjA = BA + CA, where A, B, C 
square matrices of order 2. 


S. If 


\C2 ^2/ 


and 



write the left and right identity matrices for A and B, 

6. (a) Verify that 


(- 


4/5 

3/5 


-1/5 
2 / 


t) 


is the inverse of 


e;) 


(b) Verify that 




is the inverse of 



(r) Verify that 


( 


1 -3 
1 — 1 


7. If 


=(;:) 


is a left inverse of 


and 


B 



-(::)■ 


siiovv that AB = 0 but BA 9 ^ 0. 


8. If 


■ (-: -:) 


and 


B 


■ G 0^ 


show that AB = 0 = BA. 


9. If 




are 


show that AB = 0 BA. 
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10. (a) Prove that if A = B, then AC « BC. 
(b) If 



show that AC - BC, A B. 

11. If A, B. C are square matrices and if C has a multiplicative inverse C”‘, 
and if (a) AC = BC, or if (b) CA = CB, prove A = B. 

8-7 Matrices and linear equations. It was pointed out in Section 8-5 
that the system of equations 

ojj + a^y + 032 = dx 

+ ^2y + ^32 = d2 (8-17) 

ClX + C2y + C 32 = ds 

is equivalent to the matrix equation 

AX = D, (8-18) 

where A is the matrix of the coefficients, X and D are the column vectors 
{x y 2 )^ and (dj d 2 da)^. Similarly, any system of n linear equations in 
m unknowns can be written in the form (8-18), where A is an n X m 
matrix and X and D are column vectors with m components. If A has a 
left inverse A“', then A~'AX = A“'D or 

X = A-*D. (8-19) 

Theorem 8-7. // A is a square matrix of order 2 or order 3, there exists 
a unique inverse of A, provided del A ^ 0. 

The proof gives a procedure for finding A“‘. First suppose that A is a 
2x2 matrix. Seek numbers ui, U 2 , wi, t »2 so that 

/ui U2\(ai OaV 0\ 

\vi V2/ \bi bij \0 1/ ■ 

This matrix equation is equivalent to two pairs of equations in the un- 
knowns; 

+ biU2 = 1 |a,y, + 6,e2 = 0 

aaMi + Ma = 0 laayi + Ma = 1 ° 

There will be a unique solution (ui U 2 ) and (i^i 1 * 2 ) if and only if the de- 
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terminant A associated with the matrix A is different from zero: 


In that case, 


Ui = 


Vi = 


Further, 



A = 

. _ 

Oi 

O2 

9^ 0. 




C 2 O 2 

bi 

62 

1 



1 

hi 




Ol 

1 


0 

62 

62 

«2 


02 

£ 

—02 


A 

A ’ 


A 


A ' 

0 

bi\ 




Gl 

0 


1 

62 

-61 

V2 


O2 


Gl 


A 

“ A ’ 


A 


A 


(ai a2\( b2 ^ V _ A o\ 

\bi b 2 /\~bi ai/A Vo A/ A Vo I/' 


since 01^2 ““ <*2^1 = Hence 



is the inverse of A, namely, A"*. The matrix A”* is unique, and Eq. (8-19) 
gives a formal way of solving the equations in two unknowns correspond- 
ing to Eqs. (8-17). 

If A = 0, both sets of equations in Eq. (8-20) are inconsistent and A 
has no inverse. 

Similarly, 

wi W2 «3\/ai 
I'l V2 I’allbi 
U>2 ^3/ \ci 

is equivalent to 

Gl«l + 6 i«2 + C1U3 = 1, 

^2^1 + 62U2 + C2W3 = 0, (8-21) 

G3W1 + 63U2 + C3U3 = 0, 

and two other equations which in matrix form are 

A^V = (0 1 0), 

A^W = (0 0 1). (8-22) 



02 03\ /l 0 0\ 

b 2 63 ) = (o 1 0) 

C 2 cj \o 0 1/ 


There will be unique («i M2 M3), (i^i V 2 t>3), (i^i 


m ?2 W3) if and only if 
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det A 9^ 0. In that case 



1 6, Cl 

0 62 C2 

0 63 C 3 

fll 61 Cl 

Q2 ^2 ^2 
dZ ^3 C 3 



where Ai is the cofactor (signed minor) of ai in the determinant 


Oi 

02 

03 

b, 

62 

63 

Cl 

C2 

Ca 


which is the transpose of A. Similarly, 


1/2 = 


Ol 

1 

^«i 


Ol 

^>1 

1 


02 

0 

C2 


02 

b 2 

0 


O3 

0 

Ca 


O3 

63 

0, 

_ 


and 


(ci 1’2 Wa) — ^ {^2 1^2 C2), 


(u)i W2 lea) = ^ (^3 ^3 Ca). 


Further, 


di d-i Oa 

61 62 ^3 

.Cl C2 ca 



A I Bi Cl 


B2 

Bz 


0 




since 


A — ai.4| + 02/^2 “i" 

0 = fli^l + 02^2 "I" d^B^, 

etc. (See Kqs. (o“12) and (5-18) of Section 5-7.) Hence 

A I 


A-‘ = 



Bi Cl 

B2 C2 I is the inverse of A 
Bz Cz^ 


di 02 Oa 

5 i 62 63 I > 

Cl C 2 C 3 , 


since A“’A — I = AA *. 

If A = 0, then Etp (8-21) and those that correspond to E(j. (8-22) are 
inconsistent unles-s all the cofactors arc zero. But OA ^ I. Hence A 
lias no inverse. 
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Example 8-14. Solve the system of equations 


2x — 4y -h Sz = 3 
4x — 6y + 5z = 2 
— 2x 4- y — z = I 


by finding the inverse of the matrix of coefficients. 
A = det 


2 

4 

-2 


0 

0 

-2 

-4 

-6 

1 

= 

-3 

-4 

1 

3 

5 

-1 


2 

3 

-1 


(-2)(-l) = 2 5^ 0. 


The inverse A ' is obtained by forming the matrix whose entries are the 
cofactors of det /2. Hence 



If the given equations arc 



then 




so (hat 




This method of finding the inverse of A is fundamentally that of solv- 
ing the equations by means of determinants, except for formal details. 
There is another method of finding the inverse which is related to the 
method of successive elimination (Section 5-8). In this, the given system 
i.s replaced by an equivalent system by means of the permissible operations 
of multiplying by a constant or combining equations by addition or sub- 
traction. The^^e operations are performed until ail coefficients except those 
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that correspond to the entries along the principal diagonal become zero. 
If the various sets of equivalent equations are written in matrix form, 
these operations can be performed on the matrices and the system reduced 
to {x y z)^ = (jo Vo 2o)^. If the given system is the system (8-17), 
it is written in the form 

02 « 3 \M /I 0 0\/d,\ 

i>2 ^3 U = 0 1 0 . 

C2 cj\z/ \o 0 l/Vs/ 

If the first of the equations is multiplied by k and the others left un- 
changed, it is seen that the new system is 

ka2 A-ajV /A A- 0 0\/d,\ 

h *^3 U = 0 1 0 d2 . 

C2 cj\z/ \o 0 1/V3/ 

If the first equation is now added to the second and the others remain 
unchanged, the new system is 

/ kai ka2 kaA/x\ /k 0 OWdA 
I 61 + kttt 62 + ka2 63 -h ka3 = 1 o)[d2|. 

\ C2 C2 C3/ \z/ \0 0 1/ XdJ 

In the method of successive elimination, k is selected so 6, 4- kai — 0; 
the process is repeated to eliminate x in the third equation; this is followed 
by the elimination of y from the third equation, and finally the elimination 
of all terms except those that involve y for the second equation and those 
that involve x for the first e(|uation. If the operations are performed 
on the matrix which is the coefficient of 





and then the same operations 
coefficient of 


are performed on the matrix which is the 





the following equation results: 
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Since 



and when det A 7 ^ 0, there is a unique inverse, B = A”*. 

The advantage of this method is that it can be used to replace the given 
system by a simpler system even if det A = 0, or if there are n equations 
in m variables, whether n = m, n < m, orn > m. 

If is not wanted, but only the solution vector 



is desired, the different operations are applied to the column vector 



Example 8-15. Solve the system of equations given in Example 8-14 
l>y the method of successive elimination (sometimes called the diagonali- 
zation method), writing the equation.s in matrix form. 



/I 0 0 

(010 
\0 0 1 



Stop 1. Multiply the first row by —2 and add to the second row. 
Stop 2. .Add the first row to the third row. 



/ 1 0 0 
-2 10 
\ 1 0 1 



Step 3. Multiply the second row by 3 and the third row by 2. 
Step 4. Add the second row to the third row. 






8 - 7 ) 


MATRICES AND LINEAR EQUATIONS 


223 


Step 5. Add 3 times the third row to the second. 

Step 6. Divide the second row by C. 

Step 7. Subtract 3 times the third row from the first row and then add 4 
times the second row to this. 







0 

1 

0 




And finally, 

Step 8. Divide the first row by 2. 






This agrees with the previous result, so that (.r z) is {-^ -4 -4). 
If the various steps are performed on the column vector to the right, it 
takes the successive forms indicated below, ending with the solution vector: 



The iin’er.se matrix is not written. 

I:)xAMi‘LK 8-10. Solve the .sy.stem of etpiations 


2.r - 4// + 32 = 3, 

4,r — 0// + 02 = 2, 

.r — y z = k 


by writing tlie e<|nations in matrix form and then u.sing the diagonalizution 
method. 
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One procedure is: 





This shows that the determinant of the coefficients is zero, so that the 
equations are either dependent or inconsistent. The first row shows that 


0 = 3 - 2 + 2t, or A- = 


if there is any solution. If A there is no solution. Suppose A = — J 

and consider .r as arbitrary. The second and third equations equivalent 
to this matrix equation can be written in matrix form as follows: 

(:; !)(:)- (J 

1 hen 

(:i !)(:)-(; 

G ;)(.') -(:i 

Henre y = - x, z = -5 - 2j-, x arbitrary. 

The same set of equations could be solved by considering either y or z 
as arbitrary. 


Problem Set 8-G 


1. Solve the following matrix equations AX = D by finding A-^ using the 
cofactor method. 
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2. Solve the following matrix equations AX = D by finding A 
cofactor method. 


using the 



/I 2 3 
(b) I 3 6 5 
\l 4 2 





3. Solve each of the equations in problem 1 by the diagonalization method 
(equivalent to the method of sueeessivc elimination). 

4. Solve each of the equations in problem 2 by the diagonalization method 
(equivalent to the method of successive elimination). Compare A“* found by 
this method with the values found in problem 2. 

5. Solve each of the following sets of equations by one of the methods of this 
section, considering z a.s arbitrary. Repeat the solution considering z as arbitrary. 

(a) 2z + 3y — 4z = 21 (b) 3i + 4y + 52 = G 

3z — 4)/ + 52 = — 16 5 j + 2i/ — 2 = 4 

6. Solve Example 8-16, when* = — i, considering 


(a) 2 as arbitrary; (b) y as arbitrary. 


7. Determine k so that the following matrix equations have a sohition and 
find the solutions. 


/2 3 
(a) 1 1 

\4 5 




8. Use matrix methods to show that 



/2 3 
(b) 1 2 

\l 4 




1 0 0\ / 5 
0 1 o)( 9 
0 0 l/\37 


has a solution. Replace the three equations by two equations in matrix form 
and find the solution. 

9. Complete the details of the solution which proves that 



B2 

Bj 



is the inverse of 





10. Show that the vector equation AX = 0 or 

( 01 02 °3\/x\ / 0 \ 

5i h ^^ )( ^ ) ~ ( ® 1 ' 

C| C2 czl\zl \0/ 
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whore dot A = 0 and the cofactor C\ 9^ 0 , is equivalent to 

(^2 asWA ^ (—aix\ 

\b2 bsjyz) \-a2x)> 

nnd thatj:y;2 = Ci:C2:C3. 


8-8 Linear inequalities in two and three variables. A fundamental 
postulate of plane geometry which is essential for the logical development 
of Euclidean plane geometry, is the following.* 

Plane Separation Postulate. A line lying in a given plane separatee 
the plane into two regions, called half-planes, each of which is convex. 

The term “separates” means that if P and Q are points in different 
lialf-planes, then the segment contains a point of the line. The term 
“convex” mean.s that if Pi and Pa are two points in the same half-plane, 
then every point of the segment PjP^ lie.s in that half-plane. 

The algebraic equivalent of this postulate is the following: 

Theorem 8-8. The line ax by c = 0 separates the xy-plane into two 
regions, called half-planes, such that i/Pi(xi, yO and Psfja. I/2) he in dif- 
ferenl hiilf-planes. (hen the numbers (oji -r byi -|- c) and {ax2 + by^ + c) 
have iippimic signs: and if Pj and Po lie in the sarne half-plane, then these 
numbers have the same sign. 

In vi«‘w of tlie Law of Trichotomy, this is equivalent to saying that Pi 
and P-i lie in different half-plane.s if and onlj' if (oji + + c) and 

(a.r2 -f* bi/2 -f e) have opposite signs. One half-plane consists of all points 
(.f, ;/) such that ax — by -h c > 0, and the other half-plane consists of 
all point.s such that ar -I- -h c < 0 . Points on the line do not belong 
to either half-plane; tlie line is called the boundary of either half-plane. 
To repre.-^nt a half-plane and its boundaiy’, the notation ar 4 - 61/ -f c ^ 0 
(or g 0) is used. 


Proof of Theorem 8-8. The proof depends upon Theorem 8-5 involving 
gf-nriH tiic ve< tors. If the line segment Pil*2 contains the point P(x,y) 
"11 (he lino ax i by t c =; () (Fig. 8 - 9 ), Theorem 8-5 bceomes 


(•<• U) = lUi yP ^ (1 - 0(.i-2 y^), (0 < t < 1), 

which is c«|uivalent to 

.r = tci -I- (I — /).r2 
y ^ tyi (1 — Ot/2. 


* Sec the School Mathematics Study Group text on geometry. 
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If the first of these equations is multiplied by a, the secoiid by b, and llic 
results added to c, then 

(a.r + 6 i/ + c) = f{ari + biji -f c) + (1 — /)(aj2 + by2 + c), ( 8 - 23 ) 

for c = /c + (1 — Oc- Since t and 1 — / are both positive and a.v f- 
by c = 0 , it follows that (ari + biji + c) and (0^-2 + bij2 + c) have 
opposite signs. 

Now suppose Pi and P2 lif* in the same half-plane so that the segment 
T1F2 contains no point of the given line m. If the line P1P2 is parallel 
to the given line, its equation has the form o.r + by -f- c = d, and 
(oxi -|- byi + c) and (a.r2 + by2 + c) both are e(iual to d and hence have 
the same sign. If the line meets m in /^ then one of /'i and P2 i-s 
between P and the other. Suppose Pi is between P and P2 (I'ig. 8 -!)). 
Then, as before, 

(a.ri + 6 i/i -f c) = /(a.c + b// + c) + (I — t){aJC2 + by2 4 - c), 

(0 < t < 1). (8-2-1) 

Since ax + by c = 0 and 1 - / is po.sitive, it follows that 

(a.ri by c) and (aj-2 + b(/2 h c) 
have the same sign. 

It follows by the method of contradiction that Pi and P2 lie in diflerent 
half-planes if and only if (a.i'i -f byi 4 - c) and (0x2 h by-^ -f c) have op- 
posite signs, and lie in the .same half-plane if and only if thesi* miinbeis 
liavc the same sign. To determine for which half-plane the sign is 4 , it 
is only ne(;o.s.sary to try a single point. If the line does not pass through 
the origin, the simplest point to u.se is the origin. If c > 0 , the origin 
is on the po.sitive side of the line; otherwise it is on the negative side of 
the line. If the line gws through the origin, a point on one of the axes 
can lx.* used. 
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Theorem 8 9.* The plane ax -I* -1- cy rf = 0 separates xyz- 

space into two regions, called half-spaces, such that Pi{xi,yi,zi) and 
yi, 22 ) in different half-spaces if and only if the numbers 
(^^1 + and ( 0 x 2 + by 2 + 022 + d) hat^e opposite signs. 

The set of points that satisfy two linear inequalities in x and y simul- 
taneously is the set comm on to two half-planes. This set is also convey, 
for if the segment P\P 2 lies in each of two convex sets, it lies in their 
intersection. 

The set of points that satisfy three linear inequalities, 


a\x + 02 ^ + 03 >0 
bix -f- b 2 y + 63 > 0 
cix + C2y + C3 > 0, 

is the set common to three half-plane and it is also convex. It may be a 
triangular region like that shaded in I'ig. 8-10 or it may be a region 
bounded by a segment and two rays like region 2 in Fig. 8-10. The solu- 
tion set may be empty; the third boundary line may not enter the convex 
region defined by the first two inequalities. For example, the inequalities 

■r > 0, 1 / > 0, J- -t y -f 1 < 0 or -j- — y - 1 > 0 

have no common .solution, since the line x + y -I- 1 =>0 does not enter 
th.- fi^^t (luadrant corresponding to x > 0. y > 0. Special cases arise 

% are concurrent or parallel. 

Tlif set of points which .satisfy four linear ineijualitics may be a convex 
(liia(lr.angiilar set like that bounded by BCDIC in Fig. 8-10 or it may be 
tli<‘ empty .NCt. 



I'xAMi'Lf: S- 17. Determine graphically the 
c intersection of half-planes, which is defined 


region in the ry-plane, 
by the inetpialitie.s 


as 




2y > 8. 



H -ly > 8. 


X > 0, 


y > 0. 


The origin lies on the negative j^ide of the lines 4x -b 2y — 8 = 0 and 
2x + 4y - 8 = 0. Thc.se two lines intersect at the point ^). The 
reqiiiml region is that part ofj^e first quadrant whose boundary is the 
ray CX, the segments Pe and KB. and the ray BY as shown in Fig. 8-1 1. 
In a similar manner, it could be shown that the region corre.spondiiig to 

(b) 4x 2y < 8. 2x -f 4y < 8. x > 0. y > 0 


* A space separation postulate is needed and the proof of thus theorem is 
then like that of Theorem 8-8. The details have been omitted. 
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is the interior of the convex quadrilateral OAED. On the other hand, 
the inequalities 

(c) 4 j + 2./ > 8, 2x + i<j <i, •£> 0, » > 0 


have no common solution. 

A similar analysis applies to linear inequalities in x. y, and 2 . 1 he corner 
points of the corresponding convex polyhedron can be found by solving 
all possible sets of three eiiualions which correspond to the boundary 
planes The drawing is now more difficult to make. After any corner 
point is found, its coordinates are tested to see if they satisfy the residual 
inequalities. Tor example, in Tig. 8-1 i, it is noted that E(l J) does not 

satisfy 2x + 4y < 4. r 

Any inequality can ho changed to an equality by introducing an auxiliary 

variable (called a dock variMe) which is positive (Section 7-C, Theorem 

7-18). Tor example, the inequality 2x - dy g 8 is equivalent to 

2x - 4y 4- 1/ = 8, u ^ 0, 


where u is the slack variable. 


Kxample 8-18. Solve the sets of iiicqualitie.s 
and y by introducing two slack variables, w and c. 

in the t/i>-plano. 


of Example 8-17 for x 
Illustrate geometrically 


(a) 4x -t- 2y > 8, 2x -f 4y > 8, x > 0, y > 0. 


The inetjualitie.s are e(juiva!cnl to: 

4x -f 2y = 8 + 2x + 4y = 8 -i- c, 


(u, I-, X, y > 0). 
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The first two equations may be solved to find 

6z = (8 + 2u — y), fiy = 8 — w + 2v, 

where u and v may be any positive values that make x and y both positive. 
This is illustrated in the txv-plane by drawing the lines corresponding to 
X = 0 and y = 0 and determining in the first quadrant where x and y 
are positive. The origin makes both 8 + 2u — v and 8 — + 2v posi- 

tive, so the region is as marked in Fig. 8-12. 

(b) The system 4x H- 2y < 8, 2x + 4y < 8, x > 0, y > 0 can be 
solved in a similar manner and the luj-diagram drawn. 

(c) The system 4x -f 2y > 8> 2x -b 4y < 4, x > 0, y > 0 is equiva- 
lent to 

4x-i-2y = 8 + u— 1 

2x -b 4y = 4 — y 2 (x, y, u, v > 0). 

If X is eliminated from these equations, 

6y = —u — 2v, 

which cannot be positive for u and r positive, and hence the given set of 
inecjualitie.s has no solution. 

Maximum and minimum of a linear function. If the convex region defined 
l)y a set of linear inequalities is unbounded, as in Example 8-17(a), a 
given linear function fix -b by (or ox -b 6y -b k) may have no maximum 
value (or minimum value); that is to say, the absolute value of ox -b i>y 
<'an be mud(‘ arbitrarily large. If, however, the region is such that x and 
.V are bounded above, then the of values of ox -b 6y is also bounded 
abo\-e and has a maximum ^'alue (lA?ast Upper Round Axiom, Section 7-9). 


(• 4 



Figure 8-12 


Figure 8-13 
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Similarly, if the region is such that x and y are bounded below, 0 , 1 : + by 
has a minimum value. The following theorem gives a method for hnding 
the maximum and minimum of or + by, called the objective function, over 
the convex set defined by a set of linear inequalities. 

Theorem 8-10. A linear objective function, ax by A- k, evaluated over 
a convex region defined by a set of linear inequalities takes on Us maximum 
and minimum values at corner points. 

The theorem is first proved for the special case where the region is a 
line segment (Fig. 8-13): 

Suppose Pq{xo, yo) is any point between and P 2 , the endpoints 
of the line segment. Suppo.se the value of oj: + at Pq is —c, so 
that ojTo + 6 yo + c = 0 and hence Pn is on the line ai + by c — 0 . 
Then the values of ax + by at Pi and P 2 are such that (ajj + btji + c) 
and ( 0^2 + by 2 + c) have opposite signs (Theorem 8 - 8 ). lienee 
(oxo + bijQ A- c) = 0 is between (uxi + biji + c) and (a.r 2 + by 2 4- c). 
Adding k and .subtracting c does not affect the re.sults, that 

(oxo + bijo + k) is between (ax, + byi -f k) and (ax 2 + 6^2 + k). and 

the greatest and least values of the objective function must occur at the 
endpoints of the segment. 

Remark 1. The proof implied that ax + -f c = 0 is not the line 
P\p 2 - If these lines coincide, then ax + by takes on the .same value (— c) 
at every point of the segment I\p 2 - 

Now suppose that (he region is a convex polygon and that Q is a point 
in the interior of (he polygon. Then Q lies between (wo vertices, .><iy 
A and B, or between the vertex A and a point P between (wo vertices 
B and C (Fig. 8-14), In the first case, (lie value of ax 4- by f k at Q is 

between its values at A and B and in the second case the value at Q is 

between the values at /! and P, whore the value at P is between tin* values 
at B and It follows that the maximum or minimum nui.st occur at a 
corner point. 


1 



Fiouin; 8-14 



232 


MATRIX ALGEBRA AND LINEAR PROGRAMMING 


[chap. 8 


Remark 2. If the region is unbounded, ax + by may still have either 
a maximum or minimum at a corner point, depending upon whether a 
and b are positive or negative and also upon the nature of the unbounded 
region. 

Remark 3. If the convex region is in three spaces, an analogous theorem 
applies to the objective function ax by cz k. 

Example 8-19. Find the maximum and minimum value of 3x + 4y 
over the convex region defined by 

(a) 4x + 2i/ ^ 8. 2x + 4y ^ 8, x > 0, y ^ 0; 

(b) 4x 4- 2(/ ^ 8, 2x + 47/ ^ 8, x ^ 0, y ^ 0. 

(See Example 8-17 and Fig. 8-11.) 

For part (a), the region is unbounded and 3x + 4y can be made 
arbitrarily large. The finite corners of the region arc.C(4, 0), £'(3,5), 
and .^(0, 4). The values of 3x + 4i/ at the points are IV = 12, Ve = 

V If = K). Hence the minimum of 3x + Ay over the convex region occurs 
at R and has the value 

For part (b), the region is the interior of the convex quadrilateral 
where 0(0, 0). .4(2, 0), R{^, 3), D{0, 2). The values arc Vo = 0, 
Va = Ve — V* I’d = 8. The minimum value is 0 at 0 and the 
maximum value is at R. 

]'x.\mpi,f; 8 20. Find the maximum and minimum values of 

r = 2.r + 3y — 2 

su}>j(*ct to 

'■ ^ 0. U S (f * ^ 0. x + 2// 4 - ^ ^ 4, 2x 4- f/ - 2 ^ 0. 


The convex region i.< a pyrami<l which has 0 as its vertex and the 
(luadriiaterai Mi DR as its base. .4(4.0. 0). /i(0. 2, 0), 



Figure 8-15 
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0, §) arc found by solving the corresponding planes, three at a time. 
Drawing a figure reduces the amount of work to be done. A number of 
the corner points appear directly, and it is not necessary to solve all ten 
sets of such equations. The point Z>(0, is found by solving x = 0, 
2x + y - 2 = 0, and j + 2i/ + z = 4; the point E(^, 0, §). from 
y = 0, 2 j + 1 / - z = 0. and j + 2(/ + z = 4. Note that the point 

1 = 0, ?/ = 0, j + 2i/ + z = 4, or C'(0, 0, 4) does not satisfy 

2x + 1 / — z ^ 0, whereas .4 and B do. 

Vo = 0, Va = 8, Vb = b. = 5- ^ 0. 

The maximum value of V is Va = 8. The minimum is_0, which occur.-; 
not only at 0 and E hut at every point on the segment OE where y = 0 
and z = 2x. 

I’rohlem Set 8-7 

1. Sketch the lines j - y 4 2 = 0 and 5j - y - 10 = 0 ami mark the 

four regions (-f +). (+ -)* ( * according to the sign of 

X — y + 2 and hx — y — 10. 

2. (a) Three nonconcurrent and nonparallel lines separate the plane into 
seven regions. Let the equations of the lines be 

an + azy + = 0; 6iz 1- hy + h = 0, cm -f ezy + f;t = 0, 

selected so that for points inside the triangle formed by them the three left-hand 
members are all po.sitive. Mark the other regions by a combination of f and — 
signs. For which set of .signs are there no points’ 

(b) If the equations had been seIccU-d so that the triangular region is marked 
^ 1 -^ for which set of signs is there no region? 

3. Determine graphically the r<-gion in the xy-plane which is defined by the 
following inequalitie.s. DeUTinine the corner points of the required region. 

(a) I ^ 0, y ^ 0, 3x ■( 2y — 6 5 0 

(b) 1^0, y ^ 0. 2i d- 4y - 5 ^ 0 

(c) I ^ 0, y ^ 0, 3x + 2y + 6 ^ 0 

(d) I ^ 2, y ^ 3, 3x + 2y ^ 0 

4. Proceed as in problem 3 for 

(a) 2x + 3y ^ 6, -z + y ^ 2, x + 3y ^ 3 

(b) 2z 4- 3y ^ 6, -z 4- y ^ 2, x 4- y ^ 3 

5. Proceed as in problem 3 for 

(a) — X 4" y "b 1 ^ 2x 4" 3y — 6^0, z — 2y 4" 4 i 0 

(b) z - y -f 2 ^ 0. -2x - y 4- 11 ^ 0, x 4* 2y - 7 ^ 0 
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6. Proceed as in problem 3 for 

(a) 2z -P 3y ^ 6, 3z + 2i/ ^ 6, i ^ 0, y S 0 

(b) 4i — 2i/ ^ 8, 2z + 4y ^ 8, x ^ 0, y ^ 0 

(c) 2x - y + 3 ^ 0, X + 2y - 4 ^ 0, x ^ 0, y ^ 0 

7. Solve each of the sets of inequalities (a), (b), (c) in problem 6 for x and 
y in terms of two slack variables u and v, and illustrate geometrically in the nv- 
plane. (See Fig. 8-12.) 

8. Find the maximum and minimum values of the linear objective function 
7x + 5y — 3 over the convex region defined by the inequalities in the following 
problems. Use the region and the corner points already found. 

(ft) X ^ 0, y ^ 0, 3x + 2y ^ 6 Problem 3(ft) 

(b) X ^ 0, y ^ 0, 2x + 4y — 5 ^ 0 Problem 3(b) 

(c) 2i + 3y ^ 6, —X + y^2, x4-3y^3 Problem 4(a) 

(d) 2i + 3y i 6. -I + y ^ 2, X + 3y ^ 3 Problem 4(b) 

(e) -X + y + 1 ^ 0, 2x + 3y - 6 ^ 0, x - 2y + 4 ^ 0 

Problem 5(a) 

(0 X - y + 2 ^ 0, -2x - y + 11 ^ 0, x + 2y - 7 ^ 0 

Problem 5(b) 

9. Find the maximum and minimum values of the linear objective function 
3x + y + 2 over the convex region defined by the inequalities 

2x~!-y + 9^0. -x+3y + 6^0. x + 2y - 3 ^ 0, x + y ^ 0. 

lU. Determine graphically the region in space which is defined by the follow- 
ing iiietpiaiities. Determine the corner points of the required region. 

(a)j^O, y^O, 3^0, x-fy+z^4, x-fy — z^O 

(h) X ^ 0. y S 0, r ^ 0, x + y -f ^ ^ 4, 3x + y — 3z ^ 0 

(e) X g 2, y ^ 3, 2^4, Gx + 4y -f 32 ^ 24 

II. DetiTmini* the maximum and minimum values of the objective function 
X - 2j/ 4- 3: over each of the regions in problems 10(a), (b), (c). Use the corner 
points already found. 

8-9 Linear programming. Economic problems which are concerned 
with minimizing or maximizing a linear objective function subject to a 
set of linear inetjualities are referred to as linear programming problems. 
The objective function may be total cost, profit, or a similar economic 
quantity. The constraints are usually due to limitations on material 
resources, such as materials, labor, capital, or equipment. Simplified 
versions of such problems are given as examples. One method of solution 
of .such a problem is the “corner method" based on Theorem 8-10. A 
second method is the “method of successive elimination,” in which the 
inequalities are replaced by equalities through the introduction of slack 
variables and the objective function is expressed in terms of these slack 
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variables. In such economic problems, all the original and the slack varia- 
bles are positive or zero. Both geometric and algebraic procedures may 
play a role in the solution of such problems. 

The diet problem. In this problem a number of foods in quantities 
x,y,z, . . . are purchased. It is known that each food contuitis given 
amounts of nutritional elements that are specified by a set of con.stants, 
which may be given in matrix form. A set of minimum requirements for 
each nutrient is specified. The cost of each unit of food i.s given and the 
problem is to minimize the total cost subject to the constraints placed 
by the nutritional requirements. 

Example 8-21. A well-known nursery rhyme goes: "Jack Sprat could 
eat no fat, his wife could eat no lean, and so you see between the two they 
licked the platter clean." (a) Suppose the Sprats buy only beef at SI a 
pound which contain.s 90% l^an meat and 10% fat, and pork at S.50 
per pound which contains 70% lean meat and fat. Jack’s weekly 

requirement i.s at least G lb of lean meat and his wife's rc<iuiretnent is at 
least 2Ib of fat. How much beef and pork should they buy each week 

to minimize the cost’? 

(b) Solve the problem if pork costs S.85 per pound. 

(a) I>et X and ij be the number of pounds of beef and pork pur- 
chased. Jack's requirement is expressed as: 0.9x + 0.7tj ^ G, his wife's as 
O.li -b 0.3y ^ 2, and the total cost in dollars is 

Q ^ X + iy. 


The problem is to minimize Q subject to the constraints 

9j: d- 7 i/ ^ GO 

j -b 3y ^ 20, where j: S 0, y ^ 0. 

First solution. If the lines Ox -f 7y = GO, j: + 3y = 20 are drawn and 

the equations solved simultaneously, it is noted that the convex region 
which corresponds to the inequalities has three finite corner points 
A(20, 0), mo, GO/7), C{2, G). If the cost function Q = x -b i// is evalu- 
ated at these points, it is found that Qa = 20, Qb ~ 30/7, (Jc — o. 
Consequently, the cost is least if the diet consists of all pork. This is con- 
sistent with the geometric fact that the family of lines (Idg, 8-lG} 

X = Q will first give a line through B as Q increases. 

(I>) If pork co.sts $.8") a pound, the cost is now Q = j -f- 0.85y, so that 

Qa = $20. Qit = $.85(00/7) = $7.29, Qr = S2 + $.85(0) = S7.10. 
Now the cost is least on a weekly diet of 2 lb of beef and G lb of pork. 
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Figure 8-16 


As Q increases, the family of lines x + 0.85y = Q passes through C first 
(not shown). 

Second solution. The inequalities may be replaced by the equalities 

9r -1- 7y = 60 + u, 

X + 3i/ = 20 + V, 

where x, y, u, i* are all SO. The solution of these equations (the details 
are left as an exercise) gives 

X = 2 + 

y = 6 — + ^y. 

(b) If Q = j 4- 0.85y, then 

2QQ = 142 + 2.15« + 0.65y, 

and the minimum cost occurs for u = y = 0 and is $7.10 and X = 2 
and y = 6, 

(a) If the cost is Q = x 4- Jy, then 

Q = 5 4- gu — gy. 

The cost is minimized by making u == 0 and v as large as possible. Refer- 
ence to the value of x, which must be positive, yields 

0 ^ X = 2 — ^y or v ^ 

Using the value v = gives the least value of Q, 

Qmin = 5 h ‘ ^ 

which agrees with the previous results. 

Example 8-22. Four foods are purchased in amounts xi, X2, X3, X4 
and their calorie content, vitamin content, and prices per unit quantity 
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are given by the following matrix 


Xi X2 X 3 X 4 

Calories / 2 0 1 3\ 

Vitamins I 0 2 1 2 1. 

Prices \ 4 10 12 15/ 

The minimum calorie requirement is 15 units and the minimum vitamin 
requirement is 8. How much of each food should be purchased to satisfy 
these requirements, and to minimize the total cost? 

The problem is to determine Ji, X 2 , X 3 , X4 to minimize 

Q = 4xi H~ 10x2 + 12x3 + 15x4 

subject to the inequalities 

2xi + X3 + 3x4 S 15, 2x2 + X3 + 2x4 ^ 8, 

X| ^0, X2 ^ 0. X3 ^0, X4 ^ 0. 

First solutiuti. (Corner method.) To find all the corners, it is necessary 
to select four out of six equations in all po.'^sible ways. Although there 
would be 15 such sets, many of these can be eliminated quickly. At least 
two of the variables must be zero and when three or four of the.se are 
zero, the constraints cannot be .satisfied so as to minimize the cost. There 
remain six important corner points to consider: 

A (0, 0, X3, X4), B{0, X2, 0, X4), C(0, X2, X3, 0), 

0(xi, 0. 0, X4), A’(x,, 0, X3, 0), F(xi, X2, 0, 0). 

In the first set, the equations to determine X3, X4 are 

X3 + 3x4 = 15, X3 + 2x4 = 8 

with solutions X4 = 7, X3 = —(5, and this does not satisfy the constraint 
X3 g 0. Similarly, the other corner points can be found as A{0, 0, — G, 7), 
m -1,0,5), C(0, -1, 10.0). i)(i0,0,4), A’(^, 0,8,0), F{^, 4,0,0). 

The first three are rejected and the value of Q is computed for the other 
three: 

C/o = 4 ■ + 15 ■ 4 = GO; = 4 • 5 + 12 • 8 > GG; 

= 4 ■ + 40 = 70. 

Hence the Ijcst buy is ^ units of the first food and 4 units of the fourth 
food. In this example, the minimum retjuirements arc exactly .siitisfied. 

Second solution. (Klimination method.) Before giving the second solu- 
tion, the details may be simplified by noting that under the given condi- 
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tions, none of the third food would be purchased. The data are such that 
for GO monetary units all spent on the third food, 5 calories and 5 vitamin 
units arc available; while the same sum spent on the fourth food would 
yield 12 calories and 8 vitamin units. A similar argument does not, how- 
ever, apply to the second food, for which 12 vitamin units could be 
purchased, but no calories. Let the remaining variables now be called 
X, y, z, so that the problem becomes: minimize 

(2 = 4x lOy + 15z, 
subject to the inequalities 

2x -f 32 ^ 15, 2y 2z ^ 8, .r, y, z 0. 

The inecjualities are replaced by the equations 

2j -|- 32 = 15 -h w 
y + 2 = 4 + y, 

•r. y, 2. Rr = 0. These equations are solved for x and z in terms of the 
other variables. 

2.i; — 3)/ = 3 + u — 3y 

1 = ^(3 + 3i/ -h u - 3y) 

2 = 4 — y -f- i'. 

Q = (0 + 6y -I- 2u - Or) -f- lOy 60 - 15;/ + 15 j' 

= GO + 1 / 4- 2u -r 9y. 

Hence the minimum value of Q is 66, which occurs when y = u = v = 0, 
.r = 5 and z = 4, as before. 

The method depends upon the fact that the coefficients of y, m, e arc 
positive. If other variables had been eliminated, the solution could not 
be found so easily. In the general case, attempt.s are made to express Q 
in terms of », v and one of .r. y, z. 

Artivify analysis. If several articles are to be produced in quantities 
.r, y, z, .... and if each article requires specified amounts of material, 
laln)r, and equipment and. finally, if the articles can be sold at profits which 
are known, then the linear programming problem is to maximize the 
profit subj<‘ct to the constraint.^ that are imposed because the resources 
available arc limited, and the further conditions that all variables are 
positive or zero. 

ICxAMPLE 8-23. A poultry raiser plans to raise chickens, ducks, and 
furkey.s. He has room for only 200 birds and wishes to limit the number 
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of turkeys to a maximum of 25, the number of turkeys and ducks to a 
maximum of 100. His estimated profits are $1, $2, and $3 on each chicken, 
duck and turkey, respectively. How many of each should he raise to 
maximize his profit? 

Solution. Let the number of chickens, ducks, and turkeys be x, y, z, 
respectively. The problem is to maximize 

P = X 4- 2y + 3z 

subject to the inequalities 

X y z ^ 200, y + 2 ^ 100, z ^ 25, x, i/, 2 ^ 0. 


There are eight corner points in the first octant formed by the three 
planes .t + y + 2 = 200, y + 2 = 100, 2 = 25. These are the vertices 
of the convex region defined by the inequalities. It is left as an excrci.se 
to verify the following table: 

X I y 2 P 


0 

0 

0 

A 

200 

0 

H 

100 

100 

C 

0 

100 

D 

0 

0 

E 

175 

0 

F 

100 

75 

G 

0 

75 


The algebraic .solution is simple; 

x + y'f2f« = 200 

y - 1 - 2 + u = 100 
2 + uj = 2~), 

(x, y, 2 , u, V, w ^ 0). 

These equations are .solved for .r, y, 
2 in terms of u, v, w: 

X = 100 - « 1 i\ 
y = 75 — V d- w, 

2 = 25 — 

so that 

P = X + 2y I 32 

= .325 — M — f' — w. 


0 0 

0 200 

0 300 

0 200 

25 75 

25 250 

25 325 max. 

25 225 



riGinu; 8-17 
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The maximum profit, P = 325, occurs when u — y — = 0, and 

X = 100, y = Iby z = 25. 

The situation would be different if the profit on each turkey were less 
than %2. In that case, it would be found* that no turkeys, 100 chickens, 
and 100 ducks should be raised. 

Example 8-24. A manufacturer wishes to produce two commodities in 
<iuantitie.‘< x and y. Each commodity requires material, labor, and equip- 
ment use, in amounts given by the following table. The number of units 
available is also specified: 



X 

y 

Available 

Material 

5 ! 

4 

100 

Labor 

3 

8 

; 172 

Etjuipment 

3 

1 

53 


Find the maximum profit, if the profit function is 

(a) /■*! = j + 2y, (b) P 2 = 2 j + y. 

The problem i.s to maximize the profit, subject to the linear inequalities 

oj + 41/ S 100, 

3x + 81 / g 172, 

:ix + y ^ 53, X, )/ ^ 0. 

The convex region defined by the inequalities is a pentagon OABCD 
as .shown in t'ig. 8-18. The coordinate.s of the points and the values of 
and 1*2 are summarized in the following table. 



(x, y) 

, 

P 2 

0 

(0, 0) 

1 

0 

0 

A 

(¥. 0) 

S3 

T 


B 

(10.5) 

22 

37 

C 

(4, 20) 

1 

44 

28 

D 

(0, 

43 

1 ¥ 


I*i is a maximum of 44 when x = 4, y = 20. This is consistent with 
the geometric fact that the family of lines x -|- 2y = P would have its 
greate.st value when pas.sing through the corner point C. The profit Pg 
is a maximum of 37 when x = 10, y = 5, and a geometric interpretation 
related to the family of lines 2x -j- y = P can be given. 


* Left as an exorcise. 
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?/ 


r'i4.20) 


Wdfi. 5) 


FiGunK 8-18 

Second solulion. The given inoiiiialities are equivalent to the eciuations 

r>x + -})/= 100 - w, 

Sx + By = 172 — i', 

3j: 4- 1 / = 53 — w, 

where x, y, z, u, v, w ^ 0. If the first two of tliesc equations are solved 
for X and y, it is found 

2Bx = 112 - 8u + 4i' 1 
28i/ = 500 + 3u - 5i' 2 
2SPi = 1232 - 2u — 6i). 

Pi has its maximum value, Pi = 44, for u = t- = 0. If the first and 
third of these equations are solved for x and y, it is found that 

7x = II2 -h H - 4ie 2 
7y = 35 — 3u + 5u) 1 
7P2 = 259 - u - 3te, 

80 that 1*2 has its maximum value P 2 = 37 for w = tf = 0. 1 lie method 
depends upon the fact that the emdficients of u, v, w are all negative. If 
some arc positive, tlie metlioil fails, hut may he combined with the corner 
method to find the solution. For example, 

7Pi = 182 - 5n -I- i>w. 
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The maximum value of Pi will occur for u = 0, which corresponds to 
5x + 4y = 100. Furthermore, this occurs at the ends of the segment of 
this line which is part of the boundary of the convex region. These are 
the points B and C, and it is readily verified Pi is greater at C than at B. 

The general linear programming problem can be stated as follows: 
Maximize (or minimize) the linear objective function 


ClXi -f C2X2 + • • • + c„x„ 
subject to the inequalities 


OiiXi + 012 X 2 + • • • + OlnXn £ bi, 

+ 022-2^2 + • • • + 02nXn ^ i>2» 

^ 

“b Onj2^2 ~b ' * ' ~b OmnXn ^ bn. 

Xi, X2, . . . , X„ ^ 0. 

The inequalities can be replaced by equalities by the introduction of 
m slack variables ui, U 2 , . . . , Um ^0. This gives m equations in (n m) 
variables to be satisfied by the zero or positive values of the variables. 
In compact matrix form, the problem can be written: Maximize (or 
minimize) the objective function CX, subject to the matrix equation 



where C is the row vector (ci C 2 C 3 . . . c„), X is the column vector 
(.ri X 2 . 7.1 . . . .r„)^, A is the augmented matrix 


« 11 1 2 

... 0| n 

1 

0 

0 ... 

0 

• 

1 ^m2 

• • • ^mn 

• 

0 

0 

0 ... 

1 


of m rows and n f m columns, Xj is the column vector 

(X, X 2 . . . X„ U2 . . . Um)^ 

and B is the column vector (61 60 . . . b„)^. In practical problems the very 
large number of conditions to be met makes the calculations very difficult, 
and special methods adapted to high-speed computing machines have 
been devised. The interested reader will find a rapidly growing literature 
related to the subject available.* 


* See, for example, Dorfman, Samuelson, and Solow, Linear Programming 
and Economic Analysis, McGraw-Hill, 1958; Saul J. Gass, Linear Programming, 
McGraw-Hill, 1958. This latter book contains an excellent bibliography. 
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Problem Set 8-8 

1. (a) How much beef at $.90 a lb which contains 90% lean meat and 10% 
fat, and how much pork at $.60 a lb which contains 75% lean meat and 25% fat, 
should be purchased to provide at least 8 lb of lean meat and 2 lb of fat while 
keeping the cost as small as possible. 

(b) Solve the corresponding problem if the cost of pork is changed to $.75 a lb. 

Solve the problem by the corner method and also by the elimination method 
(see Example 8-21). 

2. Three foods are purchased in amounts x, y, z. Their calorie and vitamin 
contents, their prices and minimum nutritional requirements are as follows: 



X 

y 

z 

Requirement 

Calories 

3 

1 

4 

25 

Vitamins 

0 

3 

3 

12 

Price 

6 

8 

12 



How much of each food sliould be purchased to satisfy these requirements an<l 
to minimize the total cost? 

Solve the problem by the corner method and by the elimination method. 

3. (a) Verify the table given in the solution of E.vample 8-23, and (b) justify 
the statement that if the profit on each turkey is less than $2, no turkeys should 
be raised. 

4. A poultry farmer decides to rai.se 200 fowl consisting of chickens, ducks 
(not to exceed 100 in number), and turkeys. If his profit on each chicken is $1, 
on each duck is $2 and on each turkey is %l, how many of each should be rai.'^ed 
in order to maximize his profits? Consider the cases i ~ 2, Z. 

Let the number of chickens be r, the number of ducks be y, so that the number 
of turkeys is 200 — z — y. Sketch the convex region in the zy-plane which 
corresponds to all the restrictions and then evaluate the profit at each corner 
point. 

5. Solve the problem corresponding to problem 4, except the limitation to 
100 ducks is removed but the limitation is impo.sed that the number of turkeys 
must not exceed 50. Kee[> x and y as in problem 4. Consider the cases i = 2,3. 

6. Solve the problem correspon<ling to problem 4, retaining the limitation on 
the number of duck.s and imposing the u<lditional re.striction that the number 
of turkeys must not exceed 50. Consider the cases < = 1,2. 

7. (a) Verify the details of the table given in the solution of Example 8-24, 
and (b) give a diagram, similar to Fig. 8-18, showing that the maximum profit 
P ^ 2z y occurs at the point B. 

8. A manufacturer wishe.s to [iroduce two commodities In (juantities x and y. 
Each commodity requires tnaU*riul, labor, arnl eejuiprnent use in amounts gi\en 
by the following table. 'I'Ih' number of units available is also si)e( ified. 

z y Available 
Material 1 ] 0 

Labor 1 2 10 

Equipment 2 1 10 

Find the maximum profit, if the profit function is (a) 2j + 3y, (b) 3 j i 2y. 



244 


MATRIX ALGEBRA AND LINEAR PROGRAMMING 


(chap. 8 


9. Find the maximum value of F = 3z -f Ay, subject to the restrictions 

4x — 3i/ ^ 8, 2x + 4y ^ 8, i ^ 0, y ^ 0, 

by the corner method and by the elimination method. 

10. Find the ma.vimum and minimum values of F = 3x Ay, subject to 
the restrictions 

— X + 3i/ ^ 9, 3x + 2i/ ^ 6, 5x — 2j/ ^ 20, x ^ 0, y ^ 0, 
by the corner method and by the elimination method. 



CHAPTER 9 


EXPONENTS, RADICALS, AND LOGARITHMS 

9-1 Positive and negative integral exponents. In Sections 2-3 and 
3-4, it was shown that if a and b are any real numbers and if n, m, k are 
positive integers, then 


H m 

a a 




an+'n 


y 





if n > m 

if n = m, 

if n < m 


(9-1) 

(9-2) 


(9-3) 

(9-4) 


(9-5) 


It is the purpose of this and the next two sections to extend the meaning 
of a” so that n may Ijc any real number and the above laws remain valid, 
In this the real numbers a and 6 are restricted to be positive and, without 
loss of generality, to be greater than 1. Not all the proofs are given here, 
and, in particular, these laws are assumed for irrational cxpotients. This 
is essential in order to develop the theory of logarithm.s. 


Definition 9-1. 


= 1 . 


(9-(i) 


It is readily verified that Eqs. (9-1) through (9-5) are valid if n, m. or 
k is replaced by zero. 


Definition 9-2. If p is a positive integer, 


= 


UP 


(9-7) 


Consider the product where m = ~p is a negative integer. Then 


n m n —u 


Q 


a a n Q " = — i 

ap 


where n and p are po.siti\e integers. To apply Kq. (9-2) for this ei 

2-15 


ISO 
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there are three possibilities: 

(i) n > p, 

(ii) 71 = p, 

(iii) 71 < p, 


a" 

aP ~ 

= 

a”+’”. 


a" _ 
aP 

1 - a® 

11 

1 

= 

^ _ 

1 

a"-'* = 

^n+m 

aP 

aP— n “ 


Hence Efi. (0-1) is verified if m is a negative integer. 

Since Kq. (9-1) is valid for negative as well as positive integral 77i, 
Definition (9-2) makes Eq. (9-2) extraneous, hut it is convenient to re- 
tain it. 

Consider Eq. (9-‘l) when k = — p, and p is a positive integer. Then 






Hence 1 m|. (9-3) is verified in this case. 

In a .'iiniilar manner. E({s. (9-1) through (9-5) can be verified in the other 
cas(‘s when* m, k are negati\’e as well as positive integers. 


Ex.xmple 9-1. 


a 









(a 


-r- 




1 


9-2 Rational exponents and radicals. If a is a positive number and g 
is a positive integer, the positive number .r such that 



(9-8) 


is calh'd the principal r/th ronl of a. It is assumed that there is one and 
only one .*iuch number x and this is repre.<c'nted by Thus is a 

positivi* number .such that (■'? «)'' = a. In general, the number x is irra- 
tiniial. .Vn aj^pi'oximat ion to .r can be found by ^‘arious metho<ls, .some of 
which in\'olv(‘ tiu* u.s«' of logarithms. 


I'KFIMTIO.N 9-3. 
then 


If (I is a positi\'e number and q i.s a 


positive integer, 





'rhi> definit i»>ii is 


cOMsislont with E(j. (9-.3) for n = I g and k 
‘‘y‘ = (■'?'^a)'' = a and f/(lVy) — I. 


g. since 
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If c is a negative number, the gth root of c is defined only if g is an odd 
integer. For if q were even, and hence would be positive. If c is 
a negative number and 9 is a positive odd integer, then 

c*'’ = (c negative, g odd). (t) D) 

I' 01 example, y/ —27 is not defined in terms of real numbers and 

= -<m = - 3 . 


Definition 9-4. If a is a positive number and p and g are pu.sitive 
integers, then is defined by 


qV <7 = 


(9-10) 


Theorem 9-1. If a is a positive number and p and q are positive infegtrs, 
then 

(a"}’" = («"■')". 

I'roof. Let X = (c^)' so that in ac< or(l wilh Definition 9-3, 



D‘t y = so that from the definition y''^ = a' If both sides 

of this equation are raid'd to the power pg and Kcj. (9-3) is u.sed with a a 
unit fraction. 



lienee A = x’’ = y'‘, and because of the uniqucne.ss assumption, x = y; 
the theorem is establi.'ihed. 

It is now possil)le to prove that the fundamental laws given by Kijs. 
(9-1), (9-3), and (9-1) are valid for any rational numbers, but the proofs 
are not given here. It is assumed* that these* eejuations are valid for all 
rational numbers under Definitions 9-1 through 9-4. 


Example 9-2. 


= ^2/3 + >/2 ^ ^7 ... 


q2/:1^-I/2 ^ ^2rA-ll2 ^ ^1/0. 




provided a ^ 0. If a were negative, would be a negative number, 
l)Ut the square root of this number would not Ik* real. 


* A few special cases ap.neur as exercises. 
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9“3 Irrational exponents. Meaning has been given to the expression 
when a is positive and n = p/g is a rational number. To give mean- 
ing to a" when n is an irrational number, it is recalled that an irrational 
number n can be approximated by a sequence of rational numbers which 
always increase but is bounded. This sequence has a least upper bound 
which equals the irrational number. Suppo.se r and s arc any two rational 
numbers in the sequence. The following theorem gives a useful property 
of r and s. 

Theorem 9-2. If a is a number greater than 1 and if r and s are rational 

num6crs, then al < a* if and only if r < s. 

Proof. (1) If a is positive, then a'> 1, a = 1 or 0 < a < 1. If p is a 
po.sitive integer and 

if a > 1, then > 1 ; 

if a = I, = 1 ; 

if 0 < a < 1, then 0 < < 1. 

These re.sults follow from the law.s of inequalities (Section 7-6, especially 
Theorem 7-21). 

(2) If a > 1, then > 1 for any positive integers p and q, that is, 
a" > 1 if 71 is rational. This is proved by the method of contradiction as 
follows. 

If = 1. then a'’ = = 1, 

which is fal.'^e in view of (1) above. 

If a" "' < 1, then < 1'^ < 1, 

which is also false. Hence if 

a > 1, > 1. 

(3) lA'f r ami s be two rational numbers, so that s — r is positive and 
rational if and only if s > r. Then 

a*-" > 1, 

~ > 1 , 

a' 

a* > a’’ or a' < a*. 

The proof depends definitely on the hypothesi.s n > 1. If o < 1, the 
following C’orollary can be proved. 
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Corollary. If a is a positive number less than I , and if r and s arc rational 

mmbers, then o'" > a‘ if and only if r < s. 

It is in the sense of this theorem that meaning is given to < 2 " whi-n n 
is an irrational number. If r and s are decimal approximations to n s^ueh 
that r < s, then a’’ < c* if c > 1, so that as r increases toward n, a' 
increases toward a least upper bound which defines a”. More generally, 
if a is any positive number different from 1, and if n is any irrational real 
number, then it is assumed there i.s a unique positive number .V such that 
a" = N, this being true in the .‘^nse that when r i.s a rational approxima- 
tion to n, then o’’ is an approximation to N. 

Conversely, it is assumed that if .V is any positive number, tlien the 
equation 

a‘ — N, (a > 0, a 1) (9-12) 

has a unique solution x (usually irrational). 

Example 9-3. (a) 2'^ is a number .V, such that 2* < .V < 2' 

since 1.414 < y/2 < 1.41.5. 

(b) The equation 3' = 5 has a uiiique solution x such that 1.105 < 

X < 1.400, since 3‘ < 5 < 3''^®*. 

Justification for the.se inequalities i.s given in the section on logarithms 
and numerical calculations (Section 9-0). 

Finally, it is assumed that the laws of exponent.s, E(i.s. (9-1) through 
(9-5), are valid for irrational exponents. 

The properties of exponents may all be .'Summarized in the graph of the 
equation y = a', (a > 1), which defines y as a function of x. This also 
definc.s x as a function of y because of the l-I corre.^pondence between ,r 



Ficunn 9-1 
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and y. The domain of x is the set of all real numbers and the range of y 
is the set of all positive real numbers. If x = 0, then y = = \. As 

X increases, y increases (Theorem 9-2) ; and by making x sufficiently large, 
y can be made to exceed any given number B. If x is negative, y = a~^' = 
\/a^' is always positive; if x' = — x becomes very large, y tend.s to 0; 
hence the x-axis is a horizontal asymptote. Figure 9-1 shows the graphs of 
y = 2^ and y = (3/2)* obtained by plotting a few points and u.sing the 
propertie.'^ just mentioned. If a = 10, it would be desirable to select a 
smaller ^-unit. The graph of the curve y = Aa“* could be obtained in a 
similar way. Since y is always monotonically decreasing, such curves are 
frequently u.sed as demand curves with the form p = (0 < x < 6; 

a > 1). 


Problem Set 9-1 


1. Simplify the following expressions, writing the final answers with positive 


exponents only. 
ill) 

(c) (x-3)-* 
ti) (x“i/-^)-‘ 


(l>) r-^'x-2 
(0 (x2)-i 

(i) 


(c) x-V 

(g) (x-^)-3 
(k) (x-^V)--^ 


(d) x-2/x2 
(h) 


'2. I’rovo (n) if n = 0 and m is a positive integer; (b) (o’*)* = 

if n = 0 nn<l k i.s a positive integer. 

3. (a) = «’* if n nn<l m are both negative integers; (b) (a")* = 

(f'’*'. if n and k are both negative integers. 

4. Write earh of the following railicnls in two other forms involving (a’''’')^ 
and (n'’) ‘ Write the expressions of parts (f), (g), (h) in radical form. Simplify 
the expression if possible. 


uil 


(b) \ 

It)-'’ 


('■) 

V(|)3 


(d) 


(o' 

pr* 

(f) (<i 



(K) 

i<i ) 

k.l 2 5 
(6 ) 

(h) 

/ 2,GJ 3 
la b ) 

Siinj 

>Uf>- the 

following « 

wprossions; 

write the 

final an.swers 

with 

po.sitivc 


1 onlv. 

• 









(m) 

1 2 1 -i 
X S 



(b) 

13 

X 

1 2 

I 


(c) (X ) 

(di 




(e) 

n 

^ • 

<1 

r 


(0 - 

-Ix-^ 

1 > 't <> 






3(x- 

V 


3(x ‘ 


t). I’rove if n = 1, q. tn — 1 'r, q, and r are positive integers, 

(Suggestion: bet o' = x, o'" = y and raise both sides to the ( 9 r)th power.) 

7. Prove (afe)*''’ = (Suggestion: See the proof that v''a6 = \'avo 

in Section 0 3.) 
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8. Prove the Corollary to Theorem 9-2: If 0 < o < 1, r and s rational 
numbers, then a" > a* if and only if r < s. 

9. Sketch the curves y = 3' and y = 3"', (-2 ^ x ^ 2) in the same 
diagram. 

10. Sketcli the demand curve p = 20(3“') and the supply curve p = .5 3/ 

on coordinate-ruled paper in the same diagram, and estimate where they intellect. 


9-4 Logarithms. Dkfinition' 9-5. If a is a positive number different 
from 1 and 

if TV = a", then h = log., .V. (9-13) 

The a.s.sumption.s made in Section 9-3 are eijuivalent to the statements 
that every po.sitive number A’ has a unique logarithm n, which is po.'itive, 
negative, or zero; and, eonver.sely, every real numl)er «. is the logariiliin 
of a positive number X. ,\egativc numbers do not have logarithms as 
defined by Definition 9-5. The positive number a, (a 1), is called the 
base of the system of logarithms. The fundamental laws of logarithm^ 
are independent of the ba.-e. Several bases are In common use. the best 
known being the irrational number e = 2.71828 . . . and the numlxT 10. 
High-speed computing machines have made tlie base 2 quite u.seful. The 
base 10 is convenient for numerical calculat ions, and it is t he one con.sidcred 
in detail in this text. Logarithms whose ba.se is 10 are calh'd common 
logarithm.s, and the ba.s«‘ is omitted when no misunderstanding can occur. 
Thus, if 

A^ = 10", n = log.V. 

There are three fundamental laws of logarithms which correspond to 
the first three laws of exponents. 


log (AM/) = log.V -f log.l/, (9-11) 


This law can be extended to any number of factors and .stat<‘d as follows: 
The logarithm of a product in the sum of the logurilhms of the factors. 



log .V — log M. 


(9-1.-)) 


The logarithm of a quotient is the difference of the logarithms of the numer- 
ator and denominator. 

log A'^ -- A lug A’. ( 9 -Hi) 

The exponent k may be a positive or negative integer, a unit fraction, a 
rational number or an irrational number. In all of the>e cases k is con- 
sidered as Hie power of X ; the law ean be stated a.s follows; 

The logarithm of the power of a number is the power times the logarithm of 
the number. 
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Proof. Lot 


so that 


Then 


N = lO”, M = 10’” 


n = log N, m = log ^1/. 


NM = 10" 10"* = 10"+'", 


^ = 10 "-’", N’‘ = 10 *" 


If Dofinition 0-5 is applied to each of the foregoing equations, we obtain; 


log (;V.l/) = 71 + m = log N + log M, 
V 

log ^ = 11 — m = log .Y — log M, 
log .V* = kn = k log .Y. 


(0-14) 


(9-15) 


(9-10) 


Algebraic expressions which in\’olve only multiplication, division, and 
raising to a power can be written in logarithmic form by successive applica- 
tions of tliose laws. 

Kxa.mple l)-4. Determine the logarithmic equivalent of the eijuation 


.r = P . 

When writteji with fractional ex- 
ponents, I his liecomes 


A 






li 


i. a 


so that 
log .r - 


h)g .t - ^ - !og/^' " 
i log .1 - ^ log H. 



If log A and, log P are known, log .r can be computed. 

The curve ij — log x has a relatively simple form (Fig. 9-2). Different 
units ha\T been sclectcil oji the .r- and ^-axes. Since 10 = 10‘, 1 = lO”, 
1 10 ^ 10“'. then lug 10 = I, log 1 0, log 1/10 = -1. These three 

points, together with the fact that x must always be po.sitive and that // 
increases as .r increa.ses (Theorem (9-2). which is also true even if r and s 
are irrational], enable one to make a fair sketch. The values of log 2, 
lc)g .‘k and lf*g 5. it known, can be used for more accuraev. 
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9-5 Tables of common logarithms. The logarithms of most integers 
are irrational numbers. Tor example; if 3 = lO'^, then x is the logarithm 
of 3 and cannot be the quotient of two integers. 3 = 10'’"* would imply 
3^ = (2 • 5)*’, pand q integers: and this is impossible, since the left number 
is divisible by 3 and the right number is not. More generally, if an integer 

is such that A' — 10'' then A"* — 10'’, and A' nm.'^t be a power of 10. 
The same remark applie.s if is a finite decimal fraction, for A' = .1// 10’'’, 
where M and m are integers, gives log A' = log .V — m, atjd so, in gen- 
eral, log A^ cannot be rational. Such numbers as v^. v^lO, have rational 
logarithms, but these numbers are themselves not rational. Wlum the 
logarithm of an integer is not rational, it can only be approximated by a 
rational number. This ai)[)roximatlon consist.s of an integer called the 
c/iaracleris(ic and a pure decimal fra<-tion calk'd the manti.s.<;i. When the 
base is 10, “Tables of Logarithms” give manti.ssas only. This text contains 
a four-place table (Table II, Appendix III) for computations involving 
numl»ers of four significant figures. The characteristic is determined by 
rules now to be establi.djcd. 

Since I = 10®, 10 = lO', and since the log 3/ increases as .)/ increases, 
the logarithm of a number M between 1 and 10 consists ojjtirc'ly of a deci- 
mal fractioji witli 0 as its eharaeleri>tie. The decimal part is tubulated. 
One may read directly from the table: log 2 = O.dOK); log 7 = O.-Hlol, 
When any number M between 1 ami 10 is expressed as a decimal fraction, 
it has one and only <nic digit to the left of the decimal point. Tor cxatnplc, 
3, 3.()!), 3.007, \''2 — 1.114 . . . , tt - 3.112“ arc mimbers of this type. 
If M is such a number and A' is given by S = .1/ • 10*, k a positive integer, 
then .V has k H- 1 digits to the left of the decimal point and 

iof, A = log (.1/ ■ 10*) = fc d iog.U. 

lienee the charaeteri.'«ti<- of log S’ is k, ami it is noted that k is one le'<.s 
than the mind)er of digits in A' which preeetle the decimal point. 'I'lio 
general rule is stated as follows; 

// a number is greater than I, its characteristic is positive (or zero) amt is 
one less than the number of digits to the left of the decimal point. 

Tor example: 'l'alil<‘ II shows the manti.ss;i iorresfromling lot he .H‘(|iieme 
of digits 300, irrespiM-tixc of the (le<-imal poirjl, !<► b(‘ ..■»07l). Ilem-e 


log 3.00 = 0..Vi7n, log3(i,0 - I .:>070. log300IH). I .'>070. 

J /-1 ,V = .1//10* - .1/ 10”*, where M is a number Ix'lweeii 1 ami 10, 
and k is a positive integer. 'Ffie number A' is a decimal fr;icti«)n whi< ii 
has I: — 1 zeros between the decimal point and the first nonzero digit ami 


log .V — log M — h. 
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Hcncc the characteristic of N is fc, where k is one more than the number 
of zeros which follow the decimal point and precede the first nonzero digit. 
The general rule is stated as follows: 

If a number is between 0 and 1, its characteristic is negative vnth absolute 
value one greater than the number of zeros between the decimal j>oint and the 
first nonzero digit. 

For example, 0.369 = 3.69/10, so that 

log 0.369 = log 3.69 ~ 1 = 0.5670 — 1; log 0.00369 = 0.5670 — 3. 

The manti.ssa is alway.s positive but less than 1 ; thus the logarithm of any 
number between 0 and 1 is intrinsically negative {see Fig. 9-2). In certain 
problems related to the logarithmic form of an exponential law or a power 
law, this intrinsic value is needed. Thus log 0.369 = 0.5670 — 1 = 
-0.4330. The decimal fraction —0.4330 is not a mantissa but is the true 
value of log 0.369. Similarly, log 0.00369 = 0.5670 - 3 = -2.4330, 
where the last form is the intrinsic value of the logarithm. 

In problems involving numerical calculations, it is convenient to adjust 
the form of a negative characteristic by adding and subtracting the same 
integer so that the characteristic appears in the form of a positive integer 
minus 10. For e.vample. 


log 0.369 = 0.5670 — 1 — 9.5670 — 10 
log 0.00369 = 0.5670 - 3 = 7.5670 - 10. 


The digit 7 is 9 minus the number of zeros {2) which immediately follow 
the decimal point. The alternative rule is stated as follows: 

If a nu77iber is between 0 and 1, its e/iarac/eri'sO'c is of the form c — 10, 
where c is 9 minus the number of zeros between the decimal point and the first 
nonzero digit. 

In numerical calculations there are two problems to solve: (1) given a 
number .V, find log A ; (2) given log A'', find N. The mantissa depends only 
upon the sequence of digits and docs not depend upon the position of the 
decimal point. !• or the table in tliis text, if N is given as a three-digit num- 
ber. find the first two nonzero digits in the ,V column, and read the man- 
(ksa on this horizontal line and in the column headed by the third digit. 
The manti.ssa for a four-digit number is found by linear interpolation in 
accord with the jirinciplc of proportional parts; 


f ourt h digit _ par tial difference (p.d.) 
10 tabular difference (t.d.) 


(9-17) 


I hr partial difTcrence is computed to the nearest whole unit and added to 


ti\(‘ smaller iijanti.>i.sa. 
given aboN’c. 


The eharacteri.stie is then determined by the rules 
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Example 9-5. Find the logarithms of 2437 and 0.002437. 

log 2.43 = 0.385G 
log 2.437 = 0.38G'J 
log 2.44 = 0.3874 

The tabular difference found by subtracting the two adjacent tabular 
entries is 18; the partial difference is 18(0.7) = 13, which added to log 2.43 
gives log 2.437. Hence 


13 


18 


p.d. = 18(0.7) = J2.G = 13 


log 2437 = 3.3869; 


log 0.002437 = 0.3869 - 3 = 7.3869 - 10. 


(2) If log N is given, locate the mantissa between two successive entries 
in the body of the table. The first two digits of the number .V are found in 
the column on the left of the page and in the row corresponding to the 
smaller entry; the third digit of N is found at the head of ihe column cor- 
responding to this smaller entry, and the fourth digit is the nearest unit 
found by interpolation from Eq. (9-17). The decimrd point is then located 
by rcver.-«ing the rule.s for finding the characteristic as given above. 

If the characterisdc is positive (or zero), (he numWr is greater than 1 ami 
the number of digits to the left of the decimal point is one more than the charac- 
teristic. 

If the characteristic is negative, the number is between 0 atul 1, end the 
number of zeros between the decimal point arul the first nonzero digit is one 
less than the absolute value of the characteristic. 

If the characteristic is given in the form c — 10, then the number of zeros 
between the decimal point and the first nonzero digit is 9 wunus c. 


Example 9-5 continued. If log N — 7.3869 — 10, is given, the man- 
tissa is located betweeji the entries 3856 and 3874 corresponding to th(‘ 
sequences of digits 243 and 244. The fourth digit is found from the pro- 
portion 


d _ partial difference _ 13 
10 total difference ~ 18 


Since the characteri.stic is 7 — 10, the number of zeros immediately fol- 
lowing the decimal point i.s 9 — 7 = 2. Hence, if 

logA^ = 7.38G9 - 10, N = 0.002437. 

Similarly, if log N = 3.3869, N = 2437, and if 

log N = 0.3869, N = 2.437. 
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Problem Set 9-2 

1. (a) What is log 2 iV if iV =8; if = 1/16? 

(b) What is iV if log 2 = 4; if loga A' = -3? 

(c) What is log iV if A^ = 1000; if AT = O.OOl? 

(d) What is N if log N = 4; if log A^ = —4? 

2. Wiito the logarithmic equations which correspond to 

3. If j/ = log 2 X, write the equation which gives x in terms of y. Draw the 

corresponding curve for -2 < y < 2 by assigning values to y and computing x. 

4. Find the common logarithms of the following numbers. 

(a) 423; 7610; 0.0287 (b) 87900; 87.9; 0.00879 

(c) 4237; 7689; 0.02873 (d) 87960; 87.92; 0.008798 

(e) 6.893; 0.7642; 1.023 

5. Find the numbers which have the following common logarithms. 

(a) 2.2765; 0.2765 - 2; 7.2765 - 10 

(b) 3.8960; 0.8960 - 1; 8.8960 - 10 

(c) 0.2935; 0.2935 — 3; 9.2935 — 10 

(d) 1.4276; 0.4276 — 1; 7.4276 — 10 

(e) 2.7180; 0.7180 - 2; 9.7180 - 10 

9-6 Numerical calculations. If a product, quotient, or the power of a 
number i.s to be computed, or if the solution of an e.xponential or power 
equation is to be computed, the first step is to write the logarithmic equiva- 
lent of the given equation. Before using the tabic.s, a complete logarithmic 
skeleton is planned from this equation. This skeleton is the part of the 
<‘ompulation which ordinarily appears to the left of the equal signs. 

Example 9-C (compare Example 9-4). Compute x = where 

.4 and B are given numbers. ’ 

The logarithmic equation is log x = (2 log A — log B)/3. 

The logarithmic j^keleton is: 



log .4 = 

2 log .4 = 
log B = 

•C 

logx = 


X 


The (-- ) to the extreme left indicates subtraction. 
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Example 9-7. Compute 

X 




8.908 X ;}47.0 


4321 


log.c = (log 8.908 -I log 347.0 - log4321)/2 
log 8.908 = 0,9527 

(+) log 347.0 = 2.5403 The characteristic is adjusted for 

23.4930 — 20 the subtraction and division by 2 
(-) log 4321 = 3.0350 

2 )19.8574 - 20 
log i- = 9.9287 - 10 

X = 0.8480. 


Example 9-8. Compute / = 10. 

Negative numbers have no logarithms, so this eijuatioii is writtcai 

X = — a/TO or ( — j) = v^. 


Then 


log (— x) = ^ log 10 = 0.3333 
(-/) = 2.154 




Example 9-9. 


Eirst compute 


X = -2.154 

('ompule X — \/30 x'^OO. 

\/250 and then add this to 30. The scheme is as follows; 


log 250 = 2.3979 

i log2.')0 = 1.1990 Computer’s rule 
= 15.81 lOfj^) = 1 

30 

S = 51.81 
log .S' — 1.71 14 
I log .S' - 0.8.572 
.r - 7.198 


Example 9-10. Compute 2’’ approximately (.s<'e Example 9-3) using 
a four-place table of logarithtn.s. 

2Mh O’’ < 2' 
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Since only a four-place table is available, 2'^ is approximated by 

log 2 = 0.3010 

>/21og2 = (0.3010)(1.414) = 0.4256 

2'^ = 2.664 d = lO(^). 

The equation 

y = A- lO^"' (9-18) 

in logarithmic form becomes 

log y = log i4 -}- kx. 

If a new variable Y, Y — log y, is introduced, and if log A = a, the equa- 
tion takes the linear form 

Y = a-\- kx (9-18L) 

with graph in the xK-plane as a straight line. If x is given a specific value, 
the value of y is computed by finding Y and getting y from this. 

Example 9-11. Study the graph of y = 3 • 10*^^ (0 < .c < 4), and 
the graph of its logarithmic form. If x = 3, compute y. 

In the graph of the curve y = 3 • 10'‘ ^, (0 < x < 4), the range of y 
is between 3 and 300 and the y unit must be very small if much of the curve 
is to bo shown. The logarithmic form is 

log y = log 3 -f- ix. 

If .f = 3, 

logy = 0.4771 -r 1.5000 = 1.9771 
y = 94.85. 

If Y — logy ami log 3 is rounded off to 0.48, thi.s equation becomes 
Y = 0.48 -h .r,/2: the range of Y is roughly to the graph is a straight 
line (Fig. 9 3) a!id can be constructed from the two points (0, i), (4, §). 
The third point (3, 2) can l>e used as a check. 

'I'he e(|uation 

y = /lx* (9-19) 

in logaritlmiic form is 

log y = log .1 -f- k log X. 

If new variables A' = log .r, Y = log y are introduced, the equation takes 
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Figure 9-3 Figure 9-4 


the linear form 

1' = fl 4- /.'X 

with graph in the A'’}’-plano which is a straight lino. If x is given a .spooifie 
value, the value of y is computed liy means of logarithms. 

Example 9-12. A demand law is given in the form p = lO/j-'^ ', 
< X < 10). Write the logarithmic form of this ecjuation, introdin e 
new varialdes /* = logp, .Y = log x, and draw the corresponding line in 
tlie /^V-plane. If x = 5, compute p. 

log p = log 10 — 5 log x 

r = \ - ^.V. {-1 < .Y < li. 

since log 10 = 1 and log ^5 = — 1. The corre.^ponding line .segment is 
obtaineil from tlie points ( — 1. |l, (1, — i) and is shown in I'ig. 9-4. 'Fhe 
/'-intercept may he us<*d as a check. 

If X = 5, logp = 1 — 2(0.0990) = —0,0485. This is the intrinsic 
value of the logarithm. When expres.sed in terms of a positive inanti.s.s\, 

logp = 9.9515 - 10, p = 0.8944. 

The exponential eijnation 

= 6 . ( 5 ) - 20 ) 



If fl or t is hetween 0 and 1, its logarithm is negiitive and its intrinsic value 
is used. The actual division of log a hy log h, except for a possible negative 
sign, could also be made using logarithms. 
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Example 9-13. Solve each of the following exponential equations. 

(1) 2" = G; (2) (0.2)" = 6; (3) (0.2)" = 0.6. 

log 2 = 0.3010; log 0.2 = 9.3010 - 10 = -0.6990 

log 6 = 0.7782; log 0.6 = 9.7782 - 10 = -0.2218 


7782 


•Ti = : 


3010 ’ 


X2 = - 


7782 , 
6990 ' 


x\ = 2.585; xn = —1.163; 
The computation for .T 2 is as follows: 


_ 2218 
6990 

X3 = 0.3173 


-X2 = 


7782 


6690 

log (— X 2 ) = log 7782 — log 6990. 
log 7782 = 3.89U 
(-) log 6690 = 3.8254 


log ( — X 2 ) = 0.0657 
-X2 = 1.163 
X2 = -1.163. 


120 

37 


= 3 


Problem Set 9-3 

(M-ikc all computations u.sing a four-place table of logarithms.) 


1. (a) 423 X 761 X 2S7 

(. ) R.79 X 2.S7 X 0.0423 
, , R79 X 2S7 
' 701 X 423 

2. (.a) 42.37 X 0.07614 X 2.S73 
(c) R.79R X 1.R94 X 2..S73 


, , S79S X 2.S73 

(c) --- 

7614 X 4237 


(b) (423 X 70 1) 2S7 
(d) (87.9 X 28.7) 42300 
0.0879 X 2.87 


(0 


(b) 


(4.23)2 

42.37 X 0.07614 
' 2.873 


, „ 8.798 X 1.894 

(it) 


(0 


2.873 
0.0S79S X (2.873)'* 


(4.237)2 


3. (a) V 26.78 

(.1) 


(b) <'26.78 


(c) V.008102 


(e) V r2v^'ioo 


(f) V^4 - V46 
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4. (a) (5.23)-'''' (1>) (5.23)“’'^ (c) (5.23)''^ 

(d) {-2.51)^'" (o) (V3)''" (f) (l/IO)"'" 

5. If y = 4 • (0 < j: < 4), 

(a) write tlie equation in logarithmic form, let }' = log y, and draw llic 
corresponding line segment in the xl'-plane; 

(b) if X = 1 and x ** 4, compute y; 

(c) if y = 10 and y = 20. compute x. 

G. If y = 30- 10-^'^ (0 < / < 4), 

(a) write the equation in logarithmic form. I/Ct 1* = log y ami draw the 
corresponding line s(*gment in the xK-plane; 

(b) if X = 1 aiul X = 3, compute y; 

(c) if y = 10 and y = i. comj)Ute x. 

7. A demand law is given in tin* form p = 20/x^^^, (.^ < x < 4). 

(a) Write the e(iuation in logarithmic form. Let A' = log x, P = h)g p, 
determine the domain of A', ami draw the correspondittg line segtnent in the 
A’/'-plane; 

(b) if X = J ami X = 3. compute /a 

(c) if /> = 10aml/> = 40. compute x. 

S. A poi)ulatitm c urve is given in the form y = 20,000(1 -f- x)^^^-. where x 
is tl»e numbej' cd years measured from tlie present and y i.s the population at 
time X. 

(a) Write the equation in logarithmic form. Let A’ = log(l + x) ami 
y - log y and draw the corresponding curve in the A'K-platie. 

(b) Show that tlic‘ |iopulation will doulile in about eight years. 

(c) How large will the population be in live years? 

(d) When will the populatii)n Ik* .30,000? 

9. Verify that 

(a) 3' < r> < 3‘ (h) 2' '■*=' < rr < 2' 

10. Solve the fcjlluwing e\pc>neiitiul eciuations. 

(a) 5^ = S (h) (O.-'i)' = 8 (e) (0.5)' = O-S 

(d) 4'* = 1 (e) 7.2' = 13 (0 13.3' = 7 


9“7 Compound interest. .Money earmM (or paid) for the aso of money, 
periodically added to tlie priiieipal and thereafter earning the .same rale 
of interest, i.s referred to as compountl inPrcal. To .sjieeify a c-onipound 
interest rate, both the per eenl and the time intervals must be given. 
This may be done in several ways. Thus li% eompounded annually in- 
dicates that the interest is added to tlie principal and becomes new princi- 
pal at the end of c-aeh year; <-ompounded (|uarterly means that at the 
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end of each three months 1^% of the principal is added to the principal; 
0% payable monthly means that interest is paid at the end of each 
month. If no period is specified, it is usually understood to be one year. 

If the original principal or present value is P, and if the interest rate per 
period is i, then at the end of the first period, the new principal or accumu- 
lated amount /t is P + Pi = P{1 + i). At the end of two periods it is 
A = P(1 -1- i)(l + i) = P {1 i)2j at the end of three periods A — 
+ iV. and so on. At the end of n periods (n an integer), 


A = P(l + f)". (9-21) 

The derivation of this formula is an illustration of incomplete induction. 
A complete proof, based on the Principle of Mathematical Induction, is 
discussed in the next chapter. If n is not an integer, Eq. (9-21) is taken 
as the definition of the accumulated amount A of the present value P for 
n periods at the rate i per period. 

If this equation is solved for P, 


P = .4(1 -h 0"" = Ai^, 


(9-22) 


where the symbol c stands for (1 4- i)“‘ = 1/(1 + i). 

If any three of the four numbers i, n, P, A are given, the others may be 
computed. Four-place log tables are limited to the u?c of four significant 
figures, and if n is large, the error in log (1 0” = n log (1 4 i) would 

also he large. Hence .such a table is not satisfactory for (‘omputing cither 
.1 or r to the nearest cent except when n is small and the principal i.s less 
than SIOO. For that reason, special tables of (1 4 ?)" and of (1 H- f)"” 
have been prepared (Tables III and IV, Appendix III). The tabulated 
\ alue.s are gi\‘en to fi\ e decimal places, or to .'^ix significant figures, which 
is sulficient for principals of several thousands of dollars. If some needed 
n is not included in the table, the fundamental laws of exponent.s may be 
u.«ed to obtain a \‘alue. 


h.x.vMPLE t)-!4. \\ hen a boy is born, SoOO is placed to his credit in an 
account that pay.s (a) 0% annually, (b) 0% compounded quarterly, 
(<‘) compounded monthly. If the account is not disturbed, what 
amount will there be to his credit on his twentieth birtlulay? 


(a) .1 = 500(1.00)^® = 500(3.20714) = $1603.57 

(b) .4 - 500(1.015)^® = 500(3.29066) = $1645.33 

(c) .1 - 500(1.005)=^® 500(1.005)-®®(1.005)'*® 

= 500(2.71152)(1.22071)) 

= 500(3.31020) = $1655.10. 
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In part (c), the value of (1 + i)" could not he read directly from Table III 
and an auxiliary calculation was necessary. 

Ex.\mple 9-15. Mr. Needy borrowed money from the E-Z Loan Co. 
and promised to pay S200 at the end of one year. The interest rate i.s 
per month on the first SlOO and 2% per month on the second $100, How 
much cash does he receive? 

X = $100(1.025)“*^ + $100(1.02)"'^ 

= S74.35G + S78.8-19 = $153.20 (Table IVj 


In this problem it is reasonable to use logarithms for the calculations. 

. ,, 100 „ 100 
A”” = A'l -f ^ 2 , where Ai — q 2 ji 2 ’ "^2 — '(i. 025)‘2 


log (1.02) = 0.0080 
log 100 = 2,0000 
(-) 12 lo g (1,02) = 0.1032 

log A', == 1.8008 
A', - 78.85 


log 1,025 = 0.0107 

log 100 = 2.0000 

{-) 12 log 1.025 = 0.1284 
log A '2 = 1.8710 
A\> = 74,40 


A' = $78.85 4 $74.40 = $153.25 


The .slight difference is due to multiplying the error in log (1 -f 1 ) hy 12. 
If n is the unknown, it can be calculated by interpolation in the table, 
although only integral values of n have realistic interpretations. It can 
also l)c calculated from the logarithmic form of hap (9-21). 


log 

‘ log(M-'j) 


(9-2.'L) 


Ex.\.mplk 9-10. What is the least number of years reejuired for money 
to double iiself and what is the accumulated amoutit of $100 (to the near- 
est ui ne) for this lime, if the ittterest rate is 



3% per year, 


(b) 3^^‘c year? 


(a) An examinatioti of Table III uialer the column licmled 3'o shows 
that the entry 2.00 wouhl oceur when n is between 23 ami 21. lienee the 
least number of years is 21, and $HM) will accumulate to $203.3. 

(b) Tlie iiitere.'t rate of 't doc> not appear in tlie tables, but a jiroccss 
of double intcrpolaliun can be u.sed to lind an approximation to u. 
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The entries in the four corners of the following tabulation are found in 
Table III (rounded off): 


n 

3i 

3i 

4 

IS 

1 

1.857 

1 

1 i 

1.942 

2.026 

n 

1 

2.000 


19 

1.923 

2.015 

1 

2.107 


Since ^^4 is midway between and 4, the values corresponding to n = 18 
and u = 19 are found by interpolation to be 1.942 and 2.015. The value 
of ri lies between 18 and 19.*and at the end of 19 j'cars the accumulated 
value of SlOO would be S201.5. If a fractional value of « is desired, it can 
1 m‘ found by interpolation to be 


= 18 = 
t.d. 


18 + I = 18.7, 


'riu’ loiiariibmic .^lolution of the problem is obtained from 

log(1.0:i75) O.OUiO 

1 In- log t^l.O.JTo) was foun<l by interpolation, using ^ of the tabular dif- 
fenui-e ot log (l.O.i} and log (1.04). The accumulated amount of 8100 at 
the end of 19 years is .1 - SlOOfl.O.SV')) The ealeulations appear below 

log 1.0;J75 O.OUiO 
19 log (I.O;J75) = 0.:i040 
log .1 = 2.;i040 
.4 = 8201.4. 

In a similar way, if i is tlie unknown it can be eale\ilated by interpola- 
tion, or from the logaritbmie form of Kcj. (9-21) written 

i„g(i , . 

H 


In both methods the msult is reliable to the nearest y’g of 1%. 
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Example 9-17. At what rate of compound interest will money triple 
itself in 18 years? 

3 =(1 + !)'*, log(l + 0 = !^~- 

(a) Table III shows that iff = C%,(1 + f)'® = 2,85:aiKi if f = 

(1 4 - i)*® = 3.11. Linear interpolatioji yield.s 



(b) log 3 = 0.4771, log(l -f f) = 0.02G5. log (1.00) = 0.0253; the 
partial difference is 12, the tabular difference is 41, so 

(I i) = 1.003 or f = 0.3%. 


In many transactions, when the number of period.s is not an integer, 
compound interest is used for (he integral number of period.s and .'^imple 
interest is used for the frac(iot)al part of the period. This works very well 
for finding the accumulated value but is not .so convenient for finding pres- 
ent value. In order to compare two .sums of motjey due at different ilates, 
it is necessary to find their values at the same date. Otic of the advantages 
of compound interest is that (1 + ij"(I + •)"* = (I i- for all real 

values of n and m and the eomparison date may hcMdected for convenieiiee. 
When u.sing simple interest, the eomparison dale must i)e specified. 

Example 9-18. (a) Find the accumulated amount of SIOOO for 0] years 
if the interest rate is 0% per year and eompound intore.st is used bir the 
first 0 years and simple interest for the fractional part of the years. 

(h) Find the present value of SlOOt' due iu 0.1 years if the interest rale 
O' o per year and eompound interest is u.mmI for tlie first () yi'ars and sim- 
ple interest for ^ year. 

(c) Compare tliis with the result ohluiued if the value is found 7 years 
before it is due and this is aeeumulated at sinqile interest for of a year. 


(a) A = $1(K)0(1 0l)F'(l 015) 

Sl()0()(I.11852)fl.015j = S1139.80 

(h) r = (ioo())(i.o(ir'v( 1 . 015 ) 

= S(l()()0)(0.7l)19(i)/1.015 - .?0tM.51 

(r) P Sl000(1.0li)"^(1.015) 

= $1(H)0(0.00500)( 1.015) ^ $091. '.to. 


If eompound iutere.-t 
that 

(1.00)""‘(F00) 


had been us<*ci in (h) and (e), it is easy to observe' 
(l.OOf’d.OO)-' ^ -- (l.OO)"'^-’ 
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A I Aj A3 

* ■ * O' O' o 

0 n, 02 03 n 

500 200(1.06)^ 400(1.04)^ 

0 2 5 S U» 

Figure 9-5 


The difficulty lies in obtaining (1.06)*^^ accurately. Four-place tables of 
logarithms do not suffice. Methods of doing this arc explained in the next 
chapter.* 

Equation of value. If several sums of money, represented by interest or 
noninterest liearing notes, are due at various dates, the total value at any 
specified date can be found by accumulating or discountingf each note to 
that date at a given interest rate. If the comparison date is the present, 
the corresponding equation is called the equation of present value. If the 
comparison date is some later date, it is called an equation of future value, 
and the comparison date must be stated. If the sums are A 1, .-12, /I3, . . . , 
due at times /j-, Rs. • • • , they may be the accumulated amount of an 
intere.'^t bearing note. 


Kxamplh 0-10. Find (a) the ecjuation of present value, (b) the equation 
of value at the end of 5 years, and (c) the equation of value at the end of 
10 years for the following notes; §.‘)00 due in 2 years, $200 due in 5 years 
with interc^t at V/ ^ per year, and $ 100 due in S years with interest at 4% 
per year. Consider that money is worth 5% per year. (See Fig. 9-5.) 

(a) lo (iiid the e(|uation of prc.sent value, $500 must be discounted at 
.y r compound interest for 2 years; $200(1.06)® must be di.scounted for 
5 years, and $100(1.01)*' must be tli.scounted for 8 years. 


/' - 500(1.1)51 - -r 200(1.0ti)®(1.05.)'® -100(1.04)®(1.05)"®. 

fb) fo fimi the e(iuation of value at the end of five years, $.500 must be 
accumulated fiir years and 01)*^ must he discounted for 3 years. 


F.-i = 500(1.0.5) ‘ 1 200(1.00)® -f •l()0(1.0-l)\l.05)“^ 


It is ea.sy to verify that 


F5 = /^(l.05l® = .500(1.05)-^ + ® F 200(1.00)®(1.05)“®+® 

-■ dOOlFOD^FOo)-^-"®. 

* v^l.OG could he hjuiul by taking the stiimre root of l.OG ami tlien the square 
root of this rc.sult, using tlio «livision process. 

t The term “discount" as usctl here means to find the value at a date before 
it is due. It should not be confused with the noun “discount" as used when 
discussing simple discount. 
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Similarly, 

r,o = o00(1.05)« 4- 200(1.06)''(1.05)^ -f- 400(1.04)^1.05)2. 
and 

r,o = ni.Oo)*” = ^5(l.o^>}^ 

It is left as an exorcise to use the Tables and compute P. Vr,. and I’lo 
and to verify numerically that Ti© = P{\.0'))^^. 


Problem Set 9-4 

1. Find the accumulated amount for S600 at tlie etui of 24 years at 47o d 
interest is compounded (a) annually, (h) semiannually, (c) quarterly. 

2. What sum of money should he set aside in a savings account at the time of 
the birth of a son to provide $1000 when he is 20 years old if the fund earns 5% 
compounded (a) annually, (b) (piarterly. (e) monthly? 

3. A student borrows $500 and piomises to re|)a.\ the loan togetlier willi in- 
terest at 4% compounded annually at the end of 6 years. Two years later this 
note is sold to yield the purchaser 2% annually. How much was paid for the note? 

4. A stuihmt Ijorrows SsOO and promi.ses to repay the loan, together with inter- 
est at 3% compounded antuially. at the end of 0 years. This note is immediately 
sold to yield the purchaser u' c annually. Mow imicli was paid for the note? 

5. Mr. Poor borrows money from the Short-Time Loan Company ami prom- 
ises to |)a\ $300 at tlie et)d of one year. The inlere.st rate is 2% i)er month for 
the first $100 and If;) per month for the balance. How mueh eadi does he re- 
ceive? Make the eoinputations using Tal>h‘ IV and also using logarithms. 

0. Mr. Needy honowed mon<-\ from the K-/. Loan Co. and promised to repay 
$100 at the end of li months and SlUOat the end «»f 12 months. Tlie interest rate 
on the shorter loan is 2^4 iier month, and is 2' c per numth on the nther loan. 
How much cash does he rceeive? Make the computations using Table IV ami 
also using logarithms. 

7. How long will it take money to double itself ami what is the accumiilateil 
amount of $100 (to tlie m aiest dime) for tlie leavt number of whole periods 
if the interest rate is t//, . ta) c'«mpoumled semiannually, (b) compoumh'il 
iiuarterly? 

$. How long will it take mom v to tuple itM-if ami wliat is the a. cmmilated 
amount of $100 (to the ncai.st dolhtii for the least number of whole p.-riods 
if the inU-rest rate is O j'i pel \'i-:ii 

Solve the problem (a; by im aii-'. of double interiiolation, and (b) by iinans 
of logarithms. 

9. At what rate of inter.-l will $7.5 an uimilatc to $100 in (a) 10 \eais, (b) .S 
years? 

10. It is elaimed tliat the govern 3 C ; saving b<*ml.s in. lease tlieii value 

by one-thir<I in 7 year' and 9 month', (aj Venfy this by eoinputing (l.Od?.’))' ' 
(bj How long will It take foi sm li a bon.l to iloiible its value'.’ Compute rhis by 
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determining m so that (4/3)" = 2. Compare your result with that in Ex- 
ample 9-16. 

11. .\t what interest rate will money triple itself in 30 years? Solve (a) by 
interpolation, and (b) by logarithms. 

12. Find the accumulated amount of S5000 for lOJ j’cars at 5% (a) if com- 
pound interest is used for the 10 years and simple interest is used for the half- 
year; (b) if compound interest is used throughout. Evaluate v^I.Oo to five 
places of decimals by the division process. 

13. note for 81000 (without interest) is due in 6 months. What is its ac- 
cumulated value at the end of the year if money is worth 6% per year? 

(a) Show algebraically that the following procedure.^ are ccjuivalent: (1) accu- 
mulate 81000 for the half-year at compound interest; (2) first find the present 
value of $1000 at compound interest, then accumulate this for one year at com- 
pound interest. 

(b) Show by means of numerical <'nlculations that the following procedures 
give slightly different results: (1) accumulate $1000 for the half-year at simple 
interest; (2) first find the prc.sent value of SIOOO at simple interest and then ac- 
cumulate this for one year at simple interest. 

U. (a) \\ rite tlie equation of present value for the following non-interest 
bearing notes if money is worth 4§% per year: $200 due in 4 ycais, $400 due in 
0 years. S2.'50 due in 7 years. Compute tliis present value. 

(b) Write tin* equation of v.ahie at the end of 10 years for the same note.s and 
indicate the relation between the values in (a) and (b). Compute the value at 
tlic end of 10 vears. 

15. (a) rind the pn-seiit value of the following notes if money is worth 5% 
IKT year: $2000 (without interest) due in 1 year and $1000 with interest at 4% 

ia-r year, due in 3 Nears, (b) What is the value of these two notes at the end 
of 5 v<'ar.«? 


1(». If money is worth 5% per year, what single amount payable at the end 
of 6 years is equivalent to two notes; $1000 due in 4 years at 6% per year, and 
$2000 dm* in 10 years at ■\% per year. 

17. .Make the indicated numc'rical calculations for Example 9-19, computing 
I 5. and Tjo. Then verify that ITo = P(1.05)*‘’. 


- 
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CHAPTER 10 

MATHEMATICAL INDUCTION, PROGRESSIONS, 
BINOMIAL THEOREM, AND ANNUITIES 

lO-I Mathematical induction. Although many important developments 
have resulted from inductive reasoning, the history of mathematics is 
filled with examples of conclu.sions based on consideration of a relatively 
few special cases which have been found false upon further examination. 
Some process is needed to show that the statement arrived at by inducti\e 
reasoning from a few special cases is either always true or is false. Mathe- 
matical induction is one such process for sequences of numbers. Before 
stating the Principle of Mathematical Induction, a few preliminary remarks 
arc made, and several illustrations arc given. 

A sequence of numbers «i, u-i, M3 , . . . , m„, where m„ is some function 

of the positive integer n: m„ = /(n), is an ordered .set, that is, for each 

positive n there is one and only one value of m. Tor example, the nth odd 
integer can be expressed in the form u„ = 2n — 1. It may be verified 

directly that if n = 1, 2, u„ = 1, 3. 5, 7, . . . all lit this formula. 

Suppose this formula is true for all values of n up to and including the 
integer k: Uk = 2k — 1. The next odd integer is 

Mfc+, = u* -I- 2 = 2k - 1 + 2 = 2(k + 1) - 1. 

This is the formula with k replaced by k -1 1 . Sin<’e the formula has been 
verified for k = 1, 2, 3, 4. it must be true for k = 5, then k = (i; and 
the Principle of Induction asserts that it is true for any positive integral 
value of n. 

Another example of a sequence of numbers is formed by adding the u’s: 

&'l = U,, 52 = Ml + M2 = M, + M 2 + 1' 

Example 10-1.) 

The formula for the compound amount, 

,1 = /'(I -h j)", 

at the rate { per period for n periods (n a positive integer), was established 
l>y incomplete induction. The result seemed to hold for all n. This formula 
is made precisi? by use of mathematical induction. Assume the formula 
true for all positive integer values up to the integer k: 

A, = /'(! + 0*. 

2(il» 
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Then /It+i is the result of accumulating Ak for one period, so 

Ak+r = Pil + + i) = P{1 + 

This is of the same form as ^4* except that k has been replaced by fc + 1. 
The Principle of Mathematical Induction then states the formula is true 
for any positive integral value of 7i. 

As another illustration consider the statement: If n is a positive integer, 
then a" — is divisible by x — y. Restated, 

■r" “ y" = (^ - y)Q{x, y), 

where Q(.r, y) is a polynomial in x and y. 

(a) It is verified directly that the statement is true for n = 1 and n = 2: 

X - y = (j- — y)(l): — i/ = {x — y){x + y). 

(b) -l.s.'fjmic that the statement is true for all positive integers n up to 
and including k: 

- y* = U - y)Q{x, y). 

(c) Hy iiHnuis (»f algebraic manipulations, it is shown that — y*"*"* 

is of tlie same form: 



'1 his shows lliat the stalenumt is then true for « = A' + 1. 

iili riic Principle of Indueiion implies that th<‘ statement is true for 
any positive int<-gral value of //. 

A l*y niaihcnuitical induction involves four essential ideas, none 

of whicli <an lie omitted; (1) verilicati«in; (2) assumption; pt) algebraic 
extension; (4) use of the' Principle t)f Induction, 'i'he axiom of mathe- 
matical induction can be stated as follows: 


If some rule uhich depends upioi (hr value of the positive integer n can be 
verified for at least one fixed value of n. and if it can be shown that the 
assumption that the rule is true for n — k implies that it is also true for 
n = A' + 1. then the rule is true for any n greater than the fixed n. 

Example 10-1. Prove that the sum of the lirst n odd integers is a 
perfect square. 
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It has already been proved by induction that the nth odd integer is 
2n — 1. A few trials show 5| = 1 — ^2 = 1 + 3 = 4 = 2^, 

S 3 = 1 -j- 3 -b 5 = 9 = 3^; and it is suspected that 

= 1 + 3 + 5 + • • ■ + (2n - 1) = n^. 

(a) It has been verified that this is true for n = 1, 2, 3. 

(b) Assume it is true for all positive integers up to k: 

Sfc = H- 3 + 5 + • • • + (2fc - ]) = jt2. 

(c) The sum of the first {k + 1) odd integers is obtained by adding the 
odd integer 2 k H- 1 to 5*, so that 

Sk+i = [1 + 3 + 5 + - • ■ + (2A: - 1)1 + (2A: + 1) 

= k^ + 2t + 1 = (A- + 1)2, 

which is the given formula with k replaced by A + 1. 

(d) Therefore, by the Principle of Mathematical Induction, the rule is 
true for any positive integer n. 

The above argument can be condensed, but the essentials of the argu- 
ment are required. 

10-2 Arithmetic progression. Definition. An arilkmelic progression 
is a sequence of numbers such that each number after the first is obtained 
from the previous one by adding a fixed number d. 

If the first term is a, the sequence is 


a, a d, a + 2d, a + 3d, . . . , = a -b (n — 1 )d. 

The form of u„ is checked for n = 1, 2, 3, and since 

[a 4 {n ~ l)d\ d = a + nd = a ([« + 1] — 1)(/, 
it follows by mathematical induction that 

t/„ = a 4 - {« — l)d (10-1) 

for any positive integer n. 

The sum of the first n terms of the arithmetic progression (n = 1,2,...) 
form a second «;quencc 

Si = ui, S 2 = wi 4 Ua. 

S 3 = ui 4 Wa f • • • I Sn = Ui 4 Ua 4 • • • 4 a«- 

A formula for Sn is obtained by writing the sequence in detail, then re- 
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writing it in reverse order, and adding : 

= a + (a + d) + (a -f- 2d) + (a + 3d) + ■ * ■ + 

Sn = Wn + (wn “ d) + (Un — 2d) + (if„ — 3d) + a 
25n = (a + «„) + (a 4- i^n) + • * • + (a + a„) = (o + M„)n. 


Therefore 


^ [a + n + (n — 1) d]n = na + L ” — ^ (10-2) 


If i<„ is considered the last term and represented by the symbol I, an 
equivalent formula is 

S, = . (10-3) 


If Eq. (10-2) is first verified for n = 1, 2, 3, , its validity can be 
established by mathematical induction. 


I'^XAMPLE 10-2. (a) Shf)\v that Eq. (10-3) can be used to prove that 
the .‘^um of the first n odd integer is n‘. 

(b) I md the sum of all the integers between 1 and 100 that are not 
divi.sible by 3. 

(a) a = I, I = u„ = 2n - 1; S„ = „ = ^2 

(b) The numbers can be written in two sets: 

1.4, 7,..., 97 
2, 5, 8, . . . , 98 

which when added gives the set 


3, 9, 15, ... , 195 

who.se sum is 

3(1 -}- 3 4- .5 + • • ■ -{- 65). 

Since 65 = 2n — 1 gives n = 33, this sum is 3 X 33" = 3207. 

If ui, Uo. • • • , »n is a given sequence, its arithmetic average u is defined 
as Sn/n or 

- Wj 4- “2 4- • • • 4- Un 

H ““ * ■ — » • 

n 

In case of an arithmetic progression, it follows from Eq. (10-3) that 

_ a 4- f 

u = — — 
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This concept is useful in connection with partial payment plans where the 
time is less than a year so that the use of simple discount or simple interest 
would be appropriate. 

Example 10-3. .\ man borrows money from a bank which uses a simple 
discount rate of 8%. He promises to repay $100 a month at the end of 
each month for the next 10 months. How mucli does he receive? 

This transaction may be considered as ten simple transactions where 
$100 each is borrowed for 1,2,..., 10 months. The amount he receives, 
as computed on the l)a.sis of the .simple discount formula (Section 4-.3) is 

7 ^ = $ 100[(1 - -^^ 8 %) + (1 -- - 5 ^ 8 %) + ■■• + (! - |^ 8 '' c )| 

= $iooo[i - M-h + • *t- }^)8'ol 

= $100011 - ^8%) = $I000[1 - i^S%\ = $003.33. 

The coefficient of 8% is the average time t, expressed in yeai*s. Hence 
P = $10(K)(1 — dl), where d is the simple discount rate. 

More generally, suppose that payments of R are at the ends of 1, 2, 

. . . , I months, and the annual simple discount rate is d. The present 
values of these payments arc 



and their sum is 

= /l(l - id), (KM) 


where A is total amount repaid and t is the average time expressed in years 
for which the equal sums arc borrowed. In Example 10-3, J is readily 
recognized as SJ months or ^ of a year, and the formula can l)e applied 
directly. 

/' /(' l< K A K 

0 I -2 V / 

FiGiiiu: 10- 1 


The equation of pre.sent 


value (Section 4-1) at llie .simple interest rate 



• (10-5) 
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The sequence of terms within the braces do not form an arithmetic pro- 
gression. If R, T\, and I are given, P can be computed; but if P, R, and 
i > 2 are given, it would be difficult to determine the value of rj. Since 
the due dates are different, there is no convenient comparison date for 
accumulated amounts when using simple interest. As suggested earlier, 
the use of compound interest would obviate this difficulty. 

Corresponding to any simple discount rate there is a corresponding in- 
terest rate for the same time period (Section 4-5), such that 


I 4- fr = 


I - td 


When written in terms of this equivalent interest rate r, Eq. (10-4) be- 
comes 


A = 


/- 


1 - td 


= P(1 + (r). 


( 10 - 6 ) 


In terms of the amount of simple interest, 


/ = Ptr. 


(10-7) 


Partial payment plan problems .solved by means of Eqs. (10-4) or (10-6) 
are said to be solved by the average time method. 

Example 10-4. common plan used for aut«imnbile sales financing 
is to increase the unpaid balance of the ca.sh price by J»id divide this 
by 12 to obtain the monthly payment for each of 12 months. What is the 
('.•rresi)oii(ling simple interest rate, ba.'^d on the average time method? 

Suppose the unpaid balance were $1200. The monthly payment would 
l>c .$1272, 12 - $106. The average time is tli months or ^ of a year. If 
E<|. (10 7) is used to find the rate r. then 


so that 


$72 - $1200 X ^ X r. 




The corresponding simple discount rate a.s determined by Eq (10-4) is 
10.45%. 


Problem Set 10-1 

1. The first four terms of a sequence are given below. Determine those 
sequences which could be arithmetic progressions. On the assumption that they 
are such progressions, find the twentieth term of the progression and also find 
the sum of the first twenty terms. 
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(a) 3, 7, n, 15 (b) 2. 6, 10, 13 

(e) i 1.2.^ (f) 34.30.26,22 

2. Determine c so that the following arc the first three terms of arithmetic 
progressions. In each ease find the twelfth term and the sum of the first twelve 
terms of the corresponding progressions. 

(a) -2, c, 8 (b) -2. 8. c 

(c) c, Jc (d) c, §r2 

3. Find the sum of all integers between 30 and 300 that are e.\aetly divisible 
by 8. 

4. Find the sum of all integers between 1 and 100 (inclusive) that are not 
divisible by 7. 

5. Find the sum of the first n natural numbers by means of the formula for 
an arithmetic progression. Prove this formula correct by using mathematical 
induction. 

6. Prove by mathematical induction that 

(a) 1 + 2 + 3 +••■+(«- I) = ~ , (n > 1); 

(b) 4 + 6 + 8 + h 2(n + 1) = n(n 3). 

7. (a) Determine the sum of the first n po.sitive integers of the form 3« — I, 
using the formula for the sum of an aritlmietic progression. Verify the result 
by mathematical induction, (b) Repeat part (a) for integers of the form 3/i -f 1- 

8. Prove by mathematical induction that 

2 -I- 2^ -4- 1-2'' = 2(2" - 1). 


9. Prove Eq. (10-2), 



by mathematical induction. 

10. If n is a positive integer, prove by mathematical induction that — ! 
is divisible by i I. 

11. A man borrows from a bank that uses a simple discount rate of 8%. 
He promise's to repay $.50 at the <-nd of each month for tlie next 12 months. 
How much does he receive? U.se the average time nu’thod. 

12. man borrows $.560 net and promises to repay $.50 per month for 12 
months. What arc the eorre.sponding simple discount rate and simple interest 
rate, based on the average time method? 

13. Verify the simple discount rate given in E.xainple 10-4. 

14. A common plan used for automobile .sales finuneing is to increase the un- 
paid balance by 9% and divi<le this by 18 to obtain the monthly paymer»t for 
cacli of 18 months, \\ hat an- th<- simple tliscount and simple interest rates based 
on the average time method? 

15. One credit purchasing plan is U) increase the cost by 10% and divide tlu.s 
by 6 to obtain the monthly payment for tin- ne.xt six months. What are the sim- 
ple discount and simple interest rale.s based on the average time method? 
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10-3 Geometric progression. Definition. A geometric progression is 
a .soiiuence of numbers such that each number, after the first, is obtained 
from the previous one by multiplying a fixed number r. 

If the first term is a, the seiiuence is 


a. or, ar~, ar^, . . . , m„ = ar" 


The form of j<„ is checked for n = 1, 2, .3, and since 


+ — I 


{ar"-‘)r = or' 
it fiillows by mathematical induction that 


= ar"-‘ 


( 10 - 8 ) 

for any positive integer n. 

Tliesum of the first n terms of the g«‘ometric progression (n = 1,2, 8 , . . .) 
form a second seciiu-nce 


— a, S> — (i(l - r), .S3 = fl(l : r } r"), 

r -- r-’ -! • • • r"-*). 


• • • > 


~ n(l - ' , -n-J 


I'his formula looks like, and is, the result of dividing 1 — r" by 1 - r. 
riie |)r(>of that 


.. I - r" 


( 10 - 0 ) 


is (ziven by matla niatical indm-tion. This is verified for n 

SIN' e 


1 and n 


k'ui't lu'r, 





1 



r 



1 r" I r - r 


n 


n + l 


^ ' \ r 


~ a 


1 - r 


n-4 l 



It follows by indm tion that i:.|. (10-0) is true for any positive integer n. 

The same result can be obtained by forming rS and subtracting this 
from 5. 

If is considered tlie last term and is represented by the symbol I, 
an cijuivalcnt formula is 



a — rt 
r 



( 10 - 10 ) 
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If r > 1, it is convenient to make the numerator and denominator in 
Eqs. (10-9) and (10-10) positive. 

Example 10-5. Kind the sum of all integers between 1 and 10,000 that 
are powers of 3. 

The first few such integers are 3, 0, 27, To find the last, without 

trial, solve the exponential equation 3* = 10,000 to the nearest integer: 

_ log 10,000 _ 4 _ + 
log 3 ” o:i8 “ ^ • 

3» = (3^== = (81)" = 0501. Hence 


„ 3(05(>I) - 3 

.S = 


‘J8-10. 


In this problem it was possible to find all the numbers and add them, but 
if the la.st number had been very large, thi.s would have beet) laborious. 


Example 10-0. Prove by mathematical induction that the sum of the 
squares of the fir.st n odd integers is «(-!«" — l)/3. Do these .stjuares 
form an arithmetic or a geometric progressiot)? 

It is easy to verify that the formula is true for /j = 1 and 2, since 
1" = 3/3 and l" -f 3" = 10 = 2(15)/3. Assume 

Sk = 1" 4 3" 4- o" d + (2k - D" 

_ k{4k^ - I) _ k(2k 4- 1)(2/: - 1) 

3 ' ' a 


Then 


'^’*+1 — '5* 4" (2k 4-1)^ 


k(2k 4- 1)(2^- - I) , 3(2A- 4- 1)^ 


2k 4- 1 


3 


- (2k^ - k + OA 4- 3) = 


2k 4- 1 
3 


(2A" 4- 5A f 3) 


2k 4- 1 
3 


(2k + 3) (A 4- 1) 


(A l)(2A 4- 3)(2A 4- 1) 

3 


(A 4- 1)(2(A 4- 1] 4- 1)(21A 4 l| - 1 ) 

3 


which is of the form of St, except A has been replaced by A -f 1. Iletue 
the given formula is true for any positive integer 7i. 

The sequence is neither an arithmetic nor a geometric progression. 
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If Ui, U 2 , . . . , Un is a sequence of positive numbers, its geometric 
average ^ is defined by 


Hence 




log Ri + log »2 + • • • + log Un 

n 


( 10 - 11 ) 

( 10 - 12 ) 


and this logarithmic form is used in numerical calculations. Note that 
log ^ is the arithmetic average of the logarithms of the given u’s. In the 
ea-se of a geometric progression, it follows from Eq. (10-8) that 


(? = (a X or X ar- X ♦ • • X nr""*)*''* 

_ ^^.<1+2+.^+ -+n-n'n 


It can he shown by induction (See problem Ga, Problem Set 10-1) or by 
the formula (10-2) of arithmetic progressions, with n replaced by {n — 1), 
that 

[1 r 2 4 3 + • • ■ f in - 1)] = , („ > 1 ). 

Hence 

^ = -s/d. (10-13) 

Thi.'i formula is valid for any two positive numbers. 

Exampi-e 10 7. Find the geometric a\'orage of (a) the first six multiples 
of 2; (l>) the first six integral powers of 2. 

(a) y = v'2 • 4 ■ ti ■ 8 • 10 ■ 12 = v''4(i,08t) 
log i? log 40,080 = g(4.0(i3r)) = 0,7772. 

5 -- 0.087. 

(li) The sefiueniT is 2, 4. 8, l(i, .'!2. 04. 
lienee i? = \ fOS = 11. .'ll. 

In a partial payment plan where compound interest is used, the result 
is indepj'mlent of the comparison date. The terms form a geometric pro- 
gression an<l hence cun lx- summed by 10 ( 1 . (10-10). 

10 8 (compare l-Nample 10-3). man borrows money from 
a l)ank which uses a compound interest rate of 8''p, compounded monthly. 
He promi-^es to repay SUK) piT inotilh at the end of each month for the 
next 10 months. How much docs Ik* n-ceivo? 

The amount he receives is the present value of ten paj'ments of SlOO 

• XH'h. 

P - S100[(l - /•) - (1 ir- -1- (1 + 
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where i = §%. If Eq. (10-9) is used with a = {\ -r i) \ r = (1 -j- 
and n = 10, the result is 



S 


100 o+i): ' - 

1 - (1 + i)-' 


If l)Oth numerator and denominator are multiplied by 1 -f i, 



SlOoi 


1 


where i = §%. If it is given that (1 n- i = §%, 

Example 10-11; this rate is not given in Table IV), then 


is 0.93571 



r = SlO.OOOd - 0.93571) X 3 = $90-l.-l. 


More generally, if payments of li are made at the end of eaeh month 
and the interest rate is i per month for n months, the equation of present 
value is 


J> = /?(j. + _j_ . . . 



— u 






f = (1 + i}-', 


If e" is available in the table or can be eomputed by other methods, and if 
/i is known, P can l>e eomputed. If P. li. and n are known, the problem of 
computing i is not didieult if appropriate tables are use<). 'i'his will be dis- 
cus-scd in detail in the section on annuities (Section lO-ti). 

Infinite geomclric pTinjnHsion. If the geometric progression continues 
indefinitely and if |r| < 1, it is possible to compute a sum for it. Tor 
example, the decimal fraction equivalent of 1/3 is 


0.333 



100 


(indefinitely), 


which is a geometric pr(jgn-ssion with a ~ 3/10 and r = 1/10. Such a 
progression is called an infinite yeomrtrir. progression. It has no last term, 
but the numerical value of Un may beconu' aibilrririly small in absolute 
value when n becom<‘s very large. This occurs if and only if |r| < 1, ii^ 
which case Ir"! tends to zero as n increases without limit. In that ca.se, 
the sum of the progression, iiidir atcd by .S'^, is 



a 



(10 I I) 
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in the sense that a(l — r”)/(l — r) and o/(l — r) can be made to 
differ by as small a number as we please by choosing n sufficiently large. 

Example 10-9. A stick is 2 ft long. Half of it is cut off, then half of 
what is left is cut off, then half of what is left is cut off, and this process is 
continued indefinitely. How much of the stick is eventually cut off? 

The answer is 2 ft in the sense that the amount cut off can be made as 
close to 2 ft as we please. In terms of an infinite geometric progression, 
the amount cut off is 

> + ^ + J + ^ + ■ • ■ + + • • • = = 2. 

^ * 


ICxAMPLE 10-10. A certain stock is expected to pay an annual dividend 
of 81 at the end of every year. If it is a.s.suined that money will always be 
worth 5%, w'hat is the value of the stock dividends? 

The equation of present value i.s 

P = (l.Oo)-' -f (I.Oo)"^ + ■ ■ • + (l.Oo)"" + ■ • • . 


The sum of this infinite geometric progression is 



I-^xamination of the table of pre.scnl values shows that the present value 
of the 50lh ])ayment is le.‘'s than 9 cents, and the value of the 100th pay- 
ment is Ic'ss than 0.8 cents. 

.\ny repeating decimal fraction may be considered the sum of a finite 
decimal fraction and an infinite geometric progression whose ratio is 1/10*', 
whiMo }; is the length of the period. Eipiation (10-14) shows that it is 
e(|uivalont to a rational fraction and gives a means to determine this ra- 
tional fraction. Tlie repeating decimal fraction 0.3333 . . . has a first term 
of 3 10. a ratio of 1 TO, and hence 

n - 'VO -5-1 

0..U33 ••• - j 9 3 


Example 10-11. Find the rational fraction which corresponds to the 

% 9 

repeating decimal fraction 2.3702. 



23 ^ J02 
10 lOOOtj 



1 

1000 - 
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The sum of the infinite geometric progression within the parentheses is 


1 


1 - 0.001 


1000 

999 


Hence 


, 23 702 1000 23 2(i 877 

^ ” 10 10,000 ^ 999 " 10 370 ” 370 


10-4 Binomial Theorem. The expansions 

(a + b)^ = + ‘^ab + b^, 

(a -|- b)^ = -1- 3a^6 -|- 3o6^ -1- 6^, 

(a + 6)^ = a* 4a% + (ia^6 + 4ab^ + 6* 

4 p 'i _3i I "i ■ ^ _2j 2 , 4 ■ 3 ■ 2 ,3 , 

= a +-ab + y^ab + ^— +I.2-3-4 


4 • 3 • 2 • I 


are special cases of the Binomial Theorem. If n is a positive integer, then 
(a + b)" = a" + na"-'6 + 

+ - l)(n - 2) ^n-3^3 _f. . . . ^ 6". (10-15) 

I • 2 • ii 

The special form 

/» I _\n » I I n(n 1) 2 I a(n ** 1) 3 . ,, /in i(‘\ 

(I -f- 3 :) = 1 4- nj -{■ X 4 -j X 4- • • • 4- 3 : , (lO-lb) 

where k\ is the product of positive integers from 1 to k, is a u.seful form of 
the Binomial Theorem. Since (a 4- b)" = a”{l 4* b/a)” = a"(l 4- x)'', 
where x = b/a, the theorem may be proved in the form of Eq. (10-10). 

If it is assumed that Eq. (lO-IO) is true up to a certain n, (1 x)”'*'* 

is formed by multiplying (1 4- x)** by x and adding this to (1 4- x)'*. 
The first few terms, after changing like powers to a common denominator, 
are 

(1 + x)” = 1 + « + _l 


3-(l 4-x)" = 


3! 


x 4 -^ x ^ + ^^^^ J . r ^ 4 - 


(l+xr + >= I ^ (n4 + 


j »(» - l )(« - 2 f 3) ..3 , 

i- - - .^1 X -I 
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Reordering the factors yields 

(1 + - 1 + (n + l)x + + +11 . - .. 1) ^2 

, (n+l)([n+ll-l)([n+I]- 2)..3 . 

H X H ) 


which is of the form of Eq. (10-16) except that n has been replaced by 
n 4* 1. The coefficient of x* in the expansion of (1 + x)"’*'* is 


n{n — l)(n — 2) • • • (n — fc) n(n — l)(n — 2) • • • (n — fc -f 1) fc + 1 
(^■+1)! ifc! + l 

n(n — l)(n — 2) • ■ • (n — A: + l)(n — k +T + 1) 

(A+I)! 

_ (n + l)([a -m - l)([n + 1] - 2) • • ■ ([n + 1] - A) 

(A-+1)! 


It follows by induction that the Binomial Theorem is true for any positive 
integral value of n. 

It is sliown by means of the calculus* that Eq. (10-16), omitting the 
last term, is also true for fractional values and negative values of n, pro- 
vided ixj < 1. This condition is satisfied by (1 -f t)", where i is any of 
the ordinary interest rates. In these eases, the sequence of terms continues 
indefiniiely but only a few terms are required to find a good decimal ap- 
proximation to (1 -f i)". 

Example 10-12. (a) Compute \/1.06 to five decimal places using the 
Binomial Theorem and compare with the result obtained by the division 
process, (b) In Example 9-18, the value of (1.06)"*'^ was required. Find 
this value by means of the Binomial Theorem, (c) In Example 10-8, the 
value of (1.00 §)"*® was required. Find this value by means of the Bi- 
nomial Theorem. 


(a) = 1 + .5(0.00) 


(l/2)(-l/2)(0.0036) 


(l/2)(-l/2)(-3/2) 


(0.000216) H 


= 1.030000 - 0.000450 4- 0.000013 
= 1.02050. 


* The <asc where h is a positive integt r is used to derive a fundamental 
formula of the calculus, and this is then used to extend the Binomial Theorem 
to the other eases. 
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The Binomial Theorem shows that the first approximation to v I.OO is 
1.03: 


l.OC) 

1.03 


1.02912, 


and the average of this and 1.03 is 1.029.3G = v^l.OG. 

(b) (l.OG)-*'" = 1 - i(O.OG) + M-i)(-|)(0.003G) 

M-^)(-?)(-t»( 000021G) -f 
= I - O.Ol.oOOO + 0.000.3G3 - 0.00002:) t- • ■ • 
= 0.98154. 


(c) (1.00§)“'® = 1 - 10(0.00§) + i(-10)(-ll)(0.00(X)‘) 

+ ^{-IO)(-11)(-12)(0.0000002\) -f 
= l.OOOOOO - 0.0GGGG7 + 0.002M2 - O.OOOOlKi 
= 0.93571. 


which was the value proviou.-^ly u.sed. 


ruouLKM Skt 10 2 


1. The fir.st four t'Ttns of :» are (jivcai below. Deteiinine tlH)>c 

sequence.s whieh eould be Reotne-tric ptc)|;re.<si(jii'‘. On the assutnption that tliey 
are geometric progre'^sions, find the tenth term of eaeh progre.<sion and the sum 
of the first ten terms. 

(a) 10. 8. 4. 2 (b) 1, 1. ^ 

(0 i, -i. Y. -ii --i- 

2. Determine c, so that the following ar<' tin- fiist thna* terms of a geometrie 
progre.ssion, If |<| < 1, find the sum of the eoi Tes[M)nding infinite geometric 
progressions. 

(a) 2, r. S (b) -2, 8, r 

(e) I r. ic (d) 4 3. f, 2.(‘Jr) 


3. Find the sum of all integers between 1 and 200,000 that are powers of 2. 

4. Show tliat there are only two integers l)etween 10,01)0 and 100,000 tliat 
arc powers of 3. How many such integers an* tlune betw een 10,000 a ml 1 ,000,000'.' 

5. Prove Kq. (lO-O): .S' = ofl — r’')/(l — r) by forming r.S’ am) suldraeting 
this from .S. 


0. \ particle starling at th<‘ origin moves 0 units to the right, of this dis- 
taiu-e to the left, § of this seeoml distance to the right, i <jf this third distance to 
the left, and so on ad iujinitum. (a) Ibtw far doe.s it travel, and (b) what 
position does it ui)i)roach? (Show that the answiT to (a) is the sum of an in- 
finite geometric progre.ssion all of whose terms are po.sitive, ami the answer to 
(b) is the sum of an infinite g«-ometric progression whose Utiiis alternate in sign.) 
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7. An elastic ball, dropped from a height of 1 ft, rebounds § of the distance it 
fulls cacli time. How far docs it ultimately travel. (Show that this distance is 
the sum of an infinite geometric progression except for the first term.) 

8. Find the rational equivalents of the following repeating decimal fractions, 

(a) 0.3^ (b) 2.837 (e) 2.471 

9. Find the geometric average of the following sets. 

(a) the first six odd integers 

(b) the first five integral powers of 3 
(e) the first ten integral powers of 2 
(d) 3. 6. 8. 11, 13, 15 

10. If a and b are two positive integers, use the fact that (Va — V6)* > 0 
to prove the fact that their arithmetic average is greater than their geometric 
average. 

11. Use the llinomial Theorem to compute Vl.Oo to five decimal places and 
compare the result with that obtained by the division process. 

12. Contputc (1.005)"" unii (1.005)“"^ to five decimal places by the ISinomial 
Theorem and check the re.sults from (1.005)“^® « 1/(1.005)^®. 

13. certain stock is expected to pay an annual dividend of $6 at the end of 
each year. If it is a.ssumed that money will always be worth 4^%. what is the 
value of tlie stock dividends? What is the present value of the dividend due in 
100 years? 

14. man borrows money from a bunk which uses a compound interest rate 
of 1% per month. He promises to pay SlOO at the end of each month for 6 
innntlis. U hut does he receive? (Write the equation of present value, sum the 
geometric progression, niul evaluate (1.01)“® by means of the Uinomial The- 
orent.) 

15. .\ man borrows $800 net from a bank which uses a compound interest 
rate 1% per month. \\ liat equal amounts should he repay at the end of each 
month for the next G months? (Sec the suggestions to problem 14.) 

IG. man deposits SGO in a savings bank at the end of each 6 months for 
10 years. If the interest rate is 49c, compounded semiannually, how much is to 
his credit just after tlie twentieth payment? (Write the equation of value at 
the end of 10 years, sum the progression and evaluate (1.02)"® by means of the 
Ihnomiul Theorem.) 

10-5 Annuity formulas. .In anniiifif is a sequence of equal payments 
mailc at equal intervals. If tliesc paynient.s are considered to earn compound 
infercst. tiieir value.s al any date form a geometric progre-s-sion. For sim- 
plicity it is a.ssumed that interest is rompoumled as often as the payments 
arc made, tluit is, the payment period and tfio interest period are the same. 
'I'lu' Idllowing notation is used: 

II — number of payment jK-riod.s 

li ~ amount of each payment, pahl at the end of the period (rent) 
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i = compound interest rate per period 

= accumulated value of all payments at the time of the last payment 

An — present value of all payments, one period before the first payment is 
made. 


If no misunderstanding is likely to occur, the subscripts on and .1,, are 
dropped. In that case .4 must not bo confused with the accumulated 
amount of a single payment as used in Section 9-7. (read “s angle n”) 
and (read “a angle n”) are .standard symbols used for .S„ and .1,. if the 
periodic rent is 1. If it is desired to state the intere.st rate explicitly, and 
a^i are written {s^ at i) and (a;ri Jit i), so that 


Sa — at i; A„ = at i. 


(10-17) 


To find Sn\ (Kig. 10-2), observe that the la.st payment is paid at the com- 
parison date; the payment before that must be accumulated for 1 [leriod, 
the payment before that for 2 periods, and so on; the lir.st payment is 
accumulated for n — 1 periods. Hence 


= 1 + (1 -r I) + (1 + 0 ^ + • • ’ d* (1 t- i) 

which is a geomelri(* progression with ratio (1 d t) aii<l with sum 
(Eq. (10-10)) 

(1 1 )" - 1 
s;n = ^ 


n — I 


♦ i 


(10-18) 


Similarly, by finding the present value of each payment of 1 in the s;ime 
order, 


a^i = (1 -p ir" d- (1 d- 0 


-« + l 


h 


!- (1 -1- ir'^ d- (1 i- i 


-1 


This geometric progression, with ratio (I -| i), is summed by the formula 
used above to find 

I (1 I-/)’" 

o;n = . 


(10 19) 


If the expanded forms of .s;rj and a„ are compari'd, it is seen that 


- (I 






( 10 - 20 ) 


Equation (10-19) could be obtained from Va\. (10-18). Thi.s shows one of 




II 


2 V u - 


I II 


Figukk 10-2 
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the advantages of using compound interest instead of simple interest in 
partial payment plans. 

If the payments continue indefinitely, the annuity is called a perpetuily 
and its present value is given by 

( 10 - 21 ) 


since (1 -f- 0 " approaches zero as n increases and is made sufficiently 
large. 


Example lO-l.'h An alumnus wishes to endow his university with a 
perpetual annual scholarship of S300. If the funds can be invested over a 
period of years at an average rate of liow much must he donate to 

the universitv? 



S7000, approx. 


10-6 Annuity tables. E(|uations {10-17), (10-18), (10-10) show that if 
any three of the four {|uantities S (or ,1 1 , R, ti, { are given, the other is 
detennined. The nunnuical c-ah ulations may be complicated, and special 
tables of 6,7 anil ha\'e been prc'pared ('lables \’ and ^T) for selected 
interest rate.s and selected vahn* of n, 'I'lie tabulated value.s are given to 
live decimal places, or to six significant figures, which is sullicienl for most 
purposes. If tlie \alues of 5 ;;: and u„; are iwt'ded for some interest rate not 
inchul(Ml in the tabU*s, the calculations can be made by means of the 
Hinoinial Tlieorem, If tlu‘ rate i is includi'd but ti is not, and a^\ are 
coiniintril by methods iliscus.<rd in the next .sectitm. In this st'ction, and 
tli(‘ corresponding problem s<U, only tho.'ic i ami n are used wliore .'tTi and 071 
can be n ad directly l'r«im the tables. liiiuation (10-17) aiul the tables are 
iiscm! in the solution of the following problems. 

(a) flivc'ii R. n, i. find S„ and .1,,. 


S„ = Rs-. .l„ — Ra;, 


(10-17) 


and and a;,' can l>e read diriM fly from the tabU's. 
(b) (Ii\-en S„ or .1,,, n. f. find R. 
s„. and a,, can be read dir«-cl!y from thi' tables, so 


R =: 


anil 


•‘‘•rt 


.1 

R = - ? • 


J'hc \ alues of .s„ and (»„ u-'-uully contain more significant figures than are 
oecdi il to coinput<“ R to the m;m‘>t cent, rhese should be roimded off so 
that they contain one more significant figure than is iK'edeil for R anil the 
filial result then rounded off to tlir' nearest cent. 
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(c) Given Sn and R (a similar analysis holds if A„ and R are given), 
Eq. (10-17) is reduced to the simpler form = chy division. If n is also 
given, the value of i is determined by interpolation, first locating c be- 
tween two entries in the table for different i's. The accuracy of such inter- 
polation is ordinarily not more than 1/100 of 1%. 

(d) If Sn, R, and i arc given, the value of n is found from the fable u.sing 
5 ^?] = c at i. A fractional value of n has no apparent significance. If n 
is located between two successive integers, ni and nj + 1. then n, + 1 
full payments give more than iSn and the problem is to determine the 
number of regular payments R and the size of an irregular payment .Y 
which would be paid at the end of (n, + 1) periods. Similar remarks apply 
to the equation a^i = I: at i. Both problems are solved by using the ap- 
propriate equations of value. 

Annuity problems are usually stated in words. It is part of the problem 
to write the corresponding ecpiation. Care must be e\erci.s(>d to distinguish 
between a present value and the value at the end of the payment periods. 
The four problems mentioned above are now illustrated. 


Example 10-M. A man deposits S-’IO at the end of each month with a 
building and loan association which pays interest at the rate of b' o eom- 
pounded monthly. What <lo(*s he have to his credit at the end of 10 y<*ars ! 


iS = $d0 Sjaol ^t 

= s:i0(Hi:k87!)) -- S4‘JlO.:i7. 


Exampi.e l()-ir>. A man borrows $800 which he promises to repay in 
equal monthly installments over th(* n<‘xt 20 months with interest at the 
rate of 7% compounded monthly. Wliaf is tin- monthly payment 

$800 = Ra.2o\ lit 7/ 12% 

If = 

lH.82t; 

In order to avoid excessive calculations, "ni’ roun(i(‘d off to five sig- 
nificant figures. 'l*he last cent may be doubtful. 

Example 10-10. How long will it take to accumulate SoOOO by de- 
positing $100 at th(? end of each year in an account that earns 
year? 

The equation of value, bused on 1, is 

Snj = uO at 

The tabic show.s that ri lies between 2G and 27 and that if the full 27th 


288 


INDUCTION', PROGRESSIONS, BINOMIALS, ANNUITIES (CHAP. 10 


payment were made, the account would contain S5071.13. Hence 26 full 
payments of $100 arc required and if the fund is to contain exactly $5000, 
the last irregular payment is $100 — 71.13 = $28.87. 

Example 10-17. A man borrows $1000 which he promises to repay at 
the rate of SoO per month. If the interest rate is \% per month, how 
long will it take to repay the debt and what is the size of la.'«t irregular 
payment if this is made one month after the last regular payment? 

The c{iuation of present value is 

1000 = 50a, n at 
20 = a^i at Figure 10-3 

The table shows tliat n lies between 21 and 22 with ayfi = 19.8880. 
If the irregular payment X is taken into account (see Fig. 10-3), the 
eijuation of value is 

1000 = 50rt2il + A'(I.005)-2^ 

iOOO - 994.-10 = 5.60 = A’fl.OOo)-^^ 

A’ = 5.60(1.005)“^ 

= 5.00(1.116) = $6.25. 

Example )0-1S. At what rate of interest would annual payments of 
8! for 25 year.'^ accumulate to $40? 

The eiiuation of value is 

= 40 at f. 



'Phe tables show that (he rate lies between 4^ and 3?;^. 
is done as folimvs; 


and interpolation 



1 he tabular \alu(‘s are roundrd c»ll aiul the dreimal point omittoil to sim- 
plify the calculations: 
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Problem Set 10-3 


1. Compute the accumulated value S„ and the present value A„ of annuities 
with the following data. 


(a) R = S40, 

(b) R = $25. 

(c) R = $100, 

(d) R = $30, 


n = 35, 
n = 15, 
n = 120, 
n = 70, 


t = 0.045 

i = 0% 
i = h% 

i = 0.025 


2. Compute the periodic rent R for annuities with the following data. 


(a) 5„ = $2500. 

(b) An = $1500, 

(c) S„ = $400. 

(d) = $200, 


n - 50, 
n = 25. 
n = 120. 
n = 25. 


i = 7% 
i = 0.05 

i = 1% 


3. A man deposits $75 at the end of each sin months in a savings hank \\ tiicli 
pays interest at the rate of 3i% compoumh’d semiannually. How much is to 
his credit at the end of 8 years? 

4. A man borrow.s $2000 which he promises to repay with compound interest 
at the rate of per month, in equal monthly payments over the ne\t 3 yea is. 
What is the monthly payment? 

5. What fund set aside now and invested at 3% per year woul.l [irovide an- 
nual paymenU of $100 hegimiiiig 1 year from now and continuing for a period of 

(a) 10 years; (b) 100 years; (c) forever? 

6. A man buys a house for $4000 down and $75 a month for thi‘ next 15 years. 
If the inU'rest rate is G% compounded monthly, what is tlic equivalent cash 

price of the house? 

7. A man buys a house worth $10,000. He pn> s $4000 down and i>romises to 
pay the balance in monthly payments over a jjeriod of 15 years. If money is 
worth 5%, compounded monthly, what is the monthly rent. 

8. A man wishe.s to collect at leu.st $4000 by depositing $100 at the end of 
each half-year witli a building ami loan association which pays 5% compoumled 
semiannually. How long will it take? After the last regular deposit, he permits 
the fund to accumulate for another half-year. At the end of this half-year, will 

he have to make a partial payment? Ivxplain. 

9. A man borrows $2400, which he promises to r.qiay at the rate of $(i0 a 
month. If the interest rate is 1% a month, how long will it take to rejiay the 
debt? What irregular payment will be due one month after the la.st regular 
payment? 

10. A man buys jewelry worth $300 on a partial payment i)lan under whuh 
12% of the price is added, and he promises to rejray one-twelfth of this t.dal 
($28) at the end of each month during the next 12 months. What is the cor- 
responding inUTcst rate, r-ompoundiHl montlily? 

11. Under a so-called ‘’18 month-97c- pl»n.” the cash value is inereuse.l liy 
9%. and one-eighteei»th of this i.s to be paid at the end of eucl. month for eighteen 
months. In the fine print on the agreement appears the stuUunent : "This i.s not 
9% interest." What is the erpiivnlenl yearly interest rate, eompoumlcd montlily? 
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12. If one-third of the price of a car has been paid in cash, the XYZ-bank 
offers to finance a loan of $700 for the total repayment of $748 over a period of 
18 months, (a) What simple discount rate (average time method) does the 
bank earn? (b) What compound interest rate? 

13. At what rate of interest would annual payments of $1 for 30 years ac- 
cumulate to $60? 


10-7 Special annuity problems. In this section a variety of problems 
related to the evaluation of annuities are considered. 

(A) Interest rate is not in the table.* In this case and a;ri are evalu- 
ated (using Eqs. (10-18) and (10-19)) by means of the Binomial Theorem. 
In Example 10-8 it was necessary to evaluate aio| at §%; (1 0“*° 

was evaluated by means of the Binomial Theorem in Example 10-12c. 
If iS'n or An are re(iuired. enough significant figures are needed (six or 
seven) to guarantee the desired accuracy. If the periodic rent is the un- 
known, .such accuracy is not needed. If n is the unknown, this can be found 
for the cfiuation 

(1 I)" = -j- 1, 

using logarithms. It is actually simpler to u.><e a process of double inter- 
polation, since n must be an integer. 

Ex.vmplh 10-19. How huig will it take to accumulate approximately 
$1000 by depositing 825 at the end of each quarter of a year in a bank that 
pays compounded (juarterly? 

The periodic interest rate of 1^% is not given in our tabic. By means 
of entries in the table of at rates 1% and 1]^^, the corresponding 
ciiuation of value 

at lire = 100 


can !«' st)l\ed for n by double interpolation. 


$ 

n 

1 

ITo 

Est. 1 1% 

1 

i 

1 1 

i 147.3 

157.0 ' 

1 

107.8 

’ 92 

1 

! 1 19 s 

100 3 

170.9 

93 i 

4 

1 152.3 

' 103.3 

174 0 


* l!\trnsivc tables an- available in complete texts on the subject of the mathe- 
matii-s of tinanee or in .-sei^arate publications. For example, sec W. L. Hart, 
Mnthernatus of Intriftmcnt, Srei. ed.. 1946, Heath; 0. B. Tabor, Mathematics of 
finance. 1952, .\ddi.'!on-\\ esley; Hyess and Gilmore, Mathematics of Business 
nnd Finance, including tables by F. C. Kent and M. E. Kent. 1942, MrGraw- 
Ilill. Those sourco.s were consulted in preparing and cheeking the tables in this 
text. 
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The table shows that it will require 92 payments, approximately, that is, 
it will require 23 years. A more precise table shows that 92 payments are 
not quite enough. 

Example 10-20. A man borrows $800, which he promises to repay in 
equal monthly installments over a period of 2 years willi interest at 
compounded monthly. What is the monthly payment? 

The rate per period is a rate not given in our table. The 

equation of value is 

„ 1 - (1 + 

$800 = Rajii at 


where i = |%. To compute a 

The Binomial Theorem gives 


it is first necessary to compute (l.OOg) 



(1.001)-^^ = 1 - 21(0.00g) + 


f, 


24 • 25 


( 0 . 00 ^) 


(o.ooi)" + “ * “ (0.00^)^ 


2 • 3 

24 • 25 ■ 2() ■ 27 ■ 28 
^2'^r 4 • 5 


2 • 3 • 4 


( 0 . 00 ^) 


A s • > ; 


= l. 000000 — 0.1 5()()()0 t 0.011719 


— ().000l>35 f 0,(M)002(i — 0.000001 


= 0.8011 1. 


Consequently, 


— 


1 - 0.801 II _ O.b'mo _ 


0.00025 


0.00025 


Hence 


'I *)•>'> 


(B) Coupon bonds. In the simplest form a coupon bond i.'^ a promise to 
pay the redemption price /■’ at a specified date and in the meantime to 
pay periodic dividends at regular intervals. (I Ins type of bond differs 
from U.S. Government Savings Bonds, which merely promise to pay a 
fixed redemption value at a later date and an- sold at a pri<-e below tliis 
redemption value.) The dividend I) is the face value of the bond times 
the periodic divideml rate r. Svich a boml may be purchased at a yield 
rate i which differs from the dividend rale r. Th<; problem is to determine 
the price P of the bond n periods before the redemption date, given the 
face value F of the bond (as its redemption value), t)>e dividend rate, and 
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(payments) 



(lierinilsj 


U H H R 1 ^ R 0 [jayment s 

- 1 <> I 2 3 V n - I n period? 

An(iliie) .V,,((liie) 


Figure 10-4 


Figure 10-5 


the yield rate. This price is the present value of F plus the present vtilue 
of an annuity. (See Fig. 10-4.) 


P = F{1 + at i, (10-22) 

and P is found by using Tables IV’ and VI. 


Example 10-21. \\ hat should be paid for a SlOO bond due in 10 years 
with dividend rate 5% eompounded semiannually, to yield the purchaser 
(a) 4‘ c compounded semiannually, (b) 0% compounded semiannually. 

(a) P = 8100(1.02)-=” + 2.o0ainT. at 2% 

= 8100(0. (i72!)7) 2.00(10.3514) = 8108,18 

(b) P 8100(1.03)-=” -I- 82.50ii2T,' at 3% 

= S100(0.5.53(;8) -- 82.50(14.8775) = 802.50. 


1 he values of Gj,,' could be rounded off to fi\e significant figures before 
multiplying. 


(C) Value tif nn 'aunuiti/ at any date. So far the value of an annuity has 
beenfoundat the beginning of the term or at itsend. The equation of value 
could etjually well lie fotnid at any date. Two methotls, referred to as the 
prospective method and tlie retrospective method, are available and these 
may involve an additive process or a multiplicative process. These methods 
are di.scus.xed under several subheadings. 

(a) Annuity due. An annuity due is an annuity whose paj’ments are 
nunle at the beginning of the period.s. (See Fig. 10-5.) 

From the point of view of the prospective method, an annuity due i.s a 
.‘Standard annuity of (« — 1) payment.s plu.s one cash payment. Looking 
backward, if the secjnencc were evaluateil one period before the first pay- 
ment, its value' is the prest'n) value of a standard annuity. This value ac- 
laiimilated for one period gives the value at the time of the first payment. 
If R — 1, the corresponding formulas are 


a^i (due) = 1 4- a;:zTi = a^l(l 4- i). (10-23) 

Simihirly. if tin* value of the annuity is found when the last payment is 
made, its value one period later i.s found by accumulating it for one period. 
On the other hand, if it is suppost'd that an additional payment was made 
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at the end of the nth period the value at that date would be Since 

no payment was made then, indicated by the 0 in the diagram, its value 
is subtracted to find the value of an annuity due n periods after the first 
payment. Hence 

s;n (due) = 1 (10-24) 

Example 10-22. Compute the present value of an annuity due of $40 
per period for 10 periods and the value at the end of the 10th period, if 
the interest rate is 1|% per period. Use both methods. 

A,, (due) = $40(1 + 0 01 at 11%) 

= $40(1 + 8.2005) = $370.42 

(due) = $40ai^ (1.0175) 

= $40(9.1012)(1.0175) = $40(9.2005) 

= $370.42, as before 

jSn (due) — $40(5171 ■“ 

= $40(12.0148 - 1) = $440.59 

5n(due) = $40(5T^)(1.0175) 

= $40(10.8254)(1.0175) 

:= $40(11.0148) = $440.59, as before. 

Example 10-23. How long will it take to collect $1000 by depositing 
$10 at the beginning of each month in a .savings account which pays in- 
terest at the rate of i% per month? 

$1000 = lOs;^ (due) at 
= l0(s;^:jrii — 1) 

= 101 at i%. 

The tables show that = 99.558 and = 101.050. Hence 
n -b I = 82 and n = 81. If 81 deposits are made, the la.st at the be- 
ginning of the 81st month, tlie accumulated amount at the time of the 
81st deposit is $995.58. At the end of the month, the interest of $4.98 
is added which makes the amount $1000.50. No additional depo.sit is 
needed. 

(b) Deferred annuity. An annuity is said to be deferred for k period.s if 
the first payment is made at the end of the (k -\ l)st j)eriod (I'ig. lO-ti). 
If there arc n payment.s, the present value of the.se payment.s of 1 eaeli 
can be found in two ways. Looking backward, the value of tht‘s<‘ n pay- 
ments at the end of the klh period is a„i; and if this is discounted to the 
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present, (def. k) is obtained. On the other hand if it is supposed that 
payments were made during the first k periods, the present value of the 
(71 + k) payments would have been Since these k payments were 

not made, as indicated by the zeros, the present value of these k payments 
must be subtracted to obtain a;n (def. k). Thus 

0^1 (def. k) = - a*) = o;n(l + 0"*- (10-25) 

In a similar manner formulas could be derived which give the value of 
an annuity of n payments k periods after the last payment is made, that 
is, an annuity that is forwarded k periods. If this value is represented by 
5;ri (for. k), 

SK\ (for. k) = s;n(l + — Ski. (I0-2()) 

The notion of a deferred annuity is used for finding the value of an 
annuity when the number of periods is not in the table. Suppose that the 

number of periods is n ■'r k, where n and k do correspond to entries in 

the ta!)le. The recjuired annuity may be eonsidered as the sum of an 
annuity for n periods plus an annuity for k periods which is deferred n 
periods (Tig. 10-7). Hence 

omT = + ar,(l + (10-27) 

5^1*1 = V(1 + i)'^ + Ski- (10-28) 

A similar analysis can he applied to the ca.se of an annuity when the 
rent chaiiges after n periods. Suppo-se tliat for the first n periods the rent 
i.s R and for the ne.vt k periods the rent is R'. Then 

A - /^a^i -f /ra^(l -f i')-". (10-29) 

.S = Rsn\{l + i')^ -f /^'sri. (io-;io) 


Figure 10-8 

If R' > R, an alternative procedure for Eq. (10-20) would be to con.sidcr 
R = R' ~ {R' - R), so tliat 
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Example 10-24. Mi^s A(l:ims, ncodiiig <':i>h to go <m ;i long vacation 
trip, borrows money from a loan company which viso.'< the interc-'t rate of 
12%, compounded monthly. She promises to repay the lo n m (i ei|ua! 
payments of SlOO eacli, the first to he made I months after tlic loan is 
made. How much cash tloes she receive’.' (See I'ig ll)-‘).) 

A' ^ SlOOa,^ (del. M ^ SlOOfn.,- - 0,')=*' I'r 
= $10()(8.5(iti0 - 2.1HHI) = S5tl2.5l) 

or 

X = S10()ri,;i(I.()l)"*. 

Example 10-25. Find an approximate value of u.,, and of at }/ , . 

fl-Tit = a-Fd i (1005)“®'’ 

= 72.:i;ii;t 4 ;i.!j5O50(0.(i;is;i4) 

= 72.;i:ii;j i 2.5‘2!S - 7!.85;il. 

Hecau.se (1.00.5)“®'’ was known only to live .signilicant ligures. one d.vmial 
place is lost. 

iiy.,! — .Syod F005) ‘ I .‘'1 

(u;i.:iioo)(i 021)15) -i i.odolo 

= 1155!)11 ■ 10501 = ll!).(i21. 

Hecause only six signili<-ant ligures wen- known for (1.005)’, lh<- (inal re- 
sult is rounded olT t<J six significant figun-s. 

Example 10 20. If money is worth 5';. a year, wliat is the inr.scnt 
value of the set of payments l on.si.st mg of (1) SlOO at tlie en<l of ear h year 
for the next 10 years and S200 at the end ..f ea<-h year for the following 5 
years; (2) $2(K) at the end of each yc.-ir for live years anil 8100 a year lor 

the following 10 years. 


II It if-um It 2l{ • 


n I 


li if-um 

rrV 


2 It 


III It 1'2 l.'i 
lit IH It) 
I'lGt’HE 10 10 


It i: 


A' S1(H)«,„| I 200a;,;(1.05)" 81305,77. 
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Considering R — 2R — R, the calculation is simpler from the form 

X = 200aY^ — lOOaf^ 

- 200(10.37900) - 100(7.72173) = 1303.70. 

200 200 100 100 ^ UK) 

0 i y 5 6 7 V 15 

<200 = IIHI + 1(K») 


Figure 10-11 


1' == SlOOani -r lOOas. 

= 8100(10.37900 + 4.32948) = 81470.91. 


(c) Amount remaining due. If the first k payments in a partial payment 
plan liave been made, tlie amount remaining due, An-k, immediately 
after the ki\\ payment has been made can be found as follows. If n is an 
integer, so is « — A- and if ^ = 1, the required value is curi:i:|. The periodic 
rent may be determined by an equation of the typi‘ 


in which ca.se 





-'In— t — /?(7n— Ai — 


/lOn-Arl 

071 


(10-31) 


II ) 




k k + I 


V « - I n 


*fh 




prritn 


Figure 10-12 


3’lie computation may be long, but it is necessary to carry enougli signifi- 
cant figures in to make llie division give a correct answer. 

In partial payment ])lans, where A, R and i arc specified, the numl>er 
n would not in general be an integer, so there may be N regular payments 
and an irregular payment one period after the last regular one. The first 
probl(‘m to solve is to find the size of the irregular payment. It is a special 
case of the “amount remaining due” problem after N payments have been 
mjule. The general problem can be solved In a manner which does not 
<lilTer greatly from tins special problem. 



Figure 10-13 
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First suppose N has been found from the eejuation of value .1,. = Ra„[ 
through use of a table. Then the equation of value can be writteii 


An = + -V(l -f i) 


-(A' + n 


If this is solved for A'’, 


A’ = (.)„ - Ra^)(\ + i) 


A+l 




Another method is to write the etiuation of value at the end of periods 
and then solve for X : 


A„(l + if = 4- A(1 + 0 ‘ 

X = + if - 0- 




This is equivalent to finding the amount reniaiiiing due at the end of .\ 
periods and accumulating it for one period. Lquations (lO-di) and (ll)-dd) 
are equivalent. If An-k represents tlie amount remaining <lue immedi- 
ately after tlie kih payment, it may be found as the dinVrenee of (iic a<- 
cumulated amount of An. if t'o paymcmt.s had bi-en made, aial tlu- \alu(* 
at that date of tlie payment.s that have been made: 


An-k = AM d- iV - • R>ik\- 


(10 d4) 


Example 10-27. Mr. Jones buys a house valued at S20.000 and pays 
$4000 down. He agrees to pay the balance with interest at j' ( in 20 
equal annual installments. What is the annual payment and how much 
does he still owe immediately after the tenth annual payment.' 

The equation of value to determine the size of the annual payment is 


$1(3,000 = id .V/f 

^ = sr28;i.88. 

<1201 

Immediately after the tenth payment, 10 payments are still due and 
their total value is then /fuTol- 

. , , l(),0(K)n QQ,, — , 

Amount due = — 

=. r28:t.88(7.7217:i) = ‘VJi:i.77. 

Although he has made r)0% of the payments, he still owes (32% of the 
debt. 

Example 10-28. Mr. Smith buys a hou.se valued at $20,000 and pays 
14000 down. He agrees to pay the balance witli intere.st at 5% by paying 
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SI200 !it the end of each year until the debt is paid, (a) How many 
roKuiar payment.s must be made and what i.s the size of the final irregular 
payment made one year after the last regular payment? (b) How much 
does he still owe immediately after half of the annual payments are made? 
(a) The e<|uation r)f value to determine the number of payments is 

10.000 = 1200n„ at ^ 

Id.dd — aT, at 

The table shows that 22 regular payments are needed. The present value 
of the amount remaining due immediately aft<’r the 22nd payment is 

111,000 1200a, >.i = 10.000 - 12OOti:M0:iOO} 

- S2Ol-t0. 

Hence the irregular payment, paid at the end of the twenty-third year, is 

.V 201.10il.0ol'-* ^ 201.10(;i.07i:)2) 

= .?ti27.S2. 


(1)1 The amount remaining due imme<liately afti'r the 1 1th payment Is 
10 20) 

.\niount due - lll.OOOi 1.0.')) * ' - rjllO.^TT; 

- 10.0001 1.710;UI - 1200(14.2008) 

27;i;iO..-) 1704S.2 - S10.288.:5. 


I’noni.KM Skf 10-4 

!. \\ lial .sltoiiM l»‘ paid for a SlOO hond due in 20 years, with dividend rate 
(1‘ ; . conipimndc'd scniuinnuall) . to yield tlic purchaser (a) 5% compounded 
.'■cniiaiitiualiy. (h) 7‘,'o <'(>in])'>uiuled semiannually? 

2. Mr. Onnvn borrows $1000 and pmniises to repay it at the end of 12 years 
and. in the meantime, to pay intiuest on the loan at the end of eaeh year at the 
late of pi'r vi-ar. His promi.<sory noti- is iinme^liately sohl to yield the pur- 
chaser 4j',( per year. What is the purchase price? 

.4. (a) ('ninputc th»‘ value of an annuity due of $00 per period for 20 periods, 
if the interest rate is I-V'l per period. I’se both methods. (I>) f’ind the value of 
the sane' annuity at the end of the tw<‘ntieth period. I'se l>oth niethod.s. 

4. \ se«juence of payments of $20 eaeh are made for 10 years, the first at the 
end of tin* tliinl {heginning of the fourtli) year. Write the 0 (|uations of value for 
(a) tin* b(*ginning of the third year, (h) the entl of the thirteenth year, (e) the 
jucsent time, (d) the eml of the twentietli year, ami (e) tlie end of the eighth 
.M*ar. Include a line diagram but do not make the computations. 
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5. Mr. White deposits $10 a month for 6 years in an account that pays in- 
terest at the rate of 6% compounded monthly. He then waits until the account 
accumulates to $1000. How long does he wait? 

6. By means of a line diagram and an appropriate e.xplanation, justify 
Eq. (10-26): 

«;i (for. A-) = 8„|(1 + i)‘ = (srjT: — «*]) at i. 


7. Verify that the second method suggested for Example 10-24 gives the same 
answer as the first method. 

8. Miss Baker, needirig cash to go on a long vacation trip, borrows money 
from a bank, which uses the interest rate of a month. She promises to re[)ay 
the loan in 8 equal monthly installments of $80 each., the first to be made 4 
months after the loan is made. How much cash does she receive .’ 

9. Write equations of value for determining n;r, and 8^^ for the indicated u and 
i from values to bo found in the tables. (This can bo done in many ways.) Do 
not compute these values. 

(a) n = 240, i = h7c 

(b) n = 72, i = 3% 

(c) n = 100, I = 6% 


10. Compute the values of ssi] and a.^i at 6% from values found in the tables. 

11. If money is worth 5% a year, what is the value at tiie time of the last 
payment of the set of payments consisting of (a) 8100 at the enti of eaeli jear 
for the next 10 years and $200 at the end of each year for the follov\mg five 
years; (b) $200 at the end of each year for five years and $100 a year for lln‘ fol- 
lowing 10 years? If pos.sible, write more than one equaliun of value ami use the 
simpler one for numerical calculations. 

12. Mr. Green buys a secoiul-hand car ami pn.mises to pay $.*)00 do\\ j» and 
$50 a month at the end of each month f(ir 10 montlis and 87’) a month for ilu* 
following 8 months. If the inteiest rat«* is j>i7c montli, what is the e(pn\alent 
cash price of the car? 

13. Mr. Robins plans to pay off an indebtedness of $1000 by making e.puil 
payments at the end of eacli month for the m‘\t two years. If the interest rate 
is 5% compounded monthly, (a) what is the montlily pa\ ment and (1)) what 

doe.s he still owe just after the first year ’ 

14. Mr. .lone.s plans to pay off a trust deed of $12,000 m 20 e(inul annual pay- 
mentB. If the inWrest rate is 4j' i.. (a) what is the annual payment ami (b) liow 
much does he still owe immediately after the twelfth pav imait. 

15. Mr. Roberts plans to pay off an indebtedne.«s of $1000 by paying $.’)() at 
the end of each month until the debt is |)aid. If the interest rate is 5% eom- 
pounded monthly, (a) how mans regular payments must he make, and (b) wliat 
is the size of tlie irregular payment ma«lc‘ on<' montb !ift<T tlie la.^'t regular pa\- 
ment? (i) How mueh tloes he still owe inime<liately after the twclftli payment'.’ 

10. .Mr. Smith |»lans to pay off a trust dee<l of $12,000 witli intere.st at !i% 
by making annual payments of 81000. (a) How many n-gulat payments nm.st 
lie make, and (b) what is the size of the final regular imyment made one year 
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after the last regular payment? (c) How much does he still owe immediately 
after the tenth payment? 

17. How long will it take to accumulate approximately $5000 by depositing 
$40 at the end of each quarter of a year in a bank that pays 4j% compounded 
quarterly? (The rate 1^% is not in the tables.) 

18. How long will it take to accumulate at least $2500 by saving $100 a year 
if all funds are invested at 5J% per year? (The rate 5J% is not in the tables.) 

19. Verify the calculations made for (1 + i)"^'*, i = |%, in E.xample l(^-20. 

20. Compute (I + i - and check the result in Example 10-20, 
using (1 + r)"" = 1/(1 + ;)". 
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THE EQUATION OF A PLANE 

A piano is coniplotoly chaiactorizod poomotrirnlly by tho following 
property. If F and -V are different points which determi ne a line, then 
the locus of points F such that PF is perpendicular to FX is a plane 
(Fig. I-l). Thc.'^e line.s will he perpendicular if and only if 

/\V- = /'/■’" -i F\^. 


It is shown first that if /ht.r,. ij\. Ji) ^' 2 ^ 2 . U 2 , Zj) ate two given 
points, then the distance PiP-, is given hy 

(PJ*2)^ = (.I'j — .Cl)' (y-j — yi)“ *h (^2 ■" 

Construct the rectangular box which has P 1 P 2 as its diagonal and who>e 
faces are parallel to the coordinate planes, 1 he planes parallel to the 
X = 0 plane determine two points Lj and on the .r-a\is (>r'c 1 ig. .)-(>) 
with coordinates Lifj i. 0. 0). fb 0). = l-r^ “ ' il “ ^'iQ- 

where PiQ is tin* length of one* side of tlu* box (1 ig. I -2). In a ."iniilar 
fashion, the otlu'r edges of tho box are found to b(‘ (JP = |y:> ~ >ji. aiid 
Iil *2 = |^2 -- Z\\- Hence, using solid geonn‘lty; 


so that 


{p^p.,f = {PiPr -T {Zi - 2i)-, 


{Pip2r = (•••2 - -i (y-2 - yo‘ -i- ( 2 > - 2.1*. 



Fioulu; 1-1 


;i0l 


riGi-iii. 1-2 
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y = i» tnirc I j = (I truce 



Ffcuni; 1-3 


Wo dolivo tho otjuatioii of a piano in the two cases where (a) the plane 
passes tlirouKli the origin (Kig. 1-3); (b) the plane docs not pass through 
the origin (Tig. 1-4). 

(a) If the plane passes through the origin, lot X{a,b,c) be any point 
on the porpondioular to the plane at the point 0. Let P{x, \j,z) be any 
point in the plane. The etpiation /*.V“ = -r O.V^, in terms of co- 
ortlinates. becomes 


(.r — ar ■ (// — hr - {z — c)^ = (.c" 4- y' z') -!• (a" 4- 6" 4- c‘). 


This reciue('s to 


ff.r 4- by 4* = 0, 


and the steps :iie reversible. Ilenec this is the equation of the given plane, 
when* {a. h, e) are the eoordinate.s of a point on the line through 0 per- 
peiuJiiular to tin* plane. Fig. 1-3 repre.sents the plane 3.r -f 4- 2* = 0, 
whose normal OX lies in the first octant, but whos<' traces do not lie in 
the first (juadrants of the coordinate planes. 






<) 


S II. 2 ) 




Ficuni; I-t 



THE EQUATION OF A PLANE 
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(b) If the plane does not pass through 0, let the perpendicular from 0 
meet the plane in N{a, b, c). Any other point on this normal, OA has 
coordinates of the form (ka, kb, kc). The equation OP^ = OjV^ NP‘^ 
becomes 

x^ + y^ + z^ = a^ + b^ + c^ + {x- af + (y - b)^ + (e - c)^ 
which reduces to 

ax -j- by cz = b^ c*, 

and the steps are reversible. This is the equation of the given plane, where 
(a, b, c) are the coordinates of the foot of the perpendicular from 0 to the 
plane. For an equation of the form 

ax by cz = d, 

where d + 6^ + c^, a constant k can be determined so that the sum 
of squares of the coefficients of the equation obtained by multiplying 
through by k does equal to kd: 

ika)^ + {kbf + tA-c)2 = kd 

gives k = d/{a^ + 6^ + c^). For example, the plane + ij 4- 2z ~ 5 
can be reduced to required form by multiplying by 5, 14: 

H-r -hy d 

where 

(H)M- (1-S)'-’ = tI 

The point (a, t, c) alwaj's lies on the perpendicular drawn from the origin 
to the plane ax -[■ d cz = d. It follow.s that two plaiu's 

ax by -\- cz = d[ and a/ 4- by cz = d 2 , (d| d^), 


are both perpendicular to tin* line joining 0(0, 0, 0) to A(«, e) and 
hence are parallel. Such cases are thus easy to recognize algebraically, 
(See Section 5-fJ.) 

The analysis above has been bused upon llie properties of Kuclidean 
space with a universjil unit of niea.sure. At times in graphical representa- 
tion, it is not convenient to select the same units along all axes. A chang<' 
of units is equivalent to multiplying the coordinates of each point by 
constants: 

Ai.r' = .r, k^y' !/, k-^z' — z, 


wliere (.r, y, z) are the coonlinales \\itli a common unit of m<‘asur(‘. 1 h<' 
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equation of the plane becomes 

akix* + bk2y' + ck^z' = d, 
which has the standard form: 

a'z' Vy' + c/ = d', 

although now the formulas for distance and perpendicularity no longer 
apply. For graphical purposes, these formulas are not needed. Points, 
lines, and planes can be represented with the selected units taken into 
account and their intersections found as before. 
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THE DIVISION PROCESS FOR 

Let Xi be an approximation to y/n which is greater than \/n. Then 

ii = y/n + p, (II-l) 

where p is a positive number such that p < xi. Then 


n 


= x? - 2xip + p 


,. = ^ = .,-2p + P- 


^2 


= iUi + 9i) = — p + 


2 /, 


X2 = 




(II-2) 


This form shows that X 2 > \/n. Since p < xj, it follows that 


1 


^ < 2 


Hence the difference between X 2 and \/n is less than ^ the difference be- 
tween Xi and x/n: 

(II-3) 


X2 - Vn < :j 


If the division process is continued, 


2^3 


and after carrying out the process tn times to obtain x^n+i 


Xm+i - V« < : 


V 




(II-4) 


which approaches zero as wi increases. Hence ^an be obtained to any 

desired number of significant figures. 

The above discussion sliows the convergence of the process to v n, l)ut 
in actual practice, the convergence is more rapid than Ltp (II-4) indicates. 
Any process of finding \/n can be reduced to that of finding the stpiare 
root of a number between 1 and 100, if the deeimal points are properly 
adjusted. Without loss of generality, then, it is assumed that I < n < 100, 
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SO that 1 < y/n < 10. When x and q agree to two significant figures, then 
since lies between them, x and %/n agree in the integral part and differ 
by at most 1 in the first decimal place. Hence jp| = |x — \/^\ < 1/10. 
When X and q agree to three significant figures, then |pt < 1/100. If x 
and q agree to k significant figures, then |p| < 1/10*”^ Once the division 
process has reached the point that x and q agree to tw’o significant figures, 
it makes little difference whether x is less than or greater than Vn- In 
Eq. (II-l), [p| < 1/10, whereas in Eq. (II-2), the next error is 

pV(2x) < l/(200x). 


There is agreement to at least two decimal places and hence to three 
(and probably more) significant figures. More generally, if p < 1/10*~\ 
the next error is 



1 

2 • 10^*“^x ’ 


which shows agreement to at least {2k — 2) decimal places and at least 
{2k — 1) significant figures. This justifies the rule stated in the text: 
If X] and qi agree to k significant figures, carry the quotient to 2k significant 
figures and take their arithmetic average fo' \ 'n. The last figure may be 
doubtful aiid the answer may be rounded off to one less figure. 

Example. If the first approximation to ■s/43 is xi = 1, then = 43 
and X2 = 22, which is not a better approximation than xj = 1, but is a 
better approximation than 43 and is larger than The next approxi- 

mation would be X3 = ^^22 -f 43/22) = 12 approximately. The dif- 
ference between 12 and \ 43 is less than ^ the difference between 22 and 
\'^. If the process is continued, the successive approximations become 
J4 = J(12 + 43/12) = 7, X5 — .J(7 4- 43/7) = 6.G. The next quotient 
is gs = G.5‘^, showing that X5 and \ 43 differ by at most 1 in the second 
significant figure. Hence the division is continued to four significant 
figures to find ^5 = G.51.3, Xq = ^(G.GOO -f G.515) = 6.557'*'. In the 
next step, qa = G.5578771, carried to eight significant figures and \/43 = 
G. 5574385, which is correct to eight significant figures. The last digit can 
be trusted here because 2x6 > 10, but in other examples, round-off errors 
and accumulated errors make the last digit doubtful. 



APPENDIX III 


TABLES 




TABLES 



Table I 


SgUAnKs AND Square Roots 


N 


N'‘ 


VN 


\'10S 


N 


1 
2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 


1 

4 

9 

16 

25 

30 

49 

04 

81 

100 

121 

144 

160 

106 

225 

256 

289 

324 

361 

400 

441 

484 

529 

576 

625 

676 

729 

784 

841 

900 

901 

1.024 
1,089 
1,156 
1,225 
1 ,296 
1,369 
1,444 
1,521 
1,600 

1,681 
1,764 
1 ,8'}9 
1,936 

2.025 
2,116 
2,209 
2,301 
2 401 
2,500 


1.000 

1.414 

1.732 

2.000 

2.236 

2.449 

2.646 

2.828 

3.000 
3.162 

3.317 

3.464 

3.60(» 

3.742 

3.873 

4.000 
4.12;1 
4.243 
4.359 
4.472 

4.58;i 

4.690 

4.796 

4.899 

5.000 
5.099 
5.196 
5.292 
5.385 
5.477 

5.568 

6.657 

5.745 

5.8:11 

6.910 

6.000 
6.08:1 
6.164 
6.246 
6.:i25 

6.103 

6-181 

6,557 

6.6:i:i 

6.708 

0.782 

6.850 

6.928 

7.000 

7.071 


N 




3.102 

4.472 

5.477 

6.325 

7.071 
7.746 
8.367 
8.914 
9.187 

10,00 

10.49 
10.95 
11.40 
11.8:1 

12.25 
12.65 

13.01 

13.42 
i;i.78 

14.1 1 

14.49 
14.8:1 

15.17 

15.49 
15.81 

16.12 

16.43 

16.73 
17.03 
17.:i2 

17.61 

17.89 

18.17 

18.44 

18.71 

18.97 

19.21 

19.19 
19.75 
20.00 

20.25 

20.19 

20.74 

20.98 

21.21 

21.45 
21.68 
21.91 
22.14 
22.36 


I 






51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 
100 

S’ 


i 

\ S’ 

\ 

\ ws 

2.60! 

7.141 

22.58 

2.704 

7.211 

22.80 

2,809 

7.28U 

23.02 

2.916 

7,348 

23.24 

3.025 1 

7.416 

23.45 

3,i:i6 

7.48.3 

2:1.66 

3.249 

7..).5U 

23.87 

3..361 ' 

7.616, 

24,08 

3.481 

7.681 

24.29 

3.600 1 

7.746 

24.49 

3.72! i 

7.810 

24,70 

3,844 

7,874 

21.90 

3.969 1 

7,937 

2.5-10 

4.096 

8.000 

25.:io 

4,225 

8.062 ' 

2.5..50 

4,;i.56 

8124 i 

25.69 

4,489 

8. 1 85 i 

2.5.88 

4,624 

8.246 

26.08 

4,761 

8.:io7 

26.27 

1,900 

8.367 

26.46 

5,041 

8.426 

26.65 

5,184 

8.485 

26-8.3 

5,:{29 

8.544 

27.02 

5,476 

8.li02 

27.20 

5,*'>25 

8.6U> 

27.;i9 

5.776 

8,718 

27.57 

5,929 

8,775 

27.75 

6,084 

8.8:12 

27.93 

6,241 ' 

8.888 

28. II 

6,400 

8.944 

28.28 

1 

6.561 

9.000 

28.46 

0,724 

9.055 

28.61 

6,889 

9. 1 1 0 

28.81 

7,056 

9.165 

28.98 

7,225 

9.220 

29. 1 5 

7.:i96 

9.274 

29.:i:i 

7,569 

9.;i27 

29.. 50 

7,744 

9.:J8l 

29.ti6 

7.921 

9.134 

29.83 

8,100 

9.487 

;i().oo 

8.281 

9.5:i9 

;io.i7 

8,41.1 

■».592 

:i0.;i:i 

8,tVl9 

9.641 

;io.50 

8.8;{6 

9.695 

.30.66 

, 9,02.5 

9 747 

:50,82 

9,216 

9.798 

;io.98 

9.409 

1 9.849 

31.14 

9.W)4 

9.899 

3i.:iu 

9,801 

9.9.50 

31.46 

10,000 

10.000 

1 

31,62 

1 

1 Vs- 

ION 
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Table II 

Common Logarithms of Numbers 
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Table II 

Common Logarithms of Numbers 


N 

0 

1 

2 I 

3 ; 

4 

I 

5 

6 

7 

! ^ 

0 

Dl 

6900 

6998 

7007 

7016 


7033 

7042 

i_ 1 

7050 

7059 

7067 

— 

51 

7076 

7084 

7093 

7101 

7110 

' 7118 

' 7126 

1 

7135 

7143 

7152 

62 

7160 

7168 

7177 

71H5 

7193 

7202 

7210 

721.8 

7226 

7235 

53 

7243 

7251 


7267 

7275 

72H4 

7292 

7301* 

73aH 

7310 

54 


7332 


7348 

735t> 

7304 

t Jt2 

738<) 

tXiS 

<3% 

55 


7412 

7410 

T42T 

7435 

7443 

7451 

745*9 

74l¥i 

7474 

56 

7482 

7490 

7497 

7505 

7513 

7520 

75*28 

1 

75.36 

7543 

7551 

57 

7650 

7566 

7574 

T5K2 

7.VVJ 

7697 

1 71i04 

7612 

7619 

7627 

58 

7034 

7642 

7049 

7657 

7kM 

7672 

7679 

768*1 

7691 

7701 


7709 

7716 

7723 

7731 

773.H 

7745 

r 4 52 

77*2> 

/ lUi 

{ « <* < 4 

50 

7782 

7780 

7790 

7803 

7810 


7825 

7832 

7.8.1*9 

7M*> 

01 

7853 

7860 

7Kfi8 

7875 

— 

7889 

7M06 

7*90.1 

7010 

' T'»i: 1 

1 

02 

7924 

7931 


7915 

WBSfM 

7959 

7l8‘M) 

7973 

7980 

< 7*98 7 

t 

03 

7993 

8000 

8007 

8014 

H021 

8628 

8035 

>04 1 

8018 

80.1.5 

04 


8009 


8082 

K089 

84J96 

8102 , 

8109 

HlKl 

8122 1 

05 

8129 

8136 

8142 

8149 

H|.V> 

8162 

8169 1 

8176 

H]82 

1 "‘r*" i 

00 

8105 

8202 

8209 

8216 

8222 

8*228 

8235 1 

8211 

S24S 

1 82.5 1 1 

07 

820J 

8207 

8274 

8280 

82.87 

8*293 


830^ 

8312 

H3I** 

08 

8325 

8331 

833H 

K314 

1 8351 

k:is7 


8370 

8376 

83S2 


Km 

8395 

MOl 

H407 

8414 

8420 


84.32 

8 4J9 

8445 

70 

8461 

8457 

8463 

8470 

8470 

mi 

8188 

.84*91 

H.VMI 

' 8506 j 

71 

H5I3 

8519 

8525 

8.V11 

h5:j: 

8513 

8519 

8555 

S5*»] 

1 I 

1 8,5*>7 

1 

72 

N673 

8570 

8r>M5 

8591 

8597 

KOlKi 

HiVKl 

8615 

8621 

8627 

73 

8033 

M>30 

8645 

8651 

8657 

K66:i 

8669 

867.’* 

Kr^Sl 

S*kS6 

74 

H092 

869K 

8701 

8710 

8716 


8727 

8733 

8739 

8715 1 

75 

8761 

8756 ' 

8762 

8768 

8774 

WW8W 

8785 

8791 , 

87*97 

8802 

70 

8808 

8814 

8820 

8825 

883) 

88.37 

S842 

8S4S 

K85I 

1 88.5*9 

77 

8806 

8871 

8870 

KSH2 

K8.87 

889.3 

8.S99 

8**01 

8910 

1 8*915 

7H 

1 8921 

8027 

8932 

89.38 

8911 

8949 

8954 

89(.** 

89*)5 

897 1 

IKI 

8970 1 

8082 

K987 1 

8993 

8*X»8 

IMNIl 


9<H5 

*¥1.8 1 

; 9*12.5 

D 

1 

0031 

9036 

1 

0012 1 

9017 , 

*30 5 i 

9058 

(¥813 

1K169 

1 

1¥I74 i 

9079 

1 

81 ' 

9085 

OOOU 

9096 

* - 1 

9101 

yuv; 

9M2 

9117 1 

9122 

1 

9128 

9133 

82 

9138 

0113 

0149 

9154 

915*4 

9165 

9170 

*9175 1 

9180 

*9lHli . 

1 

83 

9101 

0190 


92I8> 

*3212 


9222 

*9227 1 

92.12 

*92.48 , 

M 

9243 

0248 

0253 


921 


927 1 

9279 1 

92M 

92.8*9 , 

85 

9294 

9299 

9304 


9115 

9320 

9.325 

*9.i:«i 1 

9335 1 

*9 440 

■■a 

9345 

9350 

9355 

O-iiiO 

9305 

9370 

*.*.375 

938*1 ' 

93H5 1 

*9.4*¥) j 

M7 

9395 

Oiorj 

9405 

9110 

9415 

9420 

9125 

9130 

9135 

9110 , 

8H 

9446 

9450 

9455 

90j0 

*346.5 

9169 

9474 ; 

9479 

9481 

91.8!* 

8V 

9491 

9109 

9601 

950*3 

9513 

9518 

9523 

1 

9.528 

9.5:i:i 

95.18 

90 

9542 

9547 

9552 

0.V>7 

9.'il>2 

9.5i;6 

957 1 

1 

1 

*9.576 

9.581 

' j 

9.5.86 1 

4 

9J 

9590 

9505 

949MI 

fr005 

9<ioy 

96t4 

9619 

9i*21 

*91.28 

91813 ' 

1 

92 

9038 

9043 

9047 

9052 

tMV57 


'9G42> 1 

1H)71 

9675 

(H>80 

93 

9085 

00M9 

9091 

*N>99 

9703 

9iOS 

9713 1 

*9717 

972*2 

9727 

94 


9730 

9741 

9745 

9750 

9754 

9759 1 

97*13 

*97oH 

977 1 

95 

MjffM 

0782 

97M1 

9791 

9795 

98481 

*38*)5 

*9sl¥l 

9.814 

11818 

90 

9823 

9827 

9H32 

9V16 

9811 

9845 

98.50 

9854 

98.59 

9M>3 

97 

9808 

9872 

9877 

9881 

9886 

9890 

*9894 1 

98*99 

9*91*3 

***908 ] 

98 

9912 

9917 

9921 

9926 

9930 

9'J34 

*9939 1 

f8i|3 

*9918 

9*9.52 ' 

1 

99 

9960 

9901 

9905 

; *3*.K>9 

] 9974 

9978 

998.1 

9987 

1 

9991 

9996 1 

* 

4 

100 

0000 


OTiOO 

t " 

; 0013 

1 

0017 

0022 

0(*26 

0010 

' < 

0035 

• 

imo ^ 

1 

If 

0 

■ 

1 

2 

1 

1 3 

4 

S 

6 

1 

, ’ ' 

1 ^ 

1 

9 . 

1 
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Table III 

Accumulated Amount of 1 
(1 + 0" 


n 

i% 


i% 

w 


1% 

n 

1 

1. 00333 

1.00417 

1.00500 

1.00583 

1.00750 

1.01000 

1 

2 

1.00()G8 

1 .00835 

1.01002 

1.01170 

1.01506 

1.02010 

2 

3 

1.01003 

1.01255 

1.01508 

1.01760 

1.02267 

1.03030 

3 

4 

1.01340 

1.01677 

1.02015 

1 .02:154 

1 .03034 

1.04060 

4 

5 

1.01078 

1.02101 

1.02525 

1.02951 

1.03807 

1.05101 

1 

5 

6 

1.02017 

1.02520 

1 .03038 

1.03551 

1.04585 

1.06152 1 

6 

7 

1.02357 

1 .02953 

1 .03553 

1.04155 

1.05370 

1.07214 

7 

8 

1 .02008 

1.03382 

1.04071 

1.04763 

1.06160 

1.08286 

8 

9 

1.03040 

1.03813 

1.04591 

1 05.174 

1 .06956 

1.09369 ' 

9 

10 

1.03384 

1.04246 

1.05114 

1 .05989 

1.07758 

1.10462 

10 

1 

11 

1.03728 

1.04080 

1 .05640 

1 .06607 

1.08566 ' 

1.11567 

11 

12 

1.04074 

1.05116 

1.06168 

1 .07229 

1.09381 1 

1.12683 


13 1 

1.04421 

1.05554 

1 .06699 

1.07855 

1.10201 

1.13809 


14 : 

1 .04700 

1 .05094 

1 .07232 

1 .08484 

1.11028 

1.14947 

14 

15 { 

1.05118 

1 .06436 

1.07768 

1.09116 

1.11860 

1.1 6097 

15 

16 

1.05400 

1 .00879 

1 .08307 

1 .09753 

1.12699 

1.17258 

16 

17 

1 .05820 

1.07.324 ; 

1 .08849 

1.10:593 

1.13544 

1.18430 

17 

18 

1.00173 1 

1.07772 ' 

1 .00:i93 

1.11037 1 

1.14396 

1.19615 

18 

19 

1.00527 

1.08221 ! 

1.09040 

1.1)685 

1.15254 

1.20811 

19 

20 

1 ,01.882 

1.08072 ; 

1.10490 

! 1.12:136 

1.16118 

1.22019 

20 

21 

1.07238 

1.09124 ' 

1 1.11042 

! 1.12992 

1.16989 

1.23239 

21 

22 

1.07500 

i 1.09579 : 

! 1.11597 1 

i l.i:iG51 

1.17867 

1.24472 

22 

23 ' 

1 .07054 

1.10036 

1 1. 12155 , 

i 1.14314 

1.18751 

1.25716 

23 

! 24 1 

1.08314 

1.10494 

1.12716 , 

1.14981 

1.19641 

1.26973 

24 

j 25 1 

1.08075 

1.10955 

l.j;i280 1 

1 1.15651 

1.20539 

1.28243 

25 

26 1 

1 .00038 

1.11 117 

1.13816 1 

1 

1.16;i26 

1.21443 

1 .29526 

26 

27 

1.09401 

1.11881 

1.14415 i 

1.17005 

1.22354 

1.30821 

27 

28 

1 ,09700 

1.12347 

1.14987 

1 . 1 7687 

1.2:5271 

1.32129 

28 

1 29 

1.10132 

1.12815 

1.15502 ' 

1.18374 

] 1.24196 

1.33450 

29 

30 

1.10499 

1.13285 

1.10140 

1 1.19064 

1.25127 

1.34785 

30 

31 

1.10807 

1.13757 

1.10721 ' 

1 1.19759 

1.26066 

1.36133 

31 

32 

' 1.11237 

1.14231 

l.I7:U)4 

1 1.20467 

1.27011 

1.37494 

32 

33 

1 1.11007 

1.14707 

1 1.17891 

1.21160 

1 .27964 

1.38869 

33 

34 

1 1.11979 

1.15185 

; 1.18480 

1.21867 

1 .28923 

1.40258 

34 

35 

j 1.12353 

1.15005 

' 1.19073 

1 

1 .22578 

1.29890 

1.41660 

35 

36 

1 1.12727 

j 1.10147 

1 1.10068 

1.2:1293 

1.30865 

1.4:5077 

36 

37 

1 1.13103 

1. 106:11 

' 1 .20266 

; 1.24012 

1.31846 

1.44508 ; 

37 

38 

1.13180 

1.17117 

1 .20808 

1.247;i5 

l.:52835 

1.45953 ! 

38 

! 39 

1.13858 

1 . 1 7605 

1.21472 

1.25463 

1.338:51 

1.47412 

39 

i 40 

I 1.14238 

1 . 1 8095 

1.22079 

1.26195 

1.348:55 

1.48886 

40 

41 

i 1.14019 

1.18587 

‘ 1.22G90 

1.26931 

1.35846 

1.50375 ‘ 

41 


1 1.15001 

1.19081 

; 1.2:1303 

1.27671 

1.36865 

1.51879 ; 

42 

1 

1 43 

1 1.15384 

1.19577 

1.2:1920 

1.28416 

1.3789! 

1.53398 

43 

A A 

< 44 

1.15709 

1 .20076 

I.245;i9 

1.29165 

1 .38926 

1.54932 

44 

A M 

' 45 

1.10154 

1 .20576 

1 1.25162 

1.29919 

1 .39968 

1.56481 i 

4S 

46 

1.10542 

1.21078 

1 .25788 

1 .30676 

1.41017 

1.58046 

46 

47 

1.10930 

1.2I58;J 

1.26417 

1 .:i 1 439 

1.42075 

1.59626 

47 

48 

1.17320 

1 .22090 

1 .27049 

1 .32205 

1.43141 

1.61223 ; 

48 

49 

1.17711 

1.22598 

1 .27684 

1.;12977 

1.44214 

1 .628:55 

49 

50 

1 

1.18103 

1.23109 

1.28323 

j 1 .33752 

1.45296 

1.64463 

1 

50 

i n 

1 _ . 

1 h% 

1 15 C 

1 i ^ 

! 

1 

I 

* ,‘C 

n 









TABLtS 



Tadlk III 


Accumulated Amount of 1 

(1 + ir 


n 

4% 

% iT 

If < 

i'o : 

L' 1 

iT ' 

1 

4 ' > 

1 

A ( 

n 

51 

1.184‘J7 

1 .23022 

1.28901 

1 . 345 : 1:1 i 

I.40:185 

1.06108 

51 

52 

1.18802 

1.24i;i7 

1 .29009 

1.;15317 1 

1.47481 

l.(n769 

52 

53 

1.19288 

1.24051 

1. 30257 i 

1.30107 

1.48589 

1.09447 

53 

54 

1.1 9686 

1.25174 

l.:{0908 

i.:i090l , 

1.49704 , 

1.71 141 

54 

55 

1 .20085 

1.25695 

1.31563 

1.37099 1 

1.50827 

1 .72852 

55 

56 

1.20485 

1.20219 

I.;i222l 1 

1.38502 

1.51958 

1.71.581 

56 

57 

1.20887 

1.20745 ; 

I.;i2882 i 

i.;i9;iiu i 

1.5:1098 

1 70327 

57 

58 

1.21290 

1.27273 

1 :i:i546 ! 

1.40123 1 

1.54240 

1.78190 ; 

58 

59 

1.21094 

1.27803 

l.:i42M 

1.10940 1 

1.55403 

I.79.K71 

59 

60 

1.22100 

i.28;i:io ' 

1-3188.5 

1.41703 

1.50508 

l.SKiTO 

60 ; 

61 

1 .22507 

1.28871 ' 

1 .:i5.559 

1.42.589 

1 .57742 

1.8148(i 

61 

62 

1.22915 

1.29408 

l.;Hi237 

1 . 1342 i 

1 .58925 

1 . 8 , 5:121 

62 

63 

1,23325 

1.29947 

l.:i0918 

1.112.58 

l.(>()l 17 

1 .8i 1 1 1 

63 

64 

1 .23730 

I.:i0488 

\Mnm 

1.4.5099 

1.01318 

l.S!»iUO 

64 

65 

1.24148 

1 . 310:12 

l.;i829l 

1.45940 

1.02528 

1.909.17 

65 

66 

1.24502 

1.31578 

l.:i8982 1 

1.40797 

1 . 0:1747 

1.92840 

66 

67 

1.24077 

I.:i2120 

l.:i9677 

1.470.53 

1.04975 

1.94774 

67 

68 

1 .25394 

l.:i2677 

1.40376 

1.18515 1 

1.0(>213 . 

1.90722 

68 

69 

1.25812 

1 .33229 

1.41078 

UOKISI ; 

1 07459 1 

1.98089 

69 

70 

1.20231 

1 .33785 

1.11783 

1.502.52 

1.08715 

1 

2 00070 

70 

71 

1.20652 

I.:i4312 

1.12192 

1.51129 

1 (19980 

2 1)2081 

71 , 

iB A 

72 

1.27074 

1.34902 

1 . 1:1201 

1. 520 11 

1.71255 

2.01710 

72 

73 

1.27498 

l.:i.5404 

l.i:i920 1 

1 .52897 

1 72.540 

2.007,57 

73 . 

A 1 

74 

1.2792:1 

l.:i0028 

1.14010 

1 53789 

1 73811 

2.08825 

74 

75 

1.28:149 

1.36595 

' 1 . 1 . 5 : 10:1 ! 

1. 54080 

1 751.37 

2.l09i:i 

75 

76 

1.28777 

1.37104 

* 1.10090 

1,5.5.589 

i. 70151 

2 1:1022 

76 

77 

1.29200 

I.:i77:i6 

1 1.16821 1 

1., 50490 

! 1.77774 1 

2 l,)l.)2 

77 1 

78 

1 .29037 

i.:i8:iio 

1. 17.5.55 ; 

1. 57409 

1 1.79108 

2.17:101 

78 1 

1 

79 

i.iionoo 

1.38880 

1.18292 i 

1 .58127 

, 1.80151 

2 19177 

79 

80 

1. 30503 

1.;19105 

1.19034 i 

1. 59251 

181801 

2 21 ('72 

80 

81 

1 .30938 

1.40010 

1.19779 

' 1.(10180 

1 81108 

2.2.1K8H 

81 

82 

i.:ii:i74 

1.40029 

1., 50.528 

I 01 1 1 1 

1 81.512 

2 20 1 27 

82 

83 

1.31812 

1,41215 

1.512HI 

1.02054 

1 1 .8.5920 

2-28188 

83 

84 

1.32251 

1.11801 

i..)2o:i7 

1 (12999 

, !. 87:120 

2 :10072 

84 ' 

85 

1.32092 

1.42394 

1., 52797 

1 . 0 : 19,50 

' 1 .88725 1 

2.:i2i)79 

85 1 

86 

i.:i:ii35 

1.42‘1K8 

1. 53.501 

1.01907 

1 190141 ! 

2 3.5:11)9 

86 

4\ iB 

87 

1.3:1578 

l.t:i.5Ht 

! 1. .54:129 

1.0.5809 

, 1.91507 ' 

2 .37002 

87 

A ' 

88 

1.34024 

1,11182 

1 1.5.5101 

1.(10810 

! . 9 : 100:1 

2.40li:i8 

88 

89 

1.31470 

i.n78;i 

1 1 5.5870 

i 1 07809 

1 1.91151 

2 . 121:19 

89 

90 

1.3 1919 

1.15:i80 

1 ,5(>r>.55 

1.08788 

1 95909 

2.4 1803 

IKI 

96 

1.37610 

1.49059 

1 0141 1 

1.74781 

2 04892 

2.59927 

96 

100 

1 ..‘19484 

1.515.58 

1.011917 

i 1.78897 

2.11108 

2.70181 

1 00 

108 

1 . 4:1247 

1.50985 

I.7i:i70 

1 1.87418 

2.24112 

2 92H9:i 

’ 108 

120 

1.1!H)8:i 

1.01701 

1.81910 

: 2.00900 

2 . 451:10 

:i.:ioo:i9 

120 1 

132 

1.55157 

1.73 1*27 

l.9:il(>l 

j 2.15194 

2.08131 

' 3.71890 

132 

144 

1.01178 

1.81985 

2 0.5075 

2.31072 

2.9;i284 

4,19002 

144 

156 

1 .08057 

1.91290 

2.17724 

2.47770 

3.20790 

4.72209 

156 

168 

1.71901 

2.01081 

! 2.31152 

2.05088 

3.50889 

r).:i2()97 

168 

180 

1 .82030 

2.11370 

' 2.45409 

2 84895 

3.818)1 

5. 99.580 

180 

192 

1.89446 

2.22185 

2 110.510 

:i. 0.5490 

4.198)8 

0.7.5(>22 

) 192 

200 

1.91558 

2.2'.1700 

2.711.52 

3-20040 

4.45007 

7.31002 

1 200 

n 

4 % 

» r. ' 

IS ' 


7 1 ' 

)2 ( 

r< 

r. 

u 
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APPENDIX III 



H% 


4% 


4 % 


2 % 


2 *% 


3% 



1.01250 
1.02516 
1.03797 
1.05095 
1 .06408 

1.70738 
1 .09085 
1.10449 
1.11829 
1.13227 

1.14642 

1.16075 

1.17526 

1.18995 

1.20483 

1.21989 
1.2.3514 
1 .25058 
1.26621 
1.28204 
1.29806 
1.31429 
1 .33072 
1 .34735 
1.36419 
1.38125 
1.. 3985 1 
1.41599 
1.43369 
1.45161 
1.46976 
1.48813 
1 .50673 
1.52557 
1.54464 
1.56394 
1 .56349 
1 .60329 
1 .62333 
1.64362 

1 .72735 
1.81535 
1.86102 
1 .90784 
2.00503 
2.10718 
2.21461 
2.32735 
2.44592 
2.57053 
2.70 I 4 S 




1.01500 

1.03022 

1.04568 

1.06136 

1.07728 

1.09344 

1.10984 

1.12649 

1.14339 

1.16054 

1.17795 

1.19562 

1.21355 

1.23176 

1.25023 

1.26899 
1.28802 
1 .30734 
1.32695 
1.34686 
1 .36706 
1.38756 
1.40838 
1 .42950 
1 .45095 
1.47271 
1.49480 
1.51722 
1.53998 
] .56108 
1 .58661 
1. 01 032 
1. C 3448 
1.65900 
1.66188 
1.70914 
1.73478 
1.76080 
1.78721 
1.81402 

1 .92633 
2.04348 
2.10524 
2.16887 
2.30196 
2.44322 
2.59314 
2.75227 
2.92116 
3.10041 
3.29066 




1.01750 

1.03531 

1.05342 

1.07186 

1.09062 

1.10970 

1.12912 

1.14888 

1.16899 

1.18944 

1.21026 

1.23144 

1.25299 

1.27492 

1.29723 

1.31993 

1.34303 

1.36653 

1.39045 

1.41478 

1.43954 

1.46473 

1.49036 

1.51644 

1.54298 

1.56998 
1.59746 
1.62541 
1 .65386 
1 .68280 
1.71225 
1.74221 
1.77270 
1.80372 
1.61529 

1.86741 
1.90009 
1 .93334 
1.96717 
2.00160 

2.14543 

2.29960 

2.38079 

2.46485 

2.64197 

2.61182 

3.03531 

3.25342 

3.48721 

3.73780 

4.00639 


1 |% 


1.02000 

1.04040 

1.06121 

1.08243 

1.10408 

1.12616 

1.14869 

1.17166 

1.19509 

1.21899 

1.24337 

1.26824 

1.29361 

1.31948 

1.34587 

1.37279 

1.40024 

1.42825 

1.45681 

1.46595 

1.51667 

1.54598 

1.57690 

1.60844 

1.64061 

1.67342 

1.70689 

1.74102 

1.77584 

1.81136 

1.84759 

1.88454 

1.92223 

1.96068 

1.99989 

2.03989 

2.08069 

2.12230 

2,16474 

2.20804 

2.39005 

2.58707 

2.69159 

2.80063 

3.03117 

3.28103 

3.55149 

3.84425 

4.16114 

4.50415 

4.87544 


1.02500 

1.05062 

1.07689 

1.10381 

1.13141 

1.15969 

1.18869 

1.21840 

1.24886 

1.28008 

1.31209 

1.34489 

1.37851 

1.41297 

1.44830 

1.48451 
1.52162 
1.55966 
1 .69865 
1.63862 

1.67958 

1.72157 

1.76461 

1.80873 

1.85394 

1.90029 

1.94780 

1.99650 

2.04641 

2.09757 

2.15001 

2.20376 

2.25885 

2.31532 

2.37321 

2.43254 

2.49335 

2.55568 

2.61957 

2.68506 

2.96381 

3.27149 

3.43711 

3.61111 

3.98599 

4.39979 

4.85654 

5.36072 

5.91723 

6.53151 

7.20957 



2i% 


1.03000 

1.06090 

1.09273 

1.12551 

1.15927 

1.19405 

1.22987 

1.26677 

1.30477 

1.34392 

1.38423 

1.42576 

1.46853 

1.51259 

1.56797 

1.60471 

1.65285 

1.70243 

1.75351 

1.80611 

1.86029 
1.91610 
1 .97369 
2.03279 
2.09378 
2.15659 
2.22129 
2.28793 
2.35657 
2.42726 

2.50008 

2.57608 

2.65234 

2.73191 

2.81386 

2.89828 

2.98523 

3.07478 

3.16703 

3.26204 

3.67145 

4.13225 

4.38391 

4.65089 

5.23461 

5.89160 

6.63105 

7.46331 

8.40002 

9.45429 

10.64089 


3% 






I 
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Table III 

Accumulated Amount of I 

(1 + ir 


n 

3J% 

4% 


5% 


7% 

n j 

■M 

1.03500 

1 .04000 

1.04500 

1.05000 

1 .00000 

1.U700U 

1 j 

2 

1.07122 

1.08IG0 

1.09202 

1.10250 

1.12:100 

1.1-1490 , 

2 

3 

1.10872 

1.12480 

1.14117 

1.15702 

1.19102 

1.22,504 

^ 1 

4 

1.14752 

1 . 1 6980 

1.192.52 

1.21.551 

1.20248 

1.31(180 

4 . 

5 

1.18709 

1.21005 

1.24018 

1.27028 

j .:i:iS2:i 

1.402.55 

5 1 

1 ' 

6 

1.22926 

1.20532 

1 ..30226 

l.:i4010 

1.418.52 

1 .50073 

1 ^ ' 

7 

1.27228 

1.31593 

1 :mm 

1.40710 1 

1. 50:103 

1 00,578 

7 

8 

I.;il081 

I.:i0857 

1.42210 

1 17740 : 

1 .59385 

1.718l',l 

I 8 

9 

1.30290 

1.42:131 

1.48(ilO 

i..55i;i;i 

l.OS'MK 

1.8:1810 

9 

10 

1.41000 

1.48024 

1 .5.5297 

1,02889 

1.7'»08.5 

1.90715 

10 

11 

1 .15997 

1.. 5,39 4. 5 

1 02285 

1.71034 

1.S9H;10 ' 

2.1048,5 1 

11 

12 

1.51107 

l.(>0103 

1 .09.588 

1.7‘.1.580 1 

2 01220 

2.2.5219 , 

12 

13 

1.50390 

1,00507 

1,77220 

1.88.505 

2.i;i293 

2.409.85 ■ 

13 

14 

1.01809 

1,73108 

1.85191 

1,9799:1 

2.200‘»0 , 

2..57K.53 

14 

IS 

1.075.35 

1.800!M ' 

1,9.3.528 

2 07893 1 

2;i9O.50 

2.7.5'io:i 

15 

16 

1.73390 

1.87298 

2.02237 

1 

2,18287 : 

2.510:15 , 

2 9.5210 

10 

1 

17 

1.79408 

1.91790 

2.11:1:18 

2,29202 ! 

23.9277 

:i I.58S2 

; 

16 

1.85749 

2.02.582 

2.20SI8 

2 40002 i 

2 S.) i:i 1 

3.3799.1 , 

18 

19 

1 .92250 

2.10085 

2.;i0780 

2 .52095 : 

3 (12.500 

:i.oio,5:i 

19 

20 

1 ,98979 

2.19112 

2 41171 

; 2 0.5:1:10 ( 

3.2071 1 

3 80908 

20 ' 

21 

2,0.5943 

2.27877 

2.52021 

2.7K.59(i ! 

:i.:}99.50 

-1 1 91.50 1 

21 ! 

22 

2.13151 

2.30992 

2.iwi:i05 

2,92.520 

3,00,1.51 

•I 1:10 to , 

22 

A m 

23 

2.20011 

2,10-172 

2.7.5217 

:i()7l.52 

;i. 81975 

1 i 

23 

24 

2.28:133 

2.50.1:10 

2.87001 1 

:i,225IO 

-1 04893 

r>.072i{7 

24 

25 

2.30324 

2.00584 

.3.00.5 13 1 

1 

:{.;mo:i5 ; 

1 29187 

5. \ 2t rt 

25 

26 

2,44.590 

2.772-17 

1 ;i, 1 1008 

.3.55507 

1.519.18 


26 
ftk mm 

27 

2,53157 

2.88.337 

3,28201 

:i.7:i:i 10 

4.822:15 ' 

♦) 2 1 •!K7 

27 : 

A A 1 

28 

2.02017 

2.99870 

, ;i .12970 

3 92013 

' 5 . 1 1109 

(» lilSSj 

28 

1 

29 

2.71188 

3.1180.5 

;{ .58101 

1.11014 

5.-118,l'l 1 

7.1 1 ILMi 

29 ! 

30 

2.80079 

:}.2i;no 

:i.7!.5;i2 

I..32191 

.5.71319 

7.i»l22r» 1 

1 

30 1 

31 

2.90.50.3 

.3.37:11:1 

:i.9i;i8o 

1 

' 4.5.3801 

0.08M() 

s.i i*>t 1 : 

31 
) ^ 1 

32 

.3.(HK>7 1 

;i.5080(i 

108998 

1.70191 

0 4.5:139 1 

8. < 1 .>2 • 1 

^2 I 

33 

3.11194 

3.0 }S:i8 

1 -1 27-lo:i 

.5.003(9 

0 810.59 

'.».:12.5:{ 1 

33 

34 

:i.22080 

3.79-132 

I I.OWlIO 

5.25:1:15 

7.25103 

97811 

34 

35 

3.33:1.59 

3.9100*1 

' 1.00735 

.5.511.02 

7.».S00'I 

10.0*1'. >8 

35 

36 

3.4.5027 

4.io;i9;i 

i l.K77;i8 

.5.79182 

8.1 1725 

1 1 . 12:194 1 

36 ! 

37 

3..57103 

4.20809 

, 5 09080 

0 08141 

8.0:i009 

12.22:102 1 

37 

36 

3.09001 

i.i:iS8i 

" .5.:i2*‘.22 

l.,:iH5 18 

'1.1.5425 1 

13,07927 

38 

39 

3.82.537 

i.oir>;i7 

; .5..50590 

0.70 177) 

9.70:1.5 1 1 

13!i!'l82 

39 ! 

M A\ 

40 

3.9.5920 

1.80102 

1 5.8 10:10 

7.0;i9‘.)9 

10.28572 

113I7I10 

40 

41 

4.0978:1 

-1.99:100 

1 0.07810 

' 7.39199 

10.90280 i 

10.1)2207 

A m 4 A i ^ j 6 

41 

42 

4.24120 

5,19278 

1 0:1.5102 

1 7.701.59 

11.5,570:1 1 

1 / . 1 

42 

43 

4.3H970 

5.100.50 

0 0:174 1 

i 8.14907 

1 12.2,5015 1 


43 

ft ft 

44 

4.54.3:14 

5.010.52 

0.9:1012 

8.55715 

12*18,5-18 1 

I9.(»281(» 

1 44 

45 

4.702.30 

.5.84118 

7 21825 

8.98,501 

1 13.70101 ; 

21.00245 

1 1 

45 

1 

46 

4.80094 

0.07482 

7.57112 

9.-1:1120 

1 1.59019 

22.17202 ' 

46 

A 

47 

5.03728 

0.31782 

7.91527 

9.'.M».597 

I5.40.5!i2 

1 2l.01.'>rl , 

47 

48 

5.21:1.59 

0.570.53 

1 827110 

, 10.10127 

10 :19;<H7 

25. *2891 

48 

1 

49 

5.:i9000 

o.8;i;i:i5 

, 8 0n07 

1 10.921:1:1 

17 :i77.50 

2/ .5299.1 

1 49 

50 

5.58-193 

7.1 0008 

9.o;i2oi 

1 1.10710 

{ 18 4201.5 

1 29 l.XO.l ; 

50 

1 

n 


4'< 

1 4i'; 

5', 

i 6\ 

T, 1 

1 

n 
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Table IV 

Present Value of 1 

V" = (1 + i)-" 


n 



LCf 

J /o 

i^% 


1% 

n 

1 

0.99668 

0.99585 

0.99502 

0.99420 

0.99256 

0.99010 

■n 

2 

0.99337 

0.99172 

0.99007 

0.98843 

0.98517 i 

0.08030 


3 

0.99007 

0.08760 

0.98515 

0.98270 

0.97783 1 

0.97059 


4 

0.98678 

0.9835 1 

0.98025 

0.97700 

0.97055 ! 

0.96098 


5 

0.98:150 

0.97942 

0.97537 

0.97134 

0.96333 i 

0.95147 

5 

6 

0.98023 

0.97536 

0.97052 

0.96570 

0.95616 : 

0.94205 


7 1 

0.97697 

0.97131 

0.96569 

0.96010 

0.94904 1 

0.93272 


8 i 

0.97373 

0.96728 

0.9C089 

0.95453 

0.94108 

0.92348 

8 

9 i 

0.97049 

0.96327 

0.95610 

0.94900 

, 0.93496 

0.91434 

9 

10 

0.96727 

0.95927 

0.95135 

0.94350 

! 0.92800 

0.90529 

10 

11 

0.96406 

0.95529 

0.94661 

0.93802 

0.92109 

0.89632 

11 

12 ' 

0.96085 

0.95133 

0.94191 

0.93258 

0.91424 

0.88745 

12 

13 1 

0.95766 

, 0.94738 

0.93722 

0.92717 

0.90743 

0.87866 

13 

14 1 

0.95448 

i 0.94345 

0.93256 

0.92180 

0.90068 

0.86996 

14 

15 I 

0.95I3I 

0.93954 

0.92792 

0.91645 : 

0.89:197 

0.86135 

15 

16 

1 0.94815 : 

0.93564 

0.92330 

0.91114 : 

0.88732 

0.85282 

16 

17 

' 0.94500 

0.93175 

0.91871 

0.90585 1 

0.88071 

0.844:18 

17 

18 

1 0.94186 

1 0.92789 

0.91414 

0.90060 . 

0.87416 

0.8:1602 

18 

19 

0.93873 1 

1 0.92404 

0.90959 

0.89538 

0.86765 

0.82774 

19 

{ 20 

0.93561 1 

1 0.92020 , 

1 0.90500 

1 

0.89018 

0.86119 

0.81954 

20 

1 21 

0.93250 i 

' 0.916:19 j 

0.90056 

1 

0.88502 1 

0.85478 

0.81143 

21 

22 

0.92940 

0.91258 

0.89608 

0.87989 

0.84842 

0.80340 

22 

23 

0.92632 

. 0.90880 

' 0.89162 

0.87479 

0.84210 

■0.79544 

23 

24 

0.92324 

0.90503 

0.88719 

0.8697 1 

0.83583 

0.78757 

24 

25 

0.92017 

0.90127 

0.88277 

0.86407 

0.82961 

0.77977 

25 

26 

0.91711 

0.89753 

0.878.18 

0.85965 

0.82343 

0.77205 

26 

27 

0.91407 

0.89381 

0.87401 

0.854G7 

0.81730 

0.76440 

27 

1 28 

1 0.91103 

0.89010 

0.86966 

0.84971 

0.81122 

0.75684 

28 

1 20 

1 0.90800 

0.88640 

0.805;i;} 

0.84478 

1 0.80518 

0.74934 

29 

30 

1 0.90499 

0,88273 

0.80103 

0.81988 

0.79919 

0.74192 

30 

31 

' 0.90198 

0.87906 

0.85675 

0.81501 

0.79324 

0.73458 

31 

32 

0.89898 

0.87542 

0.85248 

0.81017 

0.78733 

0.72730 

32 

33 

0.89600 

0.87178 

0.84824 

0.825:16 

0.78147 

0.72010 

33 

34 

0.89:102 

0.86817 

0.84 102 

0.82057 

0.77565 

0.71297 

34 

35 

0.89005 

0.86456 

0.81982 

U.S15S1 

0.76988 

0.70591 

35 

36 

0.88710 

0.8G098 

0.83564 

0.81108 

0.76415 

0.09892 

36 

37 

0.88415 

0.85740 

0.83149 

0.80818 

0.75846 

0.69200 

37 

38 

1 0.88121 

0.85385 

0.82735 

0.80170 

0.75281 

0.G85I5 

1 

38 

39 

: 0.87829 

0.85030 

0.82323 

0.79705 ! 

0.74721 

0.678:17 ; 

39 

40 

: 0.87537 

0.84677 

0.81914 

0.79243 : 

0.74165 

0.67165 i 

40 

41 

1 0.87246 

0.84326 

0.81506 

0.78783 

0.73613 

0.66500 1 

41 

42 

i 0.86956 

0.8:1976 

; 0.81101 

0.78126 ' 

0.73065 

0.65842 ! 

42 

43 

1 0.86667 

0.8:1628 

f 0.80697 

0.77872 

0.72521 

0.65190 

43 

44 

0.86:179 

1 0.8:1281 

0.80296 

0.77420 : 

0.71981 

0.64545 

44 

45 

0.86092 

0.82935 

0.79896 

0.76971 

1 

0.71445 

0.63005 

45 

46 

0.85800 

0.82391 

0.79499 

0.76525 

0.70913 

0.63273 

46 

47 

0.85521 

0.82248 

0.79103 

0.76081 : 

0.70385 

0.62646 

47 

48 

0.85237 

0.81907 

0.78710 

0.75610 ; 

0.G9861 : 

0.62026 

48 

49 

0.84954 

! 0.81567 

0.78318 

0.75201 , 

0.G9341 

0.61412 

49 

SO 

0.84672 

; 0.81229 

0.77929 

0.74765 j 

0.68825 : 

1 0.60804 

50 

‘ n 

L. 

1 

A r 


1 

1^% 


1 1% 

n 
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Table IV 

Present Value of 1 

i." = (1 + i)-'* 




l‘c 



96 

100 

108 

120 

132 

144 

156 

168 

180 

102 

200 


0.843'JO 

0.84110 

o.8;i8:u 

0.8:1552 

0.8:1274 

0.82998 
0.82722 
0.82447 
0.82 17:i 
0.81900 

0.81028 

0.8i:i57 

0.81087 

0.80817 

0.80549 

0.8028 1 

0.80015 

0,79749 

0.79484 

0.79220 

0.78957 

0.78094 

o.784:i:i 

0.78172 

0.77912 

0.77054 

0.77:i90 

0.771:19 

0.70882 

0.70027 

0.70;i72 

0.70119 

0.75800 

0.75011 

0 . 75:102 

0.75112 

0.71802 

0.71014 

u.7i:ioo 
0.711 !9 

0.72051 

0.7109.1 

0.09809 

0.07077 

0.04451 

0.01928 

0 . 5950:1 

0.57174 

0 . 549:10 

0.52785 

0.51.199 


0.80892 

0.805.50 

0.80222 

0.79889 

0.79557 

0.79227 

0.78899 

0.78571 

0.78245 

0.77921 

0.77.597 

0.77275 

0.70955 

0 . 700:15 

0.70;il7 

0.70001 

0.75085 

0.7.5:171 

0,750.58 
0.71747 
0.7I4:17 
0.71128 
0 7:i820 
0.7:1514 

0 . 7:1209 

0.72905 

0 . 7200:1 

0.72:102 
0.72002 
0.7 1 70:1 

0.71 105 
0.71109 
0.708 1 4 
0.70.520 
0.70227 

0 . 099:10 

0.09010 

0.09:1.57 

0.09009 

0.riK7H2 

0.07088 

0.0.5981 

0.0:iK22 

0.00710 

0.57701 

0.519.50 

0.52275 

0.197:11 

0.17:110 

0.4.5008 

0. 1:1.5:15 


0.77541 

0.77155 

0.70771 

0.70.189 

0.70009 

0 . 7 . 50:11 

0.7.5255 

0.748X0 

0.74.508 

0 . 711:17 

0.7:1708 

0 . 7:1101 

0 . 7 : 10:10 

0.7207:1 

0.72:111 

0.71952 

0.71.594 

0.7 1 2:17 

0.70H8;} 

0.705:10 

0.70179 
0.09H;10 
0.0918:1 
0.09 i:i7 
0.0879:1 

0.0s 15 1 
0.08110 
0.07772 

0.074:11 

0.07099 

0-00705 

o.(ioi;i;i 

0.00102 

0.0577:1 

0.05440 

0.05121 
0 01797 
0(>1I71 
0.01151 

o.o:ik:i i 
0 1.1952 
0 00729 
0..5h;i.5;i 
0.5490:i 
0.51770 

0. l87o:i 

0, 159,10 

04:1202 

0.40718 

o,:ik:{si 

(j.;ioxxu 


0.74:1:11 

0.7:1900 

0.7:i472 

0.7:1040 

0.72022 

0.72201 

0.71782 

o.7t;ioo 

0.70952 

0.70541 

0.701:41 

0.09725 

0 . 09:120 

0.08918 

0.08.519 

0.08121 

0.07720 

o.o7;i;i:i 

0.0094:1 

0.00555 

0.00109 
0.057X5 
0.0540;i 
0.0,5024 
0-0 1017 

0.01272 

0.0:1899 

0.0:i529 

0 . 0:1100 

0.02791 

0 . 021:10 

0 . 0200 s 

0.01708 

001:150 

0.0099 1 

0.00010 

0,002X9 

0. 599:19 

0. 59.591 
0. 592 10 

0,572 i 1 
0,55X9.8 

0 .5:1:1.57 

0- 19700 
0.10105 

0 i;i277 
0 . 10 : 1.59 

0.:i70:i8 

0:1.5101 

o.:i27:il 

0:11210 


0.08:1 1 ;i 
0.07801 
0.07:100 
0.00799 

o.oo;ioi 

0.05808 

0.0.5:11s 

0.018:12 

0.1)1.119 

00:1870 

0.0:1:19.5 

0.0292:1 
0.02151 
0 01989 
0.01.528 
0.01070 
0.(>0015 
0.01)101 
0. 597 10 
()..5!I2:2 
0,5.88:{0 
0..5s;}92 
0,579.58 
0..5752t) 
()..‘’'7U98 

0 .5007:1 

0.502.51 
o..5.5s;i2 
0.,5.i4 1 7 
0 .5.5001 

051.59.5 
0,51188 
0.5;i785 
(1 . 5 : 1 : 18.5 
0..529H7 

0 .52.59:1 

0 52201 
0 .518i:i 
0 .51 127 
U.5I0I I 
O. ISXllO 

0 . 17:109 
0. 1 1020 
0 1079! 
0,:i7295 
0.:i 1097 
0.:;i 172 
0.2X199 
0,200.55 
0.2:i820 
0.22 i:i8 


0,00202 
(I..59000 
0.59010 
I u...8i:ii 
0.578.5:1 

i 0.572SO 
0.5071.1 
0.50151 

I 0 5.5.595 
I 0.55015 
, 0.51.500 
0. ,5:1900 
0., 5:1120 
0. .52897 

0.52:17:1 

0..51X.55 

0.51:141 

0 . 508 : 1:1 

o.:>i);i;io 

0,198:11 

0.19:1:18 

0. 188.50 
0. 18:100 
0. 17887 
0.1741:1 

0. 109 1 1 
0.10179 
0. 10019 

i 0,1.5.50:1 

I 0.45112 
' 0. 1 100,5 

0 1 122:1 

0. !:17S.5 

0 1:1:1.52 

0 12922 

0. 12497 
0. 12077 
0 1 1000 
0.11218 
0. 108:i9 

0,:1S|T2 

0.;i097l 

u,.in 12 

0 ;10299 
0 21 >889 
0.2.180:1 
0.21 177 
0,18794 
0.10078 
0.1 INOl 
u,i:n>09 


86 

87 

88 

89 

90 

96 

100 

108 

120 

132 

144 

156 

168 

180 

192 

200 


lev 

S '0 


iV' O 


1 4 
12 ^ 
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Table IV 


Present Value op 1 
V" = (1 + i)-" 


n 

U% 

14% 

ii% 

2% 

2i% 

3% 

n 

1 

0.98765 

0.98522 

0.98280 

0.98039 

0.97561 

0.97087 

1 

2 

0.97546 

0.97066 

0.96590 

0.96117 

0.95181 

0.94260 

2 

3 

0.96;i42 

0.95632 

0.91929 

0.94232 

0.92860 

0.91514 

3 

4 

0.95152 

0.94218 

0.93296 

0.92385 

0.90595 

0.88849 

4 

1 

5 

0.93978 

0.92826 

0.91691 

0.90573 

0.88385 

0.86261 

5 

6 

0.92817 

0.91454 

0.90114 

0.88797 

0.86230 

0.83748 

6 

7 

0.91672 

0.90103 

0.88564 

0.87056 

0.84127 

0.81309 

7 

8 

0.90540 

0.88771 

0.87041 

0.85349 

0.82075 

0.78941 

8 

9 

0.89422 

0.87459 

0.85544 

0.83676 

0.80073 

0.76642 

9 

10 

0.88318 

0.86167 

0.84073 

0.82035 

0.78120 

0.74409 

10 

n 

0.87228 

0.84893 

0.82627 

0.80426 

0.76214 

0.72242 

11 

12 

0.86151 

0.83639 

0.81206 

0.78849 

0.74356 

0.70138 

12 

13 

0.85U87 

0.82403 

0.79809 

i 0.77303 

0.72542 

0.68005 

13 

14 

0.84037 

0.81185 

0.78436 

0.75788 

0.70773 

0.66112 

14 

IS 

0.82999 

0.79985 

0.77087 

0.74301 

0.69047 

1 

' 0.64186 

15 

16 

0.81975 

0.78803 

0.75762 

0.72845 

0.67362 

0.62317 

16 

17 

0.80963 

0.77639 

0.74459 

0.71416 

0.65720 

0.60502 , 

17 

18 

0.7996;i 

0.76491 

0.73178 

0.70016 

0.64117 

0.58739 

18 

19 

0.78976 

0.75361 

0.71919 

0.68643 

0.62553 

0.57029 : 

19 

20 

0.78001 

0.74247 

0.70682 

0.67297 

0.61027 

0.55368 i 

20 

21 

' 0.77038 

0.73150 

0.GU4G7 

0.65978 

0.59539 

0.53755 

21 

22 

0.76087 1 

0.72069 

0.68272 ; 

0.64684 

0.58086 

0.52189 

22 

23 

0.75147 

0.71004 

0.67098 

0.6.3416 

0.56670 

0.50669 

23 

24 

0.74220 

0.69954 

0.65944 

0.62172 

0.55288 

0.49103 

24 

25 

0.73303 

0.68921 

0.G48I0 

0.60953 

0.53939 1 

1 

0.47761 

25 

26 

0.72308 

0.67902 

0.6:5695 

0.59758 

0.52623 ; 

0.46369 

26 

27 

0.71505 

0.G6899 

0.62599 

0.58586 

0.51340 

0.45019 

27 

28 

0.70622 

0.65910 

0.61523 

0.57437 

0.50088 

0.43708 

28 

29 

0.69750 

0.64936 

0.60465 

0.5W1 1 

0.48866 

0.42435 

29 

30 

0.68889 

0.63976 

0 59425 

0.55207 

0.47674 

0.41109 

30 

31 

e.68038 

0.6.3031 

0.58403 

0.54125 

0.46511 

0.39999 

31 

32 

0.67198 

0.62099 

0.57.398 

0.53063 

0.45377 

0.38834 

32 

33 

0.66369 

0.61182 

0.56411 

0.52023 

0.44270 

0.37703 

33 

34 

0.65549 

0.60277 

0.55441 

0.51003 

0.43191 

0.36604 

34 

35 

0.64740 

0.59387 

0.54487 

0.50003 

0.42137 

0.35538 

35 

36 

0.6394 1 

0.58509 

0.63550 

0.49022 

0.41109 

0.34503 

36 

37 

0.6;H52 

0.57G44 

0.62629 

0.48061 

0.40107 

0.33498 

37 

38 

0.62372 

0.56792 

0.51724 

0.47119 

0.39128 

0.32523 

38 

39 

0.61G02 

0.55953 

0.508:54 

0.46195 

0.:18I74 

0.31575 

39 

40 

0.608U 

0.55126 

0.49960 

0.45289 

0.37243 

0.30656 

40 

44 

0.57892 

0.519:59 

0.46611 

0.41840 

0.33740 

0.27237 

44 

48 

0.55086 

0.48936 

0.43480 

0.38654 

0.:^0567 

0.24200 

48 

50 

0.5:57.34 

0.47500 

0.42003 

0.:i7153 

0.29094 

0.22811 

50 

52 

0,52415 

0.46107 

0.40570 

0.35710 

0.27692 

0.21501 

52 

56 

0.49874 

0.43441 

0.37851 

0.3299 1 

0.25088 

0.19104 

56 

60 

0.47457 

0.409:50 

0.:553i:5 

0..30478 

0.22728 

0.1 0973 


64 

0.45156 

0.3856:5 

0.:52946 

0.28157 

0.20591 

0.15081 

64 

68 

0.42967 

0.30:5:54 

0.307:57 

0.26013 

0.18654 

0.13399 

68 

72 

0.40884 

0.342:5:5 

0.28676 

0.21032 

0.16900 

0.11905 

72 

76 

0.38903 

0.32254 

0.26754 

0.22202 

O.UWIO 

0.10577 

76 

80 

1 

0.37017 

0.:50:580 

0.249li0 

0.20511 

0.1: WTO 

0.09398 

80 

71 


1 4';; 

1 1 v' f ' 

1 *4 

27. 

2h% 

3% 

n 
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Table IV 

Present Value of I 
V’' = (1 + i)-’' 


n 


' 1 

44% 

5% 

6%. 

1 7%, 

1 

! n 

1 

0.1)0018 

0.90154 

0.95G94 

0.952;i8 

0.94;i40 

0.93458 

1 

2 

0.93351 

0.92455 

0.91573 

0.90703 

0.89000 

0.87344 

2 

3 

0.90194 

0.88900 

0.870:i0 

0.80384 

0.8.3902 

o,8io:io 

3 

4 

0.87144 

0.85480 

0.8:18,50 

0,82270 

0.79209 

0.70290 

4 

S 

0.84197 

0.82193 

0,80245 

078.3.53 

0.74720 

0,71299 

5 

6 

0.81350 

0.79031 

0.70790 

0.71022 

0.70190 

0.00034 

6 

7 

0,78.599 

0.75992 

o.7;i48;i 

0.71008 

0.00500 

0.02275 

7 

8 

0.75941 

0.7301)9 

0.70319 

03)71.81 

0.02711 

0.58201 

8 

9 

0,73373 

0.70259 

0.07290 

0.04401 

0.59190 

0 .54393 

) 9 


0.70892 

0.07550 

0.04393 

0.0i:i91 

0..5.58;i9 

0.. 508:15 

10 

11 

0.08495 

0.049.58 

0.01020 

0.58408 

0.52079 

0, 17.509 

11 

12 

0.00178 

0.02100 

0 .)&9(i0 

0.550S4 

0. 490.97 

O.MIOI 

12 

13 

0.03940 

0.(K)U.57 

0. 50127 

0.-5:1032 

0.-10S81 

0.41 i‘m 

13 

14 

0.01778 

0..57748 

o.5;}99y 

0..50.507 

0.112:10 

0.:187S2 

14 

15 

0.59089 

0.55520 

0.51072 

1 0.18102 

0 11727 

0,;i02l5 

15 

16 

0.57071 

0.5:1391 

0.19117 

! 0.1.5811 

0.:}930,5 

0,3.187;i 

16 

17 

0.55720 

0.5i;i37 

0.47318 

1 o.i;i();io 1 

o:i7i;io 

0,310.57 

17 

18 

o.538:«> 

o.49:io;i 

0 15280 

0 11.5.52 : 

0.3.5931 

0.29.580 

18 

19 

0,52010 

0.47104 

0. i;i3:io 

0.39.573 

o.:i:io,5i 

0.27051 

19 

20 

0.50257 

0.150:i9 

0. 4 1 10 1 

0.;17089 

0.31 iso 

0.25812 

20 

21 

0.48557 

0. 1:188:1 

o.;i9o;9 

0.;{.5891 

0.29110 

0 211.51 

21 

22 

0.10915 

0.42190 

: 0.37970 

0.31185 

0 277.51 

0.22571 

22 

23 

0.15329 

0.1057:i 

o.;io:i3.5 

0.32.5.57 ; 

0.20180 

0,21095 

23 

24 

0.13790 

0.19012 

0,31770 1 

0.31007 

0.21098 

0.19715 

24 

25 

0.12315 

0.37.512 

o.;i:i27:i | 

o.29r);i0 1 

o. 2 ;i;ioo 

0.18125 

25 

26 

0.10881 

0.:ili009 

0.31810 ' 

! 02S121 ' 

0.21981 

0 17220 

26 

27 

0.39.501 

0.31082 

o.:io}09 

; 0,2078.5 : 

0.207.17 

U.lOOtOl 

27 

28 

0.38106 

o.:{:i3i8 

0.291,57 

0 2.')'.09 

0 19.50;i 

0.15010 ' 

28 

29 

1 0.36875 

0.:$2005 

0.27902 

0.2129.5 

0.1 81.50 

0,14050 

29 

30 

0.35028 

0 308:12 

0.20700 

u.2:ii;i8 

0.17111 

0.13137 

30 

31 

0.3442:1 

0.2<)010 

02.5.5.50 

o.22o:io , 

0.10125 

1 

0.12277 

31 

32 

0.;i32.59 

0.28.500 I 

0.214.50 

0.20987 

0.1.5190 1 

0.11474 

32 

33 

0.:}2134 

0.27109 

o.2;i:i97 

0 199H7 

0.1 1019 

0.10721 

33 

34 

0.31018 

0.20;i55 

0.22;i90 

o.mo;i5 

o,i:i79l 

0.10022 

34 

35 

0.29998 

0,2.5:142 

0,21125 

0.18129 

O.LIOI 1 

0.09:100 

35 

36 

0.2898:1 

0.2i:i07 

0.20.50;i 

0.17200 

0.12271 

0 OS751 

36 

37 

0.2KOO;i 

0.23 i;io 

0.19020 

O.IOI 11 

O.1 1.579 

O.OHIHl 

37 

38 

0,270.50 

0.22.529 

0.18775 

0. 1 .500 1 

0.10921 

0.07010 

38 

39 

0.201 11 

0.21002 

0.17907 

0.1 191.5 

0 io:ioo 

0.07140 

39 

40 

0.25257 

0.20829 

0.17193 

0 1 120.5 

0.09722 

03)0078 

40 

41 

0.24 103 

0.20028 

0.104.53 

0. 1 3.528 

0.09172 

0.0(>2lt 

41 

42 

o.2;i.5:8 

0. 1 92.57 

0,1.5714 

0. 1 2HH4 

0.08i'..5;i 

0,1).5h;{3 

42 

43 

0.22781 

0, 1 8.5 J 7 

0,1.5000 

0.12270 

0.08103 

().()51.5I 

43 

44 

0.22010 

0.17805 

0.1 1117 

0 1 lOKO 

0.07701 

0.0.5095 

44 

45 

0.21200 

0.17120 

O.i:i790 

o.iino 

0.0720.5 

001701 

45 

46 

0.20547 

0.10101 

0.i;i202 

0. 100.00 

0.008.51 

0.01150 

46 

47 

0.19852 

0. 1 .5828 

0 I2(.;ii 

0.1009.5 

03)(>t00 

0 011.59 

47 

48 

0.19181 

0.1.5219 

0.12090 

0.0901 1 

0.00100 j 

0.03887 

48 

49 

0.185;i2 

0,11031 

0 1 1.509 

0 091.50 

0 0.57.5.5 

03)30;i2 

49 

■■i 

0.17905 

0.1 1071 

0.11071 

1 

0.08720 

0,0.5129 1 

o.o:i;i9.5 

50 

j n 

34'.;, 

4' , 

1 4i', 

1 

ct • 

1 

7', 

n 
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Table V 

Accumulated Value of Annuity of 1 pf.r Period 

(1 + i)" - 1 
; 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

7t 


i% 

5 CT 

11 /O 

h% 


i% 

1% 

1 00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

2 00333 

2.00417 

2.00500 

2.00583 

2.00750 

2.01000 

3 01001 

3.01252 

3.01502 

3.01753 

3.02250 

3.0.3010 

4 02004 

4.02507 

4.03010 

4.03514 

4.04523 

4.0G040 

5.03344 

5.04184 

5.05025 

5.05867 

5.07556 

5. 10101 

G 05022 

0.06285 

6.07550 

6.08818 

6.11363 

G.15202 

7 07039 

7.08811 

7.10588 

7.12370 

7.15048 

7.21354 

Q 09396 

8.11704 

8.14141 

8.16525 

8.21318 

8.28507 

0 12094 

9.I5I47 

9.18212 

9.21288 

9.27478 

9.3685:1 

10.13134 

10.18960 

10.22803 

10.26663 

10.34434 

10.46221 

1 1 1852 

1 1 .232 1 

11.2792 

1 1 .3265 

11.4219 

11.5608 

11.1 U1/4V 

12 2225 

12.2789 

12.3356 

12.3026 

12.5076 

12.0825 

1 3 2632 

13.3300 

13.3972 

13.4640 

13.6014 

13.8093 

1 4 :m74 

14.3850 

14.4042 

14.4534 

14.7034 

14.9474 

15.3551 

15.4455 

13.5365 

15.6283 

15.8137 

16.0969 

16 4063 

10.5009 

16.6142 

16.7194 

1 6.9323 

17.2579 

17 1610 

17.5786 

17.0973 

17.8170 

18.0593 

; 18 . 4:104 

18 5192 

18.0519 

18.7858 

1 8.0209 

10.1047 

19.0147 

I 1 O* O t «* M 

! iq 5809 

19.7290 

19.8797 

20.0313 

•20.;i387 

20.8109 

1 k *7.1/1 "V .7 

20.6462 

20.8118 

20.9791 

21.1481 

21.4912 

22.0190 

21 7150 

21.8985 

22.0840 

22.2715 

22.0524 

23.2.392 

^ 1 4 1 A V w 

02 7874 

22.9898 

23.1044 

23.4014 

2 : 1.8223 

24.4710 

MM * f O < • 

! 23 8633 i 

24.0856 ' 

24.3104 

24,5370 

1 25.0010 

25.7103 

' ‘>19429 ^ 

25. 1 859 

25.4320 

25.6810 i 

26.1885 

26.0735 

; 26.0260 

20.2909 

26.5591 

26.8:108 , 

27.3849 

28.2432 

27 1128 

1 27.1004 

27.6019 

27.0874 

28.5903 

29.5256 

28 2032 1 

28.51 10 

28.8:104 

29.1506 

20.8047 

:i0.8200 

M\/. M'/* 

’ 2<) 2972 

29.0334 

20.0745 

30.3207 

31.0282 

:12.1201 

1 in 3<)48 

30.7509 

1 31.1244 

31.4075 

;12.2009 

33 . 4504 


31.8850 

32.2800 

32.0813 

33.5020 

34.r84U 

1 ‘12 fiO 1 1 

33.0179 

:13.4414 

3:1.8719 

34.7542 

36.1327 

M • » * w 4 4 

^ 33 T098 

34.1554 

34.6086 

35.0605 

:16.01 IS 

3^ . 404 1 

1 il.*. t \/.»o 

1 34 8222 

35.2978 

;15.7817 

;1G.2741 

37.2810 

38.8690 

. •/ f . S >MMM 

3*t 9382 

30.4 44S 

' :i6.!ir)00 

37.4857 

:18.5646 

40.2577 

; S7.05SO 

37.5907 

; :i8.i454 

1 :18.7043 

39.85:18 

41.6603 

1 

i 38 1816 

! 38.7533 

i 39.3:161 

j 30.0;101 

41.1527 

43.0769 

• FI 7» 1 4 F 1 IF 

3n 3(188 

39.91 18 

40.5:}28 

' 41.16:10 

42.4614 

44.50^6 

1 U1 4399 

41.0811 

4 1 . 7:154 

42.4031 

1 43.7798 

45.9527 

1 1 1 ^T.iT 

42.‘2523 

12.0441 

i 43.0505 

15.1082 

4/. 4123 

1 *1 1 .0 < i < 

1 12.7132 

43.428:1 

14.1588 

I 44.9051 

46.1465 

48.8864 

13 

44.0093 

45.:1706 

; 40.1671 

47.7048 

50.3752 

f. ». 04*4/ V 

9(118 

45.7952 

46.6065 

! 47.4:164 

40.1533 

51.8790 

llJ.* FV* 1 O 

iCx 1^18 

40.9800 

1 47.8:100 

i 48.7131 

60.5219 

53.3978 

fO. 1 tJ 1 o 

IT 39^7 

48.1818 

40.0788 

40.0072 

51.0000 

54 . 93 18 

1 *1 r • 

(8 M)33 

49.3825 

! 50.3242 

51.2SS9 

53.2001 

56.48 1 1 

.111 l\9 1<1 

50.588:1 

1 51.5758 

52.5881 

54.0898 

58.0459 

cn TiHVi 

51.7991 

52.8337 

53.8048 

56.1000 

50.6263 

DU. i 'IU»7 
-l or.ni; 

5:1.0149 

I 54.0078 

55.2002 

57.5207 

61.2220 

1 ’iOQ 

54.2:158 

t 55.368:1 

56.5310 

58.9521 

02.8.348 

j 

55.4018 

j 56.0152 

57.8611 

00.3043 

64.4632 

1 

V, 

' >^r; 

1 i3 ( 

i'r 

1 T c* 

TT 0 

3% 

1% 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 


n 


TABLES 



'I'ablk V 

Accumulated Value of Annuity of 1 tfh Period 

(1 + 0” - I 




n 

i% 



51 

55.4909 

56.0929 

57.9284 

52 

60.0759 

57.9291 

59.2180 

53 

57.8048 

59.1704 

00.5141 , 

54 

59.0577 

00.4170 

61.8107 1 

55 

00.2540 

61.0087 

g:i. 12.58 ' 

56 

61.4554 

62.9257 

04.4414 

57 

62.01)0:^ 

64.1879 

05.70;Ui 

58 

63.8091 

65.4553 

07.0921 ' 

59 

65.0820 

60.7280 

08.4279 

60 

06.2990 

08.0001 

09.7700 

61 

67.5200 

09.2894 1 

71.1189 , 

62 

68.7450 

70.5781 

72.474.5 

63 

65).9742 

71.8722 

73.8:108 . 

64 

71.2074 

73.1717 

75.2000 

65 

72.4448 

74.4700 

70.5821 ' 

66 

73.0863 

75.7809 

77.90.50 

67 

74.9319 

77.1027 

79.:i.54S 

68 

76.1817 

78.4240 

80.7510 

69 

77.4350 

79.7.507 

82. 1.5.53 

70 

78.0937 

81.08:10 

s:i..5ooi ' 

71 

79.9500 

82-4208 

84.98.39 

72 

81.2220 

1 8:1.7043 

80.4089 1 

73 

82.4933 

85.1 i:i3 1 

87.8409 , 

74 

8:1.708.3 

80.4079 ' 

89.2801 

75 

85.0475 

87.8282 j 

90.720.5 

76 

80.3310 ' 

89.1941 1 

92.1801 

77 

87.0188 

91)..50.58 , 

93.0110 

78 

88.9108 

91.9431 

95.1092 1 

79 

90.2072 

93.:t202 

90..5S1S 

80 

91.5079 

94.7151 

98.0077 1 

81 

92.8129 

90.1098 

1 99. .5.581 1 

82 

94.1223 

97.6102 

101.0.5.58 

83 

95.4;t00 

98910.5 

, 1U2.50II 

84 

90.7542 

100.:i287 

I 10107:19 

85 

98.0707 

101.7107 

1 10.5.5913 

86 

99.40:10 

103.1700 

107 1223 

1 87 

100.7349 

104.r>00.5 

108.0.579 

68 

102.0707 

ioo.o;io3 

1 10.2012 

89 

103.4110 

107.4782 

111.7522 

90 

104.7557 

108-92C.0 

113.310!» 

1 

96 

112.919 

II7.7II 

122 829 ; 

100 

118.4.52 

123.740 

I29.:i:u 

108 

129.741 

1:10.013 

1 12.710 

120 

147.2.50 

1.55.282 

103879 

132 

165.471 

175. .500 

I80.;i23 ; 

J 

144 

184.4:15 

190 701 

' 210.1.50 1 

156 

204.172 

2n.l09 

. 23.5.4 17 t 

168 

224.713 

: 242..5UK 

202 : 10.5 1 

180 

240.0<H) 

207.280 

290.819 , 

192 

208.:i:i9 

293.2 13 

321-091 

200 

28.3.073 

311,279 

312.:i03 

n 

i'/c 

i ' 7 ' t ' 

-J 


1 

r- 1 

1 

1'- 

1 

50.1980 

01.8472 i 

00.1978 

SI : 

00.54:19 

03.3111 1 

07.7089 

52 

01.8971 1 

04.78.5'' ’ 

O'lllO'. 

53 1 

0.32.581 ' 

00.2718 

71.1410 

1 

54 

64.0271 , 

07.7088 

72.8.52.5 

55 

00.0041 : 

00.2771 

74. .5819 

56 

07.3892 

70.790, 

7o..:i208 

57 

08.782.1 

72.;i277 i 

7k 9991 

58 

70. 1 8:1.5 

73.8701 ' 

79.8719 

59 

71. .5029 

75-1241 1 

81.0.097 

60 ' 

1 

73.010.5 

70.9898 

s:i 1801 

61 ' 

74.4:104 i 

78 .5072 ' 

H.5.;12I2 

62 

^ 1 

75.8701' . 

80. 1.50.5 , 

87 1711 

63 

77.:ii;i2 

81 I > . . . 

89.0102 

64 

78-7042 

8:1.;170'I 

99.9:i(i0 

65 ' 

80.2237 . 

81,9901 

92.8109 

66 ' 

81.0910 

80. 0:1:10. 

91 7715 

67 

8.3.1082 

8K.2H;11 

90 7222 

68 

84.o.5;i;i 

8'i 91.55 

98.0891 1 

66 

80,1171 1 

91.0201 

199 070:1 

70 

87.0197 
89 1(.09 1 

93 3072 

102 (.831 

71 

9.50079 

101 7099 . 

72 

900810 1 

90. 7l'Ml 

1 90. ,.)■() 

73 

92.2100 1 

98 1150 

198 8210 

74 

93,Vi:9 

199 is;i.i 

1 10 '1128 

75 

0.5,29 18 1 

101 '.0117 

1 i:i.o22o 

76 

90 8.507 

lo;i (■.9'i2 

1 15 1522 

77 ' 

98 li.'O 

19.. 170'.' 

1 17 :io:i7 

78 1 

99 9N97 

197 20.89 

1 1'' 171.8 

76 : 

on 1 

101 .57:10 

199.9725 

121 071.' 

80 

103.Hi.55 

I HI 8911(1 

12:1.8882 

81 t 

101 707.1 

112 722.1 

' 120 1271 

82 

190 :t78i 

1 1 1 1 

128;iKV| 

83 ! 

107.9990 

; iio i2o.'» 

1 1.11) '.723 

84 ! 

199 (.290 

' ||M:199I 

1 i;{2 97‘.'0 

1 

85 i 

1 1 1 2085 

12' 11871 

, 135:1088 

86 

1 12 ''175 

1 122.0888 

1 1.37 1.019 

87 

1 1 1 .5702 

121 091.5 

1 119 0:185 

88 : 

111.2110 

' 125 9.115 

1 12.i:i8'i 

86 1 

117.9227 

127 8799 

1 1 i.80.i:i 

60 

1 

r2x i'.i9 

|;i9K50 

1.5'I.927 

96 

iAr>2:>2 

1 K.V* 

1 IS 1 15 
105 I8;i 

170 181 
' 192.893 

100 

I 108 1 


19:1.51 1 

: 2.50 (1.19 

120 1 

221 175 

271.890 

132 

22 » 

1 2.57 712 

319 002 

144 


! 29i.;i'ii 

1 372.299 

156 1 

2KI (i:{7 

3;i 1518 

' 4;i2ll97 

168 


1 378.190 

-199 589 

180 ' 

;{r)2.2<)K 

:^77.2I2 

1 120.119 
j 400.899 

575 (.22 
0;il ii92 

162 1 
200 ' 

1 • 

1 1 

1 2 1 

1 M 

1 4 r 

I' , 

" 1 
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Table V 


Accumulated Value of Annuity of 1 per Period 

(1 + *)" - 1 

^ 


n 

lk% 

H% 1 

H7c 

2% 

2h7c 

3% 

n 

1 

1.00000 

1.00000 

1.00000 

— — * 

1.00000 

1.00000 

1.00000 

1 

2 

2.01250 

2.01500 

2.01750 

2.02000 

2.02500 

2.03000 

2 

3 

3.0;i766 

3.04522 

3.05281 

3.06040 

3.07562 

3.09090 

3 

4 

4.07563 

4.09090 

4.I0G23 

4.12161 

4.15252 

4.18:163 

4 

5 

5.12057 

5.15227 

5.17809 

5.20404 

5.25633 

5..30yi4 

5 

6 

6.19065 

0.22955 

6.2687 1 

6.30812 

G.38774 

C.46841 

6 

7 

7.26S04 

7.32299 

7.37841 

7.43428 

7.54743 

7.66246 

7 

8 

8.35889 

8.4:i284 

8.50753 

8.58297 

8.7.3612 

8.89234 

8 

1 

9 

9.46:137 

9.559:1:1 

9.6504 1 

9.7546:1 

9.95452 

10.15911 

9 

10 

10.58167 

10.70272 

10.82540 * 

10.94972 

1 1 .203:18 

11.40388 

10 

11 ' 

n.7i:iy 

1 1 .86:13 

12.0148 

12.1687 

12.48:15 

12.8078 

11 

1 

12 1 

12.8604 

13.0412 ' 

13,2251 

13.4121 

13.7956 

14.1920 

12 

13 : 

14.0211 

I4.2:Ui8 : 

14.4505 

14.6803 1 

15.1404 

15.6178 1 

U 

14 : 

15.1964 

15.4504 , 

15.7095 

15.9739 i 

16.5190 

17.0863 

14 

15 

16.386:1 

16.6821 1 

16.9844 

17.2934 

17.9319 

18.5989 

15 

16 

17.5912 

1 7.9:124 j 

18.2817 

' I8.6:i93 

19.3802 

20.1569 

16 

17 

18.8111 

j 19.201 1 

19 6016 

1 20.0121 

20.8647 

21.7616 

17 

18 

20.0462 

j 20.4894 

20.9446 

21.412:1 

22.386:1 

23.4144 : 

18 

19 

2 1 .2968 

! 21.7967 

22.;1112 

22.8406 

2.1,9160 

25.1169 

1 

19 

20 

22.56;10 

; 23.12:17 

23 7016 

24.2974 

25.5447 

26.8704 

20 

21 1 

2:1.8150 

I 24.470.5 

25.1164 

. 25 7.8:13 

27.18.33 

28,6765 

21 

22 I 

25.14:11 

25.8376 

26 5559 

! 27.2990 

28,8629 ' 

;i(J.5.3r>8 

1 

22 

1 

23 

26.4574 

; 27.2251 

2.8,0207 

' 28.8450 : 

1 30.3844 

i 32.4529 

23 

24 

, 27.7881 

! 28.6:i;}5 

29 5110 

30. 1219 

' ;12.:1490 

34.4265 

24 

25 

1 29.i;l54 

• 20.06.30 

31 0275 

:i2.U30:i 

1 34.1.578 

36.4593 

25 

26 

30.4996 

; 31.5140 

;12.570I 

3.5.6709 

' :16.0117 

38.55.30 

26 

27 

:iI.R8()9 

, ;i2 9.867 

31 1401 

;45.3443 

: 37.9120 

40.7096 

27 

28 

33.2791 

j 31.4815 

, 35-7:179 

i :i7.0512 

^ 39.8598 

42.9:109 

28 

29 

:i} 6954 

! :15. 99.87 

• :t7.:i6;i:; 

: :iH.r922 

1 41.8.56:1 

15.2189 

29 

30 

:16.I29I 

37.5:187 

j ;t9.0172 

. 4()..5681 

; 4:i.9027 

17.5754 

30 

31 

1 ;i7..58()7 

i :19.101S 

' 1(»7000 

j 

42.:1791 

' 46,000;i 

50.0027 

31 

32 

39.0504 

40.6S.M 

; 42.4122 

41,2270 

1 48.1.503 

52.5028 

32 

33 

40.5:186 

12.29.86 

11,1.511 

46.1116 

i 50.3540 

55.0778 

33 

34 

42.015:1 

4:1 9:13 1 

45 6271 

i8.o;i;i8 

, 32.6129 

57.7.302 

34 

35 

43.5:01) 

4.5..>92 1 

47 7398 

19.9915 

54.9282 

60.4621 

35 

36 

1.5.1 155 

1: 2760 

19 5661 

51.9944 

57. 3014 

6:1.27,59 

36 

37 

16 6791 

48.9851 

51 4;i;i5 

, 54.0:513 

59.7:139 

66. 1 742 

37 

38 

18.262’) 

50 7199 

’ 5;i.3;i:i6 

.56. 1 1 49 

j 62.227;l 

1 69.1594 

38 

39 

49.8662 

52.)S07 

55 2670 

; 58.2;i72 

1 61.7S;10 

; 72.2:142 

39 

40 

.51.4896 

5 1.2679 

57.2;} 11 

60 4 ( >20 

j 67.4026 

' 75.4013 

1 

40 

44 

.58. 18,8:1 

61.I.SS9 

, 65 k5;i2 

69, .5027 

1 78..552:{ 

! 80.0484 

44 

46 

65.2281 

' 69 56.52 

' 74.2628 

79.:i5;i5 

90.8.596 

1 104.4084 

48 

50 

6S.S81S 

7:1 »'S28 

' 78.6022 

1 81.5794 

97. 184;t 

! 112.7969 

50 

52 

72.6271 

77 9219 

8:1 70.5.5 

90 OK'l 

101.1445 

121.6962 

52 

56 

80.4027 

86.797,5 

9:i.S267 

101 558; { 

! 119.4:197 

141.15:18 

56 

60 

88 ,5745 

96.2117 

101.67.52 

1 ! 1.0515 

j i;15.9916 

16.3.05:11 

60 

64 

1 97.1626 

106.2096 

116 .30.13 

127. .5747 

' 151.2618 

1 187.7017 

64 

66 

106.1882 

1 16.8179 

i2S.7*.70 

142.2125 

j 174.4287 

! 2I5. «4:16 

68 

72 

; 1 15.67,16 

128.0772 

1 12 I26:i 

1 58.0,570 

( 196.6891 

1 246.6672 

72 

76 

125.6421 

! 1 10.0271 

) r>(». 1 

i 175.2076 

: 221.21.05 

' 281.8098 

76 

80 

i;U‘..l I8S 

1 1.52.7109 


1 19:1.7720 

. 218.3827 

i 321.36:10 
! 

SO 

ri 

' 1 ;'. 


14 * 

1 2'V, 

1 2\<c 

1 3'.} 
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Table V 

Accumulated Value of Annuity of 1 per Period 

(1 4- O" - 1 

5711 “ “ . 

I 


n 


^ r 



6', j 

1 

7'; 

\ 

n 

1 

1.00000 

1.00000 1 

l.OOOOU 

1 .(MMKMJ 

I.OCKKIO 

1 .00000 

1 

2 

2.0;i500 

204000 

2.04500 

2.05000 

2 06000 

2.07(100 

2 

3 

3.10622 

3.12100 

3.13702 

3.1.52.50 

3.ia3$M) 

3 2 1400 

i 

4 

4.21401 

4.24646 

4.27810 

4.31012 

4.374$12 

4 4.3004 

4 

5 

5.36247 

5.41632 

5.17071 

5.52563 

5.63700 

1 

5.7.5074 , 

5 

6 

6,55015 

6.63208 

0.71680 

6.80101 

6.07.5.32 1 

7.1.5320 1 

6 

7 

7.77041 

7.80820 

8.0101.5 

8.14201 

8. 30384 ' 

8 $;.5402 

1 

7 

8 

0.05160 

0.21423 

0.38001 

0.5401 1 

0.80717 

10.2.5080 

8 

9 

10.30850 

10.58280 

10.8021 1 

11.026.56 1 

11.40132 

1 1,07700 

9 

lu 

11.73130 

12.00611 

12.28821 

12.57780 ' 

13.18070 

13.8l$;4.5 

10 

11 

13.1420 

13.4864 

1 

13.8112 

14,2068 

14 0716 

1.5,78.36 

11 

12 

14.6020 

15.0258 

15.1610 : 

15.0171 

i$'>.8$;oo 

1 7 . 88.8.5 

12 

13 

16.1130 

16.6268 

17.1500 

17.7130 

18 8821 

20.1 4$)i. 

13 

14 

i;.6770 

18.2010 

18,0321 

10.5086 

2I.$»1.51 

22 .5.505 

14 

15 

19.21157 

20.02.36 

20.7811 

21 .578$; 

23.27$.0 

2.5 1200 

15 , 

16 

20.0710 

21,8215 

22 7103 

23.i;.57.5 

2.5.6725 

27 88S 1 

16 

17 

22.7050 

23.6075 

24.7417 

2.5.8101 

28,2120 

30.8102 

17 

18 

24.4007 

25.6154 

26.8.551 

28 1321 

30 0$).57 

33,0000 

18 < 

19 

26,3572 I 

27.6712 

2*1 0636 

30. .5300 

33.7$'.oo 

.$7 37"0 

19 

20 

28.2707 

20.7781 

31. .371 1 

33 ()$i()0 

3$>.7S,56 1 

4000.5.5 

20 1 

21 

30 2005 

31.0602 

33.7an j 

35.7103 

30 0027 

-1 l.S(i.52 

21 

22 

32.3280 

34.21HO , 

36.3031 1 

3S..50.52 

43 3023 

10 00.57 

22 

23 

34.4004 

36.6170 

.38.0370 i 

.11.4.305 

1$; 00.58 

1 

,53. 1361 

23 : 

24 

36.6r>65 

30.0826 

11.6802 

1 1 .5020 

50.81.5$; 

.58 1767 

24 1 

25 

38.0400 

41.6450 

tl-5li.52 

17 7271 

.5I.K$;4.5 

6.$. 2 100 

25 , 

26 

41.3131 

14.3117 

47. .5706 

5111 .3.5 

.50 1.561 

bH ii.} 

26 

27 

43.7501 

17.0.812 

50.7113 

5i.$>$;oi ; 

1 63 7$).)8 

71 1S.1S 

27 

28 

40.2006 

40.0676 

53.0033 , 

58 402$; 

6.8 528 1 

1 

KO. 1/177 

28 

29 

48.0108 

52,0663 

57.1230 

$)2 3227 

1 73 1.308 

HT.iniM 

29 

30 

51.6227 

56.0810 

61.0071 

$;6.438'$ 

1 70 0,582 

' U l. HiOS 

1 

1 

30 

31 

54-4205 

50.3283 

61.7.524 

70 7$«JK 

, 84.S017 

1 102 073 

31 1 

32 

57.3345 

62.7015 

(>8.6(;(>2 

75. 20.88 

. 00 8S08 

1 1 10 2JS 

32 

33 

60 3112 

66.2005 

72.7.562 

80.0$ >38 

1 07,34.32 

1 1 18 0.$.: 

33 

34 

63.4532 

60.8570 

77.0303 

H.5.0$.70 

101 IS.3S 

128,2.50 

34 

35 

66 6710 

73,6522 

81.1066 

0$).32$)3 

111 1318 

1. IS. 237 

35 

36 

70.0076 

77,508;i 

86 1640 

0.5.S3$;3 

NO 121 

148 013 

36 

37 

73.4570 

81.7022 

01 0113 

1 

101 1.281 

' I27,2$.S 

; |(.0.337 

37 

38 

77.0280 

K50703 

06.1382 

! 107 7005 

1 135 001 

. I72,.5$;i 

38 

39 

80,7240 

00. 100 1 

101.1611 

'll! 0050 

1 1.5 0.58 

1 18,5 1.10 

1 39 

1 40 

84.5.503 

06-02,55 

107.0303 

120.700S 

I5l.7t;2 

1 !00.<;3.5 

' 40 

41 

88.5005 

00,8265 

1 12.817 

127.810 

16.5,018 

2 ii$;io 1 

1 

1 - 1 

42 

02.6074 

101.8106 

1 18,02.5 

1 3.5.232 

' 17.50.51 

I 230.$;32 ' 

42 

43 

06.8486 

110.0121 

12.5.276 

1 12.003 

1 187, .508 

217.776 

1 ^ ^ . 

1 4 J 

44 

101.2:{a3 

1 15.4120 

131 01 1 

151.143 

■ ! Oil. 7.58 

1 

2<;6.12l 

44 

45 

105,7817 

121.0204 

138.8.50 

1.50.700 

1 212.711 

j 28.5 71'l 

45 1 

1 1 

46 

110 484 

126.871 

i46 0'i8 

1$;8.$;85 

■ 226. .508 

i :$0(;.7;52 

46 ! 

47 

1 15.351 

132.04.5 

1.53,67.$ 

j 178.110 

; 241 (I'lO 

' 320.221 

1 

47 

48 

120.388 

130.263 

161.588 

|88$)2.5 

1 2.5$;..5$>.5 

353,270 

48 

49 

125.602 

14.5.H;M 

160 K.VI 

108. 127 

272 0.58 

378.000 

49 

50 

130.008 

1 52.667 

178. .50.3 

2$I0 348 

200.336 

406. .520 

50 


i 31% 

1 

1 

> 4 1 ' ' 

1 < 

1 5', 

6'i, 

r , 
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APPENDIX III 


Table VI 

Present Value of Annuity of 1 per Period 

I - (I + i ) 

n I — 




. _ t 


n 





1 

0.99668 

0.99585 I 

0.99502 

0.99420 

2 

1.99004 

1.98757 1 

1.98510 

1 .98264 

3 

2.98011 

2.97517 * 

2.97025 

2.96534 

4 

3.96689 : 

3.95808 i 

3.05050 

3.94234 

5 

4.95039 

4.9.3810 ! 

4.92587 ( 

4.91368 

1 6 

5.9:«)<>2 

5.91346 1 

5.89638 

5.87938 

i 7 ' 

6.90759 

6.88478 

6.86207 

C.8;VJ48 

8 , 

7.88132 i 

7.85206 

7.82296 

7.79402 

9 

8.85182 ' 

8.81533 

8.77906 i 

8.74302 

10 , 

9.81908 

9.77460 

9.73041 ; 

9.68561 

11 

10.7831 

10.7299 

10.6770 1 

10.6245 

12 

11.7440 

11.6812 

11.6189 : 

11.5571 

t • ^ 

13 

12.7017 

12.6286 ' 

12.5562 

12.4843 

14 

13.6561 

13,5721 

13.4.887 

13.4061 

IS , 

M.6074 

14.5116 

14.4166 , 

14.3225 

' 16 

15,55.56 

15.4472 

1 5.3399 ' 

15.2337 

17 

16.5006 

16.3790 

16.2586 1 

16.1395 

18 

17.4424 

17..3069 

17.1728 1 

17.0401 

19 

18.3812 

18.2309 

18.0824 

17.9355 

20 

19.3168 , 

19.1511 

18.9874 : 

18.8257 

21 i 

20.2193 1 

20.0675 

19.8880 

19.7107 

22 ’ 

21.1787 

20,9801 

20.7841 

20..5906 

23 

22.1050 

21.8889 

1 21.6757 : 

21.4654 

1 ^ 

24 

23.028.3 

22.7939 

22.5629 

22.3351 

25 

23.94S4 

23.69, *»2 

23.4456 

23.1998 

26 

24.8655 

24.5927 

21.3240 

24.0.594 

27 

. 25.7796 

, 25.1805 

: 25.1980 

24.9141 

1 28 

2(>.69(I6 

, 26.3766 

26.0677 

25.7638 

1 29 

27..59S6 

27.2630 

26.9330 

, 26.6086 

' 30 

28.5036 

28. 1 1.57 

27.7941 

: 27.4485 

I 

! 31 

29.40')6 

2‘->.02 IS 

28.6508 

28.28:15 

32 

' 30.3046 

29.9002 

29.5033 

; 29.1137 

33 

31.2006 

.30.7720 

30.3515 

1 29.9;i9U 

1 S4 

32.0936 

■ 31.6402 

31,19.55 

; ;10.7596 

' 35 

j 32.9837 

1 32..5047 

32.0354 

. 31.57.54 

, 36 

' 33.8708 

. 33,3657 

32.8710 

:12.3S65 

37 

31.7549 

31.2231 

33.7025 

:13.1928 

38 

3.5.6.361 

3.V0T70 

31.5299 

1 33.991.5 

39 

36.5144 

35.9273 

35.35.3 1 

34.7916 

j 

40 

37.3898 

36.7740 

36,1722 

35.5840 

41 

38.2622 

37.6173 

36.9873 

: :16.3718 

42 

.39.1318 

38.4571 

37.79S3 

‘ 37.1551 

43 

39.9985 

39.2933 

.38.6053 

37.9;i:i8 

44 

40.8623 

40.1261 

39.4082 

38.70SO 

! 45 

41.7232 

in.Oo55 

40.2072 

i 39.4777 

46 

42.5813 

41.7S14 

41.0022 

40.24:10 

47 

43.1365 

42.«>0:V4 

41.7932 

4i.oo:is 

48 

1 44.2888 

4:i.42:{u 

42.5803 

41.7602 

49 

: 45.1384 

44 

43.3635 

42.5122 

50 

45.985! 

45.05<n> 

44.142s 

43.2599 

, '1 

1 1 

.1 f 

^ < ' 

12 * 

i'. 

i Va'r 


i% 


I 


I 


0.99256 

1.07772 

2.95556 

3.92611 

4.88944 

5.84560 

6.70464 

7.73661 

8.67158 

9.59958 

10.5207 

11.4349 

12.3423 

13.2430 

14.1370 

15.0243 

15.9050 

16.7792 

17.6468 

18.5080 

19.3628 

20.2112 

21.0533 

21.8891 

22.7188 

2^1.5422 

24.3595 

25.1707 

25.9759 

26.7751 

27.56S:i 

28.3557 

29.1371 
29.9128 
30.6827 

31.4468 

32.20.53 

32.9581 

.33.7053 

34.1469 

35.1831 

35.9137 

36.6389 

37.3587 

38.0732 

38.7S2;i 
39.4862 
10. 1 848 
40.8782 
4 1 .5604 


I 


1 ^; 


/O 


0.99010 
1 .97040 
2.94099 
3.90197 
4.85343 

5.79548 

6.72819 

7.65168 

8.56)602 

9.47130 

10.3676 

11.2551 

12.1337 

13.0037 

13.8651 

14.7179 

15.5623 

16.3981 

17.2260 

18.0456 

18.8570 

19.6004 

20.4558 

21.2434 

22.0232 

22.7952 

23.5596 

24.3164 

25.0658 

25.8077 

26,5423 

27.2696 

27.0897 

28.7027 

29,4086 

30.1075 

30.7995 

31.4847 

32.1630 

32.8147 

33.4997 

34.1581 

34.8100 

35.4555 

36.0945 

36.7272 

37.3537 

37.9740 

38.5881 

39.1961 


n 


I 

■> 

3 

4 

5 

6 

7 

8 
9 

10 

H 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 




1 ' ' 


c 
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Present Value of Annuity of I feh PERior) 


51 -IG.SWO 

52 47.0701 

53 48.5081 

54 4!).;i4:<0 

55 50.1707 

56 51.0000 

57 5l.8:WO 

58 52.058:1 

59 5:i.480l 

60 54.2001 

61 55.1154 

62 55.0280 

63 50.7:108 

64 57.5480 

65 58.:i5:i5 

66 50. 1 56:i 

67 59.0504 

68 00.75:19 

69 61.5187 

70 C2.:i409 

71 03.1305 

72 03.9174 

73 04.7018 

74 05.48:15 

75 00.2020 

76 G7.0:i91 

77 67.8131 

78 08..5845 

79 C0.;i53:i 

80 70.1100 

81 70.88:1:1 

82 71.0445 

83 72.4031 

84 73.150:1 

85 73.9120 

86 74.0040 

87 75.4120 

88 70.1588 

89 70.9021 

M 77.04:10 

96 82.0393 

100 84,9214 

108 90.5718 

120 98.7702 

132 100.048 

114.217 
156 121.490 

168 128.478 

180 ):15.I92 

102 141.041 

200 H5.8fJ4 


15 < 


45.8598 I 

40.0054 

47.4070 

48.2005 

49.0021 

49.8514 

50.04:13 

51.4290 

52,2115 

52.9907 

53.7007 
5l.5:i94 
55.3090 ! 
50.0/53 1 
50.8:185 j 

57.59.85 

58.3554 

59.1091 

59.8597 

00-0071 

Gl.:i515 
02.0928 
02 . 8;{10 
03.5001 I 
04.2982 

05.0273 
05.7533 

00.470:1 

07 1903 

07.91.14 

08.0274 
09.:i:iH5 
70.0401. 
70.7518 
71.4541 

72.15:15 

72 8199 

73.5 1.15 
74.2;jl2 
74.9220 
78.9894 
81.0152 
80.8201 
91.2814 
101.:i71 

108.121 

114.510 

120.040 

120.455 

131.982 

i:i5.5IO 


I - 

(1 -r i) " 

\ 





1 

i 

i 

i c 

I'c 

1 

1 n 

41.9182 

44.0032 

42,2490. 

39.7981 

51 

45.0.897 

44.7422 

42.9270 

40.:i942 

52 

40.4575 

45 4709 

4:1 0000 

40.9841 

' 53 

47.2214 

40.2074 

41.2080. ; 

4 1. .51.87 

54 

47.981 1 

40. 9:1:10 

44.9310 

42.1 172 

; 55 

1 

4K.7:$7S 

47-0.550. ; 

4.5,.5.S97 

42.7200 

56 

49.4903 

48.3731 

40.2129 

|;i.2871 

. 57 

50.2:191 

49.0871 

40.8912 

43.8180. 

58 

50.9812 

, 49.7900, ; 

1 17.5347 

11.1010 

59 

51 7250 

! 50.5020 

1 18.1731 1 

4 1 9.5.50 

oO 1 

52.10.:12 

1 

1 51.20:13 

1 48.807:1 

4.5. .5000 

61 

53.1973 

1 51 9000 

49.1:105 ; 

io*);i90 

62 

.53.927«. 

i 52..59:is 

! 50.0(.ll 

40.57:1!I 

63 

54.0.51:1 

' .53.2829 

' .50.0,810 

47 1029 

1 64 

55.:1775 

1 .53.91181 

1 

! 51.290.3 

47.0200 

65 

50.0970 

; 51-0193 

51,9070 , 

48,14.52 

, 66 

50.8129 

; 55.3200 

I .525131 

48.0.580 

67 

. ^ L 


57.r.2.53 . 
58.2:111 I 
5S.9:i91 ' 

59.0112 

00.3:195 
oi,o;ii3 
0 1 .7267 

02.11:10 

0.1.0982 

0:1.779:1 

01. 1570 
05.1313 
0.'>.802:i 

00.4700 

07.i:il3 

07.79.5:1 

O8.1.m0 

09.1075 

09.7i>87 
70.4007 
7 1 .05 1 1 

71.09:10 

72.:i313 

70.0952 ! 
78.5420 

8 :i.2*»;m 

90.o;;i5 

90.1.590 

102.175 
lOK.I 10 
113 477 
! 18..501 
12:1.238 
120.211 


55.9999 I 
50.0091 ' 
!)7.:i3l9 
57.9900) ' 
5H.0.541 ' 
59.:i085 , 
59.9587 , 
00.«i0.52 I 

01.2179 

01.8809 

02.5222 

03.1.5:18 

03.7817 I 

01.1000 I 

05.020.7 

05.0 i:i8 

♦i<i257:i 

00.8072 

07. 17:10. 
08 0705 i 
08.0759 I 
09.2718 
09.8043 

73.3170 

75. 0.03 1 
79.9.598 
80.1201 
91.8771 

97.2102 
102-212 
100.900 
1 1 1 ,2.50 
115.313 
117.801 


53.1117 
53.71 19 
5«.:ioio 

54 8929 

55 4708 

50.0. 5(i I 

50.0. 117 
57 2027 

57.7091 
5S.:i319 
58.8902 
59.14 11 
59.9911 

00.5101 

0.1.0823 

0 ) 1.0201 

02.1510 

02.0. 8:18 

03.2098 
03,7318 
01.2199 
04.7012 
05.27 10 

0S.25H1 

70.1710 

73.8:191 

78.9117 

8:i.0.(J01 

87 87 II 
91.7700 

95:1310. 

98,59:11 

101.573 

103.410 


•19 1009 { 
I9,«i702 ; 
50.IO.S5 ! 

50.0. 019 
51.1.501 
51.0311 
.52. 1 1 29 
52.5871 

5:1.0.505 j 

53.5213 ' 
53.9SI5 
51,1371 
51.8H82 

5.>.:i:n9 
55.7771 
50.21 19 
60.0 185 
57.0777 

57.. 5020 


57 .9: 


58.3100 

58,7.525 

59.1009 

01. .5277 
03.0289 
05.8578 
0.9 7005 

7:1.1 108 

7(.,I372 
78 8229 
81.2001 
h:i.:t2I7 

H-5.19K8 
80.:i:ii I 


68 

69 

70 

71 

72 

7.1 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

96 

100 

108 

120 

132 

144 

156 

168 

180 

192 

200 


1^2' ' 


1 t ' 

^ 3 i 
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APPENDIX III 


Table VI 

Present Value of Annuity of 1 per Period 

1 - (1 + i)"" 


n 




n 

Di 

■i 

n 

1 

0.98765 

0.98522 

0.98280 

0.98039 

0.97561 

0.97087 

1 

2 

1.96312 

1.95588 

1 .94870 

1.94156 

1.92742 

1.91347 

2 

3 

2.92653 

2.91220 

2.89798 

2.88:188 

2.85602 

2.82861 

3 

A 

4 

3.87806 

3.85438 

3.8:{094 

:i.80773 

3.76197 

:i.71710 

4 

5 

4.81784 

4.78264 

4.74786 

4.71340 

4.64583 

4.57971 

5 

6 

5.74601 

5.69719 

5.64900 

6.60143 

5.50813 

5.41719 

6 

7 

6.06273 

G.59821 

6.53404 

6.47199 

6.34939 

6.2:1028 

7 

8 

7.56812 

7.48593 

7.40505 

7.:i2548 

7.17014 

7.01909 

8 

9 

8.46234 

8.36052 

8.26049 

8.16224 

7.97087 

7.78011 

9 

10 

9.34553 

9.22218 

9.10122 

8.98259 

8.75206 

8.53020 


11 

10.2178 

10.0711 

9.92749 

9.78685 

9.51421 

9.25262 

11 

12 

1 1 .0793 

10.9075 

10.7:1955 

10.57534 

10.25776 

9.95400 

12 

13 

1 1 .9302 

11.7315 

1 1 .53764 

1 1 .348.37 

10.98:118 

10.6:1496 

13 

14 

12.7706 

12.5434 

12.:i2201 

12.10625 

11.69091 

1 1 .29607 

14 

15 

13.6005 

13.3432 

13.09288 

12.84926 

I2.;i8138 

11.9:1794 

15 

16 

14.4203 

14.1313 

13.8505 

13.5777 

13.0550 

12.5611 

16 

17 

15.2299 

14.9076 

14.5951 

14.2919 

13.7122 

i:i.l60l 

17 

18 

16.0295 

15.0726 

i5.:i26y 

14.9920 

1 4:1534 ! 

13.75:15 

18 

19 

16.8193 

10.4262 

1G.U461 

15.6785 

14.9789 , 

14.3238 

19 

20 

17.5993 

17.1686 

10.7529 

16.3514 

15.5892 

14.8775 

20 

21 

18.3697 

17.9001 

17.4475 1 

17.0112 

16.1845 

15.4150 

21 

22 

19.1306 

18.6208 

18.i:iU3 

17.6580 

, 16.7654 

15.9369 

22 

23 

19.S820 

19.3.309 

18.8012 

18.2922 

' I7.:i:i2i 

16.4436 

23 

24 

20.6212 

20.0304 

19.4607 ' 

I8.9i;i0 

17.8850 

16.9355 

24 

25 

21.3573 

20.7195 

20.1088 1 

1 1 

1 19.5235 

18.4244 

17.4131 

25 

26 

22,0813 

2 1 .3986 

20.7457 

1 20.1210 

1 8.9506 

17.8768 

26 

27 

22.79l« 

22.0670 

21.:1717 

, 20.7069 

19.4610 

18.3270 

27 

A A 

28 

23.5025 

: 22.7267 

21.9870 

; 21.2813 

19.9649 

18.7641 

28 

1 29 ' 

21.2000 

1 23.3761 

22.5916 

21.8444 

20.4535 

19.1885 

29 

! 30 

24 .8889 ! 

24.0158 

2:1.1858 

22.3965 

20.9:10:1 

49.0004 

30 

1 

31 : 

25..5693 ' 

24.6461 

23.7699 

22.9:177 

21.;i954 

20.0004 

31 

32 

26.2413 

25.2671 

24.34:19 

23.16S:i 

21,8492 

20.3888 

32 

33 

26,9050 

25.8790 

24.9080 

2:1.9886 

22.2919 

20.7658 

33 

34 

27.5605 

26,1817 

! 25.4624 

24.4986 

22.7238 

21.1318 

34 

35 

1 28.2079 

27.0756 

' 26.0073 

24.9980 

2:1. 1 452 

21.4872 

35 

i 36 

28.8473 

27.6607 

26.5428 

25.4888 

2.3.5563 

21.8.323 

36 

37 

29.4788 

28.2:17 1 

27.0690 

25.9695 

23.9573 

22.1672 

37 

38 

30.1025 

28.8051 

27.586:1 

i 26.4406 

24.:1486 

22.4925 

38 

39 

30.7185 

29.3646 

28.0940 

! 26«.9026 

24.7303 

22.8082 

39 

40 

3 1 .3269 

29.9158 

28.5912 

27.3555 

25.1028 

23.1148 

40 

44 

33.6864 

! .32.0106 

30.5082 

1 29.0800 

20.5038 

24.2543 

44 

M A 

48 

35.9315 

1 34.0420 

32.29:18 

:10.6731 

27.7732 

25.2667 

48 

M A 

50 

37.0129 

34.9997 

.3:1.1 112 

31.42:16 

28.3023 

25.7298 

50 

52 

38.0677 

35.9287 

3:1.9507 

32.1419 

28.9231 

26.1662 

52 

S6 

40.1004 

37.70.59 

:15.5140 

:i;i.5047 

29.9049 

26.9655 

56 

60 

42.0.346 

39.3803 

:16.9640 

34.7609 

:i0.90S7 

27.0750 

60 

64 

43.8750 

10.9.579 

:18.3168 

35.9214 

31.7637 

28.3005 

64 

68 

45.6262 

42.4 142 

:19.5T89 

36.9936 

32.5:183 

28.8670 

68 

72 

47.2925 

43.8447 

40.7504 

37.9841 

33.2401 

29.:1651 

72 

P9di 

76 

48.87S0 

45.1641 

41.8550 

38.8991 

33.8758 

29.8076 

76 

j 80 

50.3867 

46.107;i 

42.8799 

39.7445 

34.4518 

30.2008 

80 


H'l 

H'; 

1 M'.- 

2 % 

2Kr 

•J /o 

n 
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Table VI 


Present Value of Annuity of 1 per Period 



1 - (1 + 0 “'' 

X 


n 

3i% 

4 'c 

BH 

5't 

6 ';, 

i 

i 

1 

0.90618 

0.96154 

0,95094 

0.95238 

I 0.94340 1 

00.14.58 

1 

2 

1.89909 

1.88009 

1,87207 

1 .8594 1 

1 .8.3.1.19 

1.8US02 

2 

3 

2.80164 

2.77509 

2.74890 

2 . 72:125 

2.07:101 

2 . 021:12 

3 

4 

3.67308 

3.02990 

3.58753 

3.54595 

; 3.40511 , 

:i..3872l : 

4 

5 

4.51505 

4.45182 

4.:48998 

4.12918 

4 . 212:10 , 

4.10020 , 

5 

6 

5.32855 

5.24214 

5.15787 

5.07509 

4.917.32 ' 

1 

1 

6 

7 

0.11454 

0.00205 

5.89270 

5.780:i7 

5.58238 

5..3S020 

! 7 

8 

6.87390 

0.73274 

0.59589 

0 . 40:121 

0.2{)!>79 

5.07 i;io 

1 ^ 

1 ^ 

7.60709 

7.435.33 

7.20879 

7.10782 

0.80109 

0.51.523 

9 

10 

8.31 GO 1 

8.11090 

7.91272 

7.72173 

7.30009 I 

7.02:158 ' 

' 10 

11 

9.00155 

8.70048 

8.52892 

8.30041 

7.8K(.S7 ' 

7 10807 ■ 

1 11 

12 

9.60333 

9.38,507 

9.11858 

8.80:i25 

8.38:181 i 

7.0120.0 , 

12 

13 

10.30274 

9.98505 

9.08285 

9.:i9:i.57 

88.5208 1 

8.:i570.5 

13 

14 

10.92052 

10.50312 

10.2228:1 

9.89804 

9.29498 ' 

8.74517 i 

14 

15 

11.51741 

11.11839 

10,7;i955 

10.37906 

9.71225 

9.10701 ' 

15 

16 

12.0941 

1 1 .0523 

11.2340 

10.8:178 

10.10.59 

o. n«.o5 ; 

1 16 

17 

12.0513 

12.1057 

11.7072 

11.2741 

10 477:1 

0,7»'.:i22 

1 17 

18 

13.1897 

12.0593 

12.1000 

11.0890 

10.8270 

10 0.5009 

1 18 

19 

13.7098 

13.1.339 

12 . 59 : 1:1 

12-08.53 

1 1.1.581 

1 io;i;i.5oo i 

19 

20 

14.2124 

13.5903 

13.0079 

12.4022 

1 1.4099 

, 10.50 101 1 

1 1 

20 

21 

14.0980 

14.0292 

13.4047 

12-8212 

11 7041 

1 10 . 8 : 1.55 

! 21 

22 

15.1071 

14.4511 

1.3.7844 

13 . 10:10 

12 0410 

1 1.0012 

! 22 

23 

15.6204 

14.8.508 

14.1478 

1 i:i.4880 

12:1034 

11.2722 

' 23 

24 

10.0584 

15.2470 

14.4955 

13.7980 

12.5.504 ' 

1 1 400,3 1 

1 24 1 

25 

16.4815 

15.0221 

14.8282 

1 4 09:19 

12.78:14 

11 . 0 . 5:10 

25 , 

26 

10.8004 

15.9828 

15.1400 

1 1 3752 

i:l.oo;i 2 ; 

11,82.58 

; 26 i 

27 

17.2854 

10..3290 i 

15.1.513 

1 1 . 01:10 

I.3.2J05 

1 1.0.H».7 

27 ; 

28 

17.0070 

10.0031 ' 

15.742*1 

11.8981 1 

1:1 40»'.2 

I2.i;i7i 

28 1 

29 

18.0358 

10.98.37 

10.0219 1 

15.1411 

13. .5007 

1 12.2777 1 

29 

30 

18.3920 

17.2920 

10.2889 1 

15. 3725 

i;i.7048 

12.4000 

30 1 

1 1 

31 

18.7363 

17.5885 

10.5441 

1.5.5928 

13,9201 

12 .5:118 

31 

32 

19.0089 

17.8730 

I0.7KK9 

1.5.8027 

1 l.OSiO 

12 0100 

32 

33 

19.3902 

18.1470 

17.0229 

1 0.0025 

1 I4.2;i02 

1 2 7 . 5:18 1 

33 

34 

19.7007 

18.4112 

17.2408 

10.1929 

I4,:i08l 

12 8.510 

34 

35 

20.0007 

18.0040 

17.4010 

10.3742 

14 1082 

1201-7 

35 

36 

20.2905 

18.908:1 

17.1i0<)0 

10.5109 

14.0210 

i:i,o;i.52 : 

36 

37 

20.5705 

19.1420 

17,8022 

10 71 1:> 

1 1.7:108 

LI.IITO . 

37 

36 

20.8411 

19.3079 

18.0.500 

' 10,80.79 

I 1 8400 

i;i io;i5 1 

38 

39 

21.1025 

19..5845 

I8,22‘)7 

17-0170 

1 1.0 101 

i;i 20 io 

39 

40 

21.3551 

19.7928 

18.1010 

17,1.591 

15.010.3 

1 : 1 . 3 : 1 1 7 

40 

41 

1 21.5991 

19.9931 

I8.5li0l 

17.2911 

15.1.180 

i.i.:ioti 

41 

42 

21.8.349 

20.18.50 

18 72:1.5 

17.12:12 

1 .5,22 1.5 

; i;i 1.521 1 

42 1 

43 

22.0027 

20.;i708 

18.8742 

1 1751.59 

1.5 :iO02 

1 *5.7i()4 

43 

44 

22.2828 

20.5188 

19UIK1 

17.0028 

1.5 :ik;{2 


44 

45 

22.1955 

20.7200 

19.1503 

1 7 . « 1 4 1 

15.I.5.5H 


45 

46 

22.7009 

20.8817 

I9.2S81 

17.HHOI 

i 1.5.5211 

i:{ iMM 

46 

A Pm 

47 

22.8994 

21.0429 

19.11 17 

1 17.0810 

1.5.5800 

m * \ * 1 4 \ V 

47 

A Q 

48 

23.0912 

21.1 95 1 

19 . 5 : 1.50 

] 18.0772 

15.0.500 

|.{ tMhi 

4o 

A t\ 

49 

23.2700 

21.3115 

19.0.511 

1 IK.IOH7 

1.5.7070 1 

f . 

1 1 1 

49 1 

50 

21.45.50 

21.1822 

19,7020 

j 182.5.50 

15,7010 

f ! 

1 i:}h<)ij7 

50 1 

n 


4'; 

4i'< 

5‘. 

1 6', 

1 

n 1 







ANSWERS TO PROBLEMS 


Problem Set 1-1 

1. all real except which are neither p(^ive, zero, or nega- 
tive; not rational; >72, ir, — 2 t/ 3, 2, V— 4, V— 2; integral. 

1, 13, —11, 0, 8/4, v^— 8; natural: 1, 13, 8/4 

3. (a) and (b) rational; (c) and (d) irrational 
8. -L, perpendicular; D, includes 


Problem Set 1-2 


1. —2 = —8/4 = >7^ = —14/7; 2/3 = 4/G =* 0.G66 . . . 

2. (a) 14, 21, 18; (b) 4. 7/3, 3/4; (c) 2, \/3, 5 

3. (a) yes. (b) no, (c) yes, (d) no. (c) yes. if "two” means distinct 

4. (a) no, (b) no, (c) yes, (d) no, (e) no 

5. 2 + 2 = 2 + (1+ 1) = (2 + 1) -1 I =3+1 =4 


6. 1 + 4 = 5 

7. (a) 5, (b)ll, (c) -5. (d) 5 

8. (a) 0. (b) any x, (c) 0, (d) no x. (e) 0, (f) no x. unless a = 0, 

(g) 0 

o — I. — /• a; (b) 0=®a — o, a = a — U 

if a and 6 arc both positive or both negative, 
if one of a and b is positive and the other negative 


10. (a) |o| 

+ 1 

\h\ 

= |a + b 

(b) |a! 

+ 1 


1 > |fl + & 


Problem S^rr 1-3 

1. d(AB) = 2, d{AC) = -5. d(CA) = 5, d(A'li') = -2, d(/i.l) = -2; 

AB = BA = 2, A'B' = 2, AC = 5, A'C = 1 

2. (a), (c), (d) 

3. (a) 2 < X < 5; (b) — 2 < x < 5; (c) set of all points with coordinate x 

such that — 5 < x < 2 or |x]— 5 < x < 2|: (d) |x| — 5 ^ x ^ 2), 

Ix|-2gxg3j; (c)lxl3^xl; (f) |x|-2 S x! 

4. (a) -13. (b) -3, (e)3, (g) -4, (h)-lO. (i) - 8 

5. (a) -1, (b) 2, (c) -11. fd) -2. (e) -22. (f) 38. (g) 7, 00 0 

0. (a) a - 6 + e+ d, 14; (b) a - 6 b c - d, -8; (c)6, 3; 

(d^ -b, -12; (e) 2a - c, 0; (f) -c. -2; (g) x i- a - fc + c - d, x; 

(h)x+a+i< — c — d, X — I 


Prohle.m Set 1-1 

1. (a) 2a ~ 7b - 8c, (b) -a + b. (c) -x - y - 
(d) 2x - 12y - llz, (e) -p - 4y b 3r, (f) 0 

2. (a) 3x2 _ (I,) OjZ _ _ 1 , (<•) 3/2 - 18xy I Gy-, 

(d) -6x2 ^ 2zy - 6y2 
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ANSWERS TO PROBLEMS 


3. (a) Ha — 86 — 2c, (b) 6a ~ 106 + 5c, (c) — 4x — 8y, 

(j) -1- 16y - 15z, (e) - 6p — 7? + 15r, (0 -2p - I 67 - Hr, 

(g) -9x2 ^ 7 ^ (h) - 11 x 2 _ 4j: + 2 , (i) 9 j2 + y^, 

(j) 3x2 _ 4jy — 3y2 

4. (a) 4a - 66 + 2c, (b) 4a - 66 -f 2c, (c) -2a — 36 + 3c, 

(j) _2a - 96 -i- 3c, (c) 61 - 6y — 8z, (f) 3x — lOy — 6z 


Problem Set 2-1 

1. fa) _j: _ 2; (b) -6x + 7; (c) 2a + 6 ; (d) a — 56; (e) -5i — 12; 

(0 9x - 13; (k) -(a + 6 + c); (h) 16a - 116 + 9c; (i) 9a — 166; 

(j) 8 x - 5; (k) 7a - 6 r, x = 16; (I) - 8 a - 6 c, x = —44; 

(m) —4a — 46 + 3f, X = —22; (n) 6 a — 46 — 2c, y = 8 

2 . (a) true; (b) false; (c) false; (d) false; 

(e) false; yes, if c = 1 or a = 0 

(f) false; yes, if (a. 6 , c) = f3, 4, —9); 

(g) false; no, true if a = Oorifa+ 6 -hc = 1 


Problem Set 2-2 

1. (a) (b) 20xV. (f) 6125x8y^, (d) 216x'^y^ 

2. (a) 3x" + 19x3 ^ 14x2 - 23x - 20, (b) -3x3 ^ oGx^ - 68x + 55, 

(c) i3 + 3x2 _ 4 j. _ 12. (d) - 5x3 4 j ;2 + 5x - 12, 

(e) a^ 4- a2 -f 1. 21. <f) y^ - y^ + 2y - 1, 77 

3. (a) 10x2 _ 7jy _ i2y2, (b) Oa^ - 2562. (p) ^4 _ ^,4^ 

(cl) _ „ 4 f, _ 4 . ((,) _ 2 j 3 y 2 + 2 x-‘ - 3xy3 - y* Sx^y 4- xy 

4. (a) 9x2 _ i2xy2 + 4y4 (b) 9x2 _ 4^4^ 

(e) Sx3 36x2y 4 54xy2 t- 27y3, (d) 4x2 _i. ^g^y 4- 15y“, 

(e) n = 3: 3x2 ^ j 4 j. i 5 _ q = 2: Sx-’ + Hx 4* 10, 
a = -2: 3x2 _ ^ _ |o, a = -3: 3x2 _ 4^ _ 15 

5. 9x2 a. 4y2 .j.. iojX _ i2xy -f 24xc - IGyz 

0. (a) x3 - 0x2 + llx - (i,) 6x2 4. ^x + 6. (c) x^ -5x2 + 4 


Problem Set 3-1 

1.13, 1/5, 3, 0/3 2. (a) use (-X) = (-l)x 

3. If 6 is positive and (1 6 ) woto negative, 1 would be negative 

4. (b) -3a/5, (r) 5 x 2 . (d) 5. (xy), (c) -i2x/(5y), (0 -17y/(29x), 

(g) 2/(3a6) 

Problem Set 3-2 

I- (a) (y — x)/(xy), (b) (9 — x2)/(3x), (c) (a2 + 62)/(a6), 

(d) (9x3y — 3x)/y2, (c) 1 (j2 — 1) 

2 . (a) -l/(xv). (b)-l, (e) 1 . (d) -27x4V. (e) - 4 /(x 2 - 1 ) 

3 . (a) -y X, (b) -9 x2. (e) a-. b^, (d) -l/(3yx2). (e) (1 - x)/(l + x) 
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4. (a) (flS _ 108 ( 1 -}- 54)/ (9a2). (b) (y - x -f l)/(xy), (<‘) (10 - x-)'{Zx), 
(d) (9j'y - 3x^ - 2i/)/{x*>r), (e) 4 (x^ - x) 

5. (a) -8/a2, (b) -l/(x”y‘). (c)-l/(3x). (d) 54 y, (c) -16, (x^ - x) 

6. (a) -1/18, (b) -1. (c) -3x. (d) 27x»/(2y-*). (e) -x (x^ - 1) 

7. (a) {a2 - 62 )/(a 2 (i,) ( 2 x -}- ,j) y. (c) -1. 

(d) (1 - a)/(a^ -I- «). W) Uy'^ - xy -f y-)'(x2y - xy -f x-) 


Problem Set 3-3 


1. (a) 8/125, (b) 62 25, (c) 27 '4fl. (d) 76 25 

2. (a) 0.78125, (I)) 0.0144, (c) 1.825. (d) 0.35625 

5. (a) 427/1000; (b) 21/100; (r) 5/9, 16 45. 196 45; 
(d) 19/33, 151,330. 1141,330; (c) 4352,009 


(c) 0.307602. 0.3077: 
(fj 0.176471, 0.176.') 


6. (a) 0.545454, 0.5455; (Ij) 0.351351, 0.3514 
(d) 0.384615, 0.3846; (c) 0.428571, 0.42S6 

7. (a) 8.506, (b) 8.314, (<■) S-5398, (d) 1.1557, (.■) 0.9731 

8. 84.791 

9. (a) 15.10, (1)) 33.47, (i-) 37..50. (d) 0.2617 


1’roblkm Set 3-4 

I. $14.20 2. S37.10 

3. $361.01 4. $20.28, 13^^ 

5. (a) 6.2%, (b) 115.5^^, (c) 0.758% 

6. (a) 25%,. (b) $3.68, ((•)2lS%, 19.0.5%. 16%. 

7. 2%o Bain 8. (a) $12.79, (b) lS.sl% 

9. (a) $102.60, 35|%, (1)) gain $1.10 

10. 7.2921%, 

II. (a) $1625, (b) $2397.60, (t) $3506.00 

12. (a) 69.6, (b) 73.4, (c) 11000 

13. $16.18. ($16) 14- *1708 

15. (a) $89.29, (b) $125 16. $53300 

17. $17.64. Ic.ss 

IbjoBLEM Set 3-5 


2. (a - 35)' 

4. (Sx - ^yl-' 
6. 2(1 (d — 2l>)- 
8. (x -I- 3y)'‘ 


1. (2x - 3y)(2x -b 3y) 

3. (2x+ 3y)^ 

5. 3(3x - 4y)(3x+ 4y) 

7. (x — 3y)(x‘‘^ + 3xy -r 9y^) .. 

9. (x - 2y)(x -f 2y)(x- + 2xy -|- 4y‘^)(x^ - 2xy + 4y-) 

10. (r2 + 4y2)(x« - 4x'y2 + 16y^) II. (« - 2x)(35 - ly) 

12. impossibk- 
14. impossible 

10. (i4-3){3^-f 2)/3 


13. (5o 4- 6r)(rt - Zh) 
1.5. (X - 3)(3x - 2) 

17. (X - 4/3)(x - 2 3) 


18. (3x - 4)(x -I 2) 


10. impr)s>ibK' 
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20. (3x -I- 2)(5z -f 4) 21. (3a — 46)(4a + 56) 

22. (4a — 56)(3a — 56) 23. (3x + 7i/)(5z — 2y) 

24. impossible 26. yes, no 


Problem Set 3-6 

1. (a) — 6x — 4 = (x — 2)(x^ -f 2x — 2) — 8 

(b) x3 - 6x - 4 = (x2 + X - 2)(x - 1) - (3x + 6) 

(c) x3 - i2x - 16 =» (x + 2)(x2 - 2x - 8) 

(d) x3 - 12x - 16 = (x2 - 2x - 8)(x + 2) 

(e) x3 - 12x - 16 = ((2x - 3)(4x2 4. 6x - 39) - 2451/8 

(f) F{x) = (x2 + 2x -b 3 )(x2 + X + 2) 

(g) F{x) = (x2 - 2x + 3)(x2 + ox + 14) + 20x - 36 

2. (a) -12. 0. 0; (c) (x + l)(x - 2)(x^ - 2x + 7) 

3. (a) -16. 4, 180, 0; (b) 0; (0) x + 3, x + 3, x^ - x - 1 

0. (a) a- + 06 -b 6-; (b) a“ — a6 + 6-; 

(c) F{a, 6) = (a + 6)(a2 - 4a6 + 762) _ 353^ = -gfcS; 

(d) x2-i-y2. F{-y,rj) = 0; 

(r) F{x, y) = (x y)(x2 — 2xy -j- Sy-) — iy^, F{—y, y) = — 4y® 


Problem Set 3-7 

1. /'(S) = 0, (j - 3H3x - 2) 

2. f(^) = 0, (3x - 4)(3x - 2) 

3. F{a) 0 for a = iS, ±4, ±2, ±1. zt|. ±^. ±§, impos-sible 

4. /■’(-§) = 0, (3x + 2)(ox -f 4) 

5. /’(a) 7>^ 0 for a = ±1, ±2, ±4; impossible 

6. a > 0; F{a) 7 ^ 0 for « = 1, 2, 4, 8, 5. §; impossible 

7. /'(-y, y) = 0, (x ^ y)(x~ - xy y-) 

8. F{±y, y) 0. impossible 

9. F{3y, y) = 0, (x — 3y)(x- 3x1/ -f- Oy-j 

10. F(9y/ 4, y) = 0. (4x - 9y)- 

11. ^•(46/3. 6) = 0, (3a - 46)(la { 56) 

12. r(56/3, 6) - 0. (4a - 56)(3a - 56) 

13. f’(l) = 0 = F{2) = r(3). (x - l)(x - 2)(x - 3) 

14. F{Z) = 0, Fix) = (x - 3)(x2 - 3x - 2). Q{a) 5^ 0 for a = ±1. ±2 

15. F{\) 7 ^ 0. F{-\) = 0, (X 1 l)(x“ - X - 1) 

10. F(l) 0, F{—[) 7 ^ 0. impossibie 

17. F{~2) = 0 = F{~3). (X -I 2)’^{x -f- 3) 

IS. F{3) = 0. (x - S)-’’ 

19. X negative, /’(-I) - 0 = /••(-3),(x+ l)3(x + 3) 

20. /’(I) = 0 = /••(-3). (j - l)‘-’(x -1- 3)" 

21. /■(3) = 0. f'(l) 0, /■■( -1) 0, (j - 3)(x^ 2x -b 1) 

22. F{ -2) » 0, Q(-2) = 0, (x -}- 2)2(x2 - 2x -- 2) 

23. (x - 5)/(2x - 5) 24. (x - 5)/(x -f- 5) 
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25. (2a - 6)/(a + b) 20. (a h 6)/ (a - b) 

27. (a^ - a6 + b^)/{a - b) 

28. (j‘^ + xy + y2)/(x^y + xy^). ly 0 

29. 8/(x3 _ x2 _ I + 1) 30. 4x (x* - 4) 

31. 2/(2x< + 11x3 + lOx^ + X - 0); x = 1. Fix) ^ ^ 


Phoblkm Set 4-1 

1 . (a) no, (b) yes, (c) yes, (d) no 

2 . (a) no, (b) yes, (c) yes, neither equalic)n lias a solution 

3. (a) I, (b) ff. (c) I (d) (e) 

4. (a) (b) 3, (c) 0. (d) § 

5. (a) 12; (d) —8; (e) 6, (b). (e). (f) no solution 

C. (a) X = yz/{y + ?), y = xz/iz — x); (b) k = 3r/{7rr3); 

(c) n = (.4 - (d) d = (/^ - .l)/(n/»); 

(c) y = {6/a)(a - x); (f) x = 8 - p 5\ (g) x = (8 - 4p)/p: 

(h) y = (-.l/B)x - (C/B). X = (-BM)y - (C/.l); (i) 9r 5 + 32 


Problem Set 4-2 


1. 11,7 2. 11, 7 

3. (a) 9, 10, 11. 12; (b) A - 2 a multiple of 4 

4. (a) yl/3 — 2, d/3, .4/3 -f- 2, where .1 is odd and a multiple of 3; (b) 105 

0. (b)11.9 (e) 104, 27, 25 

7. (a) AC = 44 cm. (b) AC = 33 cm 

8. (a)4i (b)3i5 

9. (a) AC = 7.5, (b) no solution; the assumption that C is on the segment 
AB leads to a point that is not on this Si’nment 

10. (a) 54 In., 34 in., (b) GJ in., 24 in. 


11. 2in. 

13. $3500, $3875. $4025 
15. IGO, 334 
17. 10.7 gal 
19. 30. 20 lb 


12. 3 ft i>y 0 ft 

14. 83200, $3200. $4200, $9400 
10. $8825, $8825, $7350. approv, 
18. 2 gal, 3 gal 

20 . ^ 3 ^ 11 ) 


21. (a) 0.55 ft from ligliter boy, (b) 0.5 ft from lighter boy 

22. 1.75 ft in front of ,1 23. 7.0 ft from .1 

24. Of ft from .1 ; if x is the distanee from the center to the fulcrum and you 

assume the center is on d’s side of the board, x will turn out to be negative 

25. 48 min 20. .1 travels 140 tni in 4 lu 

27. F travels 420 mi in 12 hr 28. 5/y nun after 1 

29. (a) .4 runs 10 and B runs 9 laps in 8.8 min, 

(b) ,1 runs jg and B runs of the lap m ^4 

30. 3.24 mph 

31. (a) ff see, (b) see, (e) f? sec, (d) j j sec 

32. $31 approx. 
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Problem Set 4-3 
(b)40.5%. (c)49.6%, (d) 5I.47o 

2. 22%. 22.29% 3. r = (24 - 14000/ B)%, 21.2% 

4. r = (30 — uSOOO B)%. 23.56% 5. 27.78 mph 

<■). (ii) r > 20 mpli. (b) bto, (c) on time 


Problem Set 4-4 

1. (>i-tlin!iry; (a) S.j.OO, (h) S5.56, (e) S5.S3, (d) SG.OO; 
exart: (a) So.04. (b) $5.59, (c) $5.86, (d) SG.02 

2. (a) S9K.28. (b) $102.S9, (e) $933.44, (d) $10.59.27 

3. <1 = 6.()7%. i = 0.90% 5. d = 7.5%, i = 7.89% 

(i. (b) .$1055.10 7. $579.38 

8. U)^% 9. $31.58, $33.33 


IbiOBLEM Set 4-5 

1 . (a) /(2 -- = 3y -r 2. (1.) /(2 -i- y) = (3y + 2), (y + 4). 

«•) /(2 - -/) = (2.V -• 4) (;/-■ -f -ly -f 5). (d) /(2 + y) = y“ + 2y + 4, 

f(x -r k) = X- -h {^k -- 2)x {k- - 2k + 4) 

2. (a) diimaiti ami ranne: all reals; (li) |•an{^e;/(x) S 2; 

[>•) domain : x > -— 5 

3. (a) fix) S —2. (b) domain; x ^ 5. (e) domain: x ^ range: y ^ 0 

4. (a) X - 3y 7 = 0, (.b) 3x - y — 9 = 0. 9; 

(f) j -i y - \ = 0. 1; (.1) 2x - y = 0. 0 

5. (a) y = 2x • 4. -2; (b) ox - 2y = 5, 1 : (e) 3x + 2y = 20, 

(d) 2x - 3y h 0 = 0. -3 

<). use the p<.inls (a> (0,3), (- 2.0). (2.0); (b) (0.0), (5,2), (-5,-2); 

(e) (0. 3), (:}. O', (ll H; (d) (0. -6). (->3^.0), (3, -1); (e) line segments 
joining (2. Ii to (0,5) an<l to (4, 1); (f) line segments joining (3,3) to 
(0. —3) and to (3. 6) 

7. (a) (0. 6), (s. 0); (b) (0. 0). (4. 3) ; (e) (0. -3). (4, 0); 

(.1) (0. §), (V-. O'; (e) (0. -1). (-1.0); (f) (0. 32), (-20, 0) 


IbomLKM Set 4-0 

1. (i = 25/. (05/^ 1.6); ,/ = 40, (1.6 ^ ^ 2.1); d = 40/ - 44, 

(2.1 ^ t ^ 3.6): 27.7.S mph; .slope of segment joining 0 to final point. 

2. 20 mph, d = 40/, (0 g / ^ d = 20/ + 15, ^ ^ §) 

3. (/•■ = 32. C = 0). (/•• = 212. f = 100) 

-t. /• = 1 _ 0.0257': u.H' points (0, 1), (12, 0.7) 

5. (a) 45, (b) 9, (e) line segments joining (7, 10) to (0, 45) and to (10, 10) 

(i. (a) 16, 64; (b) line sr-gjiients: ;> = 16 — x, 4, (0 5 x ^ 48); p = 4, 

(•IS ^ X ^ SO) 

7. (a) use points (0. Y*)- (I'-. 01; (b) p = (Jg^) - 4x/9. m = — (^,9) 
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8 . (- 10 , 0 ) 

9 . use points ( 0 , 3 ), ( — 4 , 0 ) Jiml (H, 9 ) as a eherk. (0 ^ j- ^ H) 

10 . line segments joining ( 4 , 9 ) to ( 0 . 3 ) ami to ( 9 . -Ij-) 

11 . Q = 5 + O.lx, (40 g X ^ 100 ); C? = 1 + 0.1 lx. (0 g x g 100 ) 


12 . 4 x + 7 y = 3 o, m 
* 13 . .lx+ By + Cz = 
lem algebraieully 


= -f ( 7 . I) 

part of the i)l!ine in positive octant ; con'i'lci pioh- 


pROBLE.M Set 5-1 

1 . (a)( 3 . 5 ); (h) ( 2 . 10 ); (e) ( 5 . - 2 ); (a)(-I.- 2 ); (c) (- 0 . 7 . 5 ); 

(0 (Y- (g) O^ny X. §x + 4 ): (h) no solution 

3 . (a) (- 2 , - 3 ): (b)(V. f): (<')( 4 , 0 i: (.!)(§, - 1 ): 

(e) ( 2 . 3 , 1 . 1 ): (O(-l.f) 

4 . (a) inconsistent, parallel lines; (b) dependenl, same line; (c) incoiiM'teiit : 
(d) dependent; (e) inconsistent; (f) inconsistent 


I’uoni.KM Shn- 5 2 

1. (a) 3x - 4;/ -h 15 = 0. Y; 0>) 2x }- .3y = Hi, 

(e) 2x - 3y + 21 = 0, 7; («1) 2x |- .5y I 19 = 0. -Y 

2. (a) m = 1, y = X + 3; (b) m - — 7x i 2y = 6; 

(c) m = -Y. llJ + by + 4=0; (d) m = 0. y = -2 

3. (a) ox — 3y = 1; (I?) 3x 4 4y = 17, (c) x -f y = 2. 

(d) 7x - 2y = 20, (e) 4x f 3y =1. (f) 3x - 5y » 1 1 

4. (Y.i) 

G. AC = Y ‘n.. CB = I in. 7. AC = V *" 

8. $1800 at 5%. $1200 at 8% 

9. (a) § at 4%. ^ at 8%; (b) at 

10. S = $3000, »' = $.5000 

11. (a) I' = -40, (b) /•’ = .320, (c) /■' = IH5 

12. § hr, mi from .1 

13. 252 mi, 7 hr 12 min after freight starts 

14. 20, 30.5 lb approx. 15. H* 

16. 8, Yoz 17. f| gal milk. gal cream 

18. 30 lb at 20 lb at 00(^ 

19. 3.0 qt of 45% alcohol. 2.4 (jt of 70% alcohol 

20. 91^, a 11) 


I^uoiiLKM Set 5-3 

'■ (i^) (Y Y- ('>) (2. 6), p. - y = 3. -r - = & 

2. (a)p, - Y -»- 2 </+ (h)| 

3. (a) (3,21): (b) P - A'l - Y. -fi - “ 5 

4 . § 5 . (a)(K, Y)' (h)(li. fj) 

6 . (a) (8 - i, (14 + 21 ). 3 ); (b) p - P2 = - -r = 2 

7.1 = 2 8. (a)(4.Y)- 

(H.M) 
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Problem Set 5-4 

1. i 2. -1 

3. -IS 4. 4 

5.0 6. (b)-18, (c-)0 

7. <‘l(*monts of diagonal are I, 1, —1 

8 . clemonts of diagonal are 1,1,0 

10. ai(’i - njf's = 0. ( 11 .I 2 4* byB-i *}■ r|C 2 = 0. etc. 

11. (a) (§.-§. A), (b) (3. -2, 1). ((Offa.f). (<l) (fV tV 

12. (3. - 1. ~2) 13. (d) D ^ -30, Di = -8, etc. 


Problem Set 5-5 


1. use truee.« in two coordinate planes 

2. use the intercepts 

3. (a) 4 j -r 3;/ - .5.’ = 100. (It) -y, 

■1. (a) r,j * 2y ■ m = 120, (1.) (5?. f-Q) 

5. hrtundary (a) tiiangle. (b) trapezoid, (<•) triangle, (il) trapezoid, 
fe) triangle, i.f) tra|te2oi<l 
fl. j = (10 - p - (/) 2, u = (20 - p - q)/2 
7. (a) X =■ Is 3p — 2'/. // = 3 ' p — 7 ; 

(b) j = 4 2/1 “ 7. 1/ = 20 — p — 07; 

(c) X = 4 10/t r “7. y = 3 4- 7p — 

s. (a) I> - 0. Di ^ 0. first and tldnl planes an* |;arallel; 

(b) D s= 0, />! ^ 0. secniiii aiiil third plane.s are parallel; 

(c) 1) = l>i = /tj = />., = 0, parallel planes; 

(d) , (e) and if) l> = 0. />i 0, no t\\o plane.s are parallel, line of inter- 

section of tun plan* s is p.ualiel t'* the third plane 

1). (a) D = Di - D: - />., - 0, lir<t an*l tliird planes are identical; the 
planes ha\e a line in c<iininon; (24 -f — 12, —2z)\ 
lb) D - D\ = />2 = !)■ = 0, distinct anil nonparallel planes with a 
common line; (24 • 12 2.'. x); 

(c) description as in (b.i; (ji • 2.'! 3, [If Ic] '9, x); 

(d) description as in (It) ;( P's -- .51; 7. 2x l,z) 

10. (a) l> = -5 ^ 0, (It) D = 2^0 

11. (a) D = 0. ( -.5; ;i. 2; 3,;'. all [loints on the line joining (0,0,0) to 

( - ■) 2,3); (b) D = 0. ( - 17: 7.2.* 7.;). all points on tlic line joining 

(0. 0, 0) to (- 17. 2. 7) 



(a) common [touit (i, ^): (It) triangle {h. |). (“V' 

(c) triangle (-1. - 2>. (-}, - (-2 . — 

(<n common point ( - 1. 2>, (el common point (—6, 


(f) triangle ( — 6. 



Pmmi.EM Shf b I 

2, (a) 0.6245, (b) 1.975. (c) 0.1975, (d) 02.45 

3. (a) 3.6. (b) l.I, (c)4.4. (d)1.4. (e) 6.1, (f)1.9 



ANSWERS TO PROBLEMS 


337 


4. (a) 4.796, (b) 15.17, (c) 23.73. (.1) 0.7503, (e) 2.912, (f) 4.870 

5. (a) 4.79583, (b) 15.1658, (c) 23.7276, (ti) 0.750333, (e) 2.91 187, 

(f) 4.87032 

6. (a) 1.773, (b) 5.605, (c) 0.5642, (d) 1.649, (e) 5.213, (f) O.6O60 

7. (a) 2.376, (b) 2.210. (c) 0.640 

8. (a) 1.844, (b) 1.309, (c) 2.483. (d) 1.773 

10. consider the equation § = P and 7 relatively prime integers, ete. 

Problem Set 6-2 

1. (a) 0, -t; (b) O.f: (c) (d) -3, -3Mc) -2. (0 

(g) — 1 ± V7; (h) —4 ± \/l4; (i) (—4 ± V 13)/3 or —2.535, - 0.131 ; 

0) (-6 ± or -2.697. 0.297 

2. (a) complex; (b) -5.317, 1.317; (e) -2.351 , 0.851 ; (d) comple.x: 

(e) -0.180, 1.847; (f) 0.2^. 1.434; (g) coiiiplex;_ (h) -0.45S, 2 124 

3. (a) -i 1; (b) (-4 ± Vl3)/3; (c) (-3 ± V41)/4; (d) complex; 

(c) complex; (f) (5 ± \/fil)/6 

4. (a) none; (b) 0; (c) f, (d)-1.5; (e)7: (f) 6 - \'^57 = - 1.5.50; 
(g) id - 6)/(a - c) 

5. (a) 2, (b) -5, (e) 2 ± \/2, (d) -1 ± \'2. (e) -2. (0 none 

6. (a) 5; (b) 40; (e)-l,3; (d) 4, 20; (e) 340; (f) i 

7. (a) 1, 7; (b) none; (e) 1, —5; (d) —3, 

(e) c > 0. (6 + c)/a, (b ~ c) o.c < 0. none 

8. (a) 3; (b) -2,4^; (e)-i. (d) ^3^. 10; (t ) (u -I- 6)/ 2; if a - 6, any x 

9. (a) (a-h 6)/2; (b) (a - A-5)/(l - A-). (u I A-5), (l 1 k) which conespond 

to distinct points for k > ih k a b 

10. (a) ±3; (b) -2^x52; (c) none; (d) (e) -2. 10; 

(f) 0 5 z ^ 8; (g) none; (h) 1 


PnoRLEM Set 6-3 


1. (a) use (0, 0), (6.0), r(3. -9); (b) use (0, 0), (4.0), 1(2. 4); 

(c) use (0, 0), (-4, 0). \ {-2, -4); (d) use PfO, 9), (4:^, 0): 

(e) use P(0,9). (±1, 13). (±2. 25); (f) use r(0, 6). (±v^2, 0). (±2, (p; 

(g) use (0, 16), l'(4,0), (8. 16); (h) use (0. 1), r(-2. 0). (-4, 1), (1. 4), 

(_3 

2. (a) use (0 -5), (-1.0), (5,0). 1(2. -9). (I, -5). (-2.7), (6,7); 

(b) use (0. -4), (1.0). (4.0). r(|. 'i). (5 4); 

(t) uw (0.9), ( -i.O). (3.0). r(.^ (^.9); 

(d) use (0, 27). (-^, 0). (^.0). » ( - I 36). (-3.27); 

(e) use (0,7), P(|. f), (5, 7). ( 1 , 3). ( 4, 3) ; 

(f) use (0, g). r(-2. i), (-4. p. (2, |). (-6, |); 

(g) use (0, -6), (-4.4, 0), (1.4,0). (-3. -6); 


(h) use (0, -6), (3 ± v'3.0). r(3, 3). (6, -6); 

3. (a) use (0.0), (0, 4). r(- 4, 2). (12. 6). (12, -2); 

(b) use (0, 0), (0, - 4), !'(— 4, —2), (12, -6), (12. 2), 
(e) U84; (0,0), (0,2). r(6, 1). (-18.3), (18, -1); 
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(d) use V(0, 2), /(4, 0), (9, —1), and from symmetry (4, 4), (9, 5); 

(e) use V'(0, 8), 7(8. 0), (13, — _1), and from symmetry (8, 4), (13, 5); 

(0 use V(-2. 2), 7(0, 2 ± V2), 7(2, 0), (7, -1) and from symmetry; 

(2,4), (7,5) 

4. (a) y S 0; use r(-2. 0), (0. VS), (2, 4_), (7, 6); 

(b) first quadrant; use r(— 3, 0), (0, \/6), (5, 4), (15, 6); 

(c) first quadrant; use r(|, 0), 7(0, 3), (|, 2); 

(d) above line \j = —1, between z = 0 and x = |; use V(|, —1), 
7(2,0), 7(0.2), (l,v/5- l)or(l.|) 

5. y = x2 - 4x -f 4, r(2, 0); x = (y^ - 7y + 12)/6, V{—^, D 

6 . (a)y = x2 - 2x+3, r(l,2). 7(0, 3); x = (-y^ + Hy _ i2)/6, 

/(-2, 0), 7(0, 1.2), 7(0, 9.8), V-); (b) y = (x - 3)2 V(Z, 0); 

X = (y2 - 19y + 90)/30, 7(0, 10), 

(c) y = (x2 — 5x + 6)/2, V'(f, —^); symmetry shows 
X = (y2 - 5y + 6)/2, V{-1 1); (d) y - x2/4 + 1, V{0, 1); 

X = - (y2 - 9y + 8)/3, r(f|. f), /(-§. 0) 

7. y = v^9 4- 4x, 7(0, 3). V( -|.0), y ^ 0 

8 . X = y2 -I- 2y - 8: y = \/(l7 + 4x)/5, V(- Y, 0), 7(0, V?), good 
agreement in first quadrant only 

9. y = 7(0, V'32). r(4. 0) 

10. (b) (j = Ih/D. Ih = 0, 1) 0; (f) a = Dx/D, Dx - 0, 

D = (X| — J2)(Ji — X3)(r2 — x;0 pi 0 


Problem Set 6-4 

1 . 62 /( 4 , „) 

2. (a) use (0, 0), (9, 0), r(|. 81); (h) use (0. 0), (Y. 0). -4^), (3, 21), 

(9. 27); (e) use (0. 0). (10.5, 0), r(52.5, 919), (24. 648), (72, 792); (d) use 

(0, 0). (Y-O). r(§, Y) 

3. use as (/>. H)-. (a) (0,0), (20,0), ]’(10, 500), (5,375), (15,375); 

(b) (0, 0). (10, 0), V(5. 15). (2. Y). (8. Y) 

4. (a) use r(0. 48). (4,0). (2. 36); (b) use r(0, 20), (\/5. 0), (§, 11); 

(e) use r(-l,4H), (0, 45). (3, 0), (1.36), (2,21); 

(d) use r( — 1. 20), (0, 16), (—1 + V5, 0), (1, 4) with large x-unit; 

(e) use 0 g X S 5. (0. 25), r(5. 0), (2, 9). (8, 9); 

(f) use 0 ^ X g 3. (0. 15), (3, 0). (5, 0). r{4, -1). (8. 15); 

(g) use 0 5 y g 6, (0, 6). V'(36. 0). (20, 4) ; 

(h) use 0 < p < 4. (0, 4), (0. -8), (32, 0), V(36, -2). (20, 2); 

(i) useO 5 p g 3, (0.3). r(|.0). (|,2); 

(j) uscO g p g 4, (0,4), r(-Y.O), (4,2); _ 

5. (a) usf’ part in first quadrant, !'(— 4, 0), (0, ±4), (5, 6), (8, \/48 = 7); 
(l») use part in first (jundrant, (0, 0), (0, 4), P(— 1, 2), (3, 6), (8, 8); 

(c) use part in first quadrant. (0,3), V'(— |, 0), (5,4), (8,5); 

(d) use part in first ((Uadrant, (0, 2), (0, —4). (—4, 0), r(— I, — f)> (8. ‘*)t 
(5, 3); (c) u.se part in first ejuadrant, (0, V^), P(--8, 0), (8, 4), (4, VT^); 

(f) use part in first quadrant, (0, 3), 6), (4, 5), (10, 7); 

(g) use (0. 5), (5, 7), (10, S), r(Y. ¥)- ^ ‘0); 
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(h)useforQi:0 ^ x g i, (0,0). (2. |), (-1,4). r(-0, -f); use (urQz: 
4 g X g 12. r(2.4. 0), (4. 4). (0. 6). (8.8. 8). (12. 9.8) 


Problem Set G-5 

1. (a) fiiTk*. ccntei (0, 0). r = 4; (b) ('(±4. 0), \ (0, ±3) 

(c) r(±4. 0). r(o. ±5): (d) r(±v'2,2,0). r(o, ±i) 

2. (a) V(±l, 0), asymptotes y = ±x: 

(b) r(0, ±1), asymptotes y = ±x; 

(c) V’(±4, 0), asymptotes y = ±(t)-r: 

(d) V(±4, 0), asymptotes y = ±(|)x: 

(e) r(0, ±3), asymptotes y = ±(t)J: 

(f) V'’(0, ±1), asymptotes y =* ±\/2x 

3. (a) asymptotes x = 0. y = 0; use (2. §). (3, 3). 2) uml symmetry for 

points in tliird (juadrant; (b) asymptotes x = 0, y = U; use (1. — 4 ). 
(^, — ^), (|, —1) and symmetry for points in third (juadiaiit; (<) asymp- 
totes I = 2, y = 0; use (0, -1). (1. -2). (3, 2), (4, 1); (<l) asymi>totes 
X = 2, y = 0;usc(0. 2). (1,4), (3. -4), (4. -2): (e) asymptotes x = -2. 
y = 0; use (-1,4). (0. 2). (2. 1) and points ol)t:uned from symmetry w itli 
regard to (-2.0): (-3, -4). (-4, -2). (-0. -1);(0 asymptotes.r = 4. 
y = -1 ; use (0, 0). (2, 1). (3. 3) and points obtained from symmetry witli 

regard to (4, —1) ineluding_£8, —2) 

4. (a) eirele,C(-2, 3).r = v'l3; elieek ; x = 0. y = 0.r,;y = 0.x = 0,-4; 

(b) circle. C(^, — ^), r = cheek: x = 0. y = — y = 0. x = 0.1, 2.9 
appro.v.; (e) ellip.se, C(2. -2), x,-inteieept ±2. y,-intereei.t ±1; check: 
z = 0, y = —2; y = 0, x not n‘al; (d) «4hp.se, C{2. 3). xi-mt'Tcept \ 2. 
yi-intereept \/3; cheek: x = 0, y not real; y = 0. x tmt real; (<■) parabola 
yi = -4x1 Oi(-§. 36). r(x, = 0. y, = 0), XI = ±3, y, = -36; 
check: x = 0, y = 27; y = 0, x = (f) paial.ola y] = xi, 0\{2. 2). 

r(xi = 0, yi = 0), (xi = 4,yi = ±2); elua k: y = 0, x = li; x = 0. 

y not real; (g) hyperbola xf — yf = 4. Oj( -2. - 3). asymptotes yi = ±xi. 
^(xi = ±2. yj =0); check: x = 0, y = —3; y = 0, x = rj.lt. 

1.6; (h) hyperbola -X? d- 4y? = 0, Oi(4. 2), a.symptotes x, = ±2yi. 

r(x, = O.y, = ±^); check: x = 0, y = V = 0, x = 1 3. 6.7; 

(i) hyperbola Zx'i - 2yf = 6. Oi(2. -3). a.symptotes y, = iv'i^xi; 
V(xi = ±V2,yt =0):cheek:x = 0, y = — 1.7, — 1.3;y = 0.x = 4.8, 
- 0.8 

5- (a)xiyi = 15, Oi(-5.7). asymptotes xi = 0, yi = 0, points (xi.yi): 
(3,5), (5.3). (-3,-5). (-5,-3); cheek: x = 0. y * 10; y = 0, 
X e (b) x,yi = 300. Oi(40, 30). asymptotes xi = 0, yi - 0, 

poinU (xi. yi): (10. 30). (30. 10). (-10. -30). (-30. -10); elierk: 

z « O.y - ^;y = 0. X = 30; (e) x,y, = 2. Oi(-2. -3). asymptotes 

“ 0, yi = 0. points (xi. yi): (1. 2). (2. I), ( — 1. —2), (—2, 

ehcck;z - 0, y = -2:y = O.x = (<l) pair of lines x = -3. y = -6; 

(«) xiyi * 300. 0i(-30, -40), asymptotes xj =* 0. yi = 0, points 
(^l.yi): (10,30), (30.10), (-10.-30). (-30. -10); cheek: x = 0. 
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y =-■ -30; y = 0, z = — (f) ziyi = — f, Oi(f, 3), asymptotes 
XI = 0, j/i = 0. points (xi,j/i): (1, — f), (|, — 1), (— 1,|), (— f, 1); 
chf*ck :x = 0, y = 4:f/ = 0, x = ^ 

6. (a) tlemand, asymptotes x = —2, p = 0; x ^ 0; use (0,4), (2,2), 
(4, 1); (b) supijly, asymptotes x = —2, p = 5; x ^ 0; use (0, 0), (3, 3), 
(S,4);{f) demand, asymptotes X = — 2, p = 2;x ^ 0, p ^ 2:use(0,7), 
(3, 4), (8, 3); (d) supply, asymptotes x = — l,p = 5;x^0, l^p<5; 
use (0, 1). (1,3), (3. 4), (7,|) 

Problem Set G-C 

1. (a) (0,4), (4,0); (b) (4, 0), (-J^, (c) (2, 3), (-■ ^, ^); 

(d) (3. 2). (3, 2) 

2. (a) (V. ±3.6); (b) (0.0). (|.4); (e) (4.3). i^.D; 

(d)(l,!). (-ft. -H) 

3. (a) (1. 0). (0. *): (b) (\^2/2. -\/2/4), (-V2/2, V2/4); (c) none 

4. (a) (2. 12), (V^, Y); (b) (1.79, 1 Ml). (6.71, 8.64); (c) (1. 0), (|. f); 

(d) (0,61, 1.31). (4.S9. 3.44) 

.V (a) (-y-. V); (b) (5.62. 3.24), (3.38. -1.24); (e) (I, 8), (4, 2); 

(d) (0.70, 11.40), (-5.70. -1.40) 

6. (a) (6, f), (b) (3.72. 6.72). (e) (2. 22). (d) (2.13, 23.6), 

(e) (|. 4). (f) (7.90, H.63) 

7. (a) (0,0), (.5, .5); (b) (0.44, 2), (4.56, 2) ; (c)(0.0): 

(<1) (2, 2), X = does not lead to a solution 

5. 0 < X < 2; X = i. /•■ = 5 9. 1 < X < 6; X = f F = 6.8 

10. (3,2.2) 

Pi{i*iu.KM Set 7-1 

1. .V2. K3 2. a - o = 0, a = a — 0 

3. I•;4, Th. 7 2 

1. h \ (-«) is one solution: -\3, .\4 ; solution is unique: E2, E3, Th. 7-2 

5. K2. Th, 7-1. delinitioii of subtraction twice. K2. Cor. Th. 7-2 

6. Cor. Th. 7-3, Th. 7 5. .\3 

7. ('or. Th. 7 3 used .several times. Th. 7-5. .|3. .\5, .\4 

Problem Set 7-2 

1. M2, t.3 2. (1 a = 1. a/1 = a 

3. E4 twice to ac l .:4 Xh. 7-7 

5. (a) M3, M5, M4, Th. 7 7; (b) 0 

7. M4 and E6, .MG. .AG, lli. 7 -10, (UTinition of subtraction and A4 

8. Th. 7-13, M2, M3, Th. 7-13; Th. 7-13, M3, part 1 of Th. 7-13, .\5: 
-(-r) = c 

{). Th. 7-13, MC. Th. 7-13; Th. 7-13, MG. Th. 7-13, A5 
10. Cor. Th. 7-8. Th. 7-6, M5. .M l, E4 
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Problem Set 7-3 

1. Th. 7-14, 03 2. a/b = c implies a = 6c: 

suppose a is positive and 6 negaiive; if c = 0, Th. 7-10; if c > 0, Cor. I, 
Th. 7-16, 01; if c <0, Cor. 2, Th. 7-16, 01 

3. a + (x + y) = c, 02 4. false 

5. true, Th. 7-20 for a + c > 6 c and (-c) = (-c), and properties of 
zero 

6. hypothesis implies a — 6 > 0 

7. product of a positive number and a negative number is ne"ative 

8. a = 6 X, where xc is negative, — xc positive 

9. a + X = 6, c + y = d, (x, y positive). 03, 02; example: 

-3 < 2 and —4 < 3 but 12 < 6 is false 

12. (a) to a < 6 add o = a and then 6 = 6, (b) to a < 6 add 

2a = 2a, a + 6 = a -}* 6, 26 = 26 


Problem Set 7-4 

1. (a) X > 3. (b) X > Y- < 3, (d) X < — ^ 

2. (a) X <l (b) X < I (c) X > -3. (d) X > ^ 

3. (a) X > 3 or x < (b) -2 < x < -|. (c) x > ^ or x < 

(d) 1 < X < 4 

4. or |<x<J 

5. (a) no X, (b) any x 

6. 2 < X < 4 

7. (a) I < X < 3, (b) X > 4 or X < I 

8. (a) -1 < I < 2, (b) X > 2 or X < -2 

9. I > — ^ or x < — § 

10. -4 < X < 2 

Problem Set 7-5 

1. (a) every X, (b) no i. (e) every x, (d) no x, (e) no x, (f) every x 

2. (a) X > 2 or X < -3, (b) -3 < x < 2, (c) x > g or x < 

(d) -§ < X < i (c) I < X < 5, (f) X > 5 or X < I 

3. (a) X > f or X < -2. (b) x > 3 or x < -I (c) all x except x = 3, 

(d) no X, (e) -3 < x < ^ (f) x > t or x < -3 

4. (a) X > y/'i — 1 or X < — V^2 — 1, 

(b) i-Vb - l)/2 < X < (\/5 - l)/2, 

(c) X < (3 - V^)/2 or X > (3 + V3)/2, 

(d) (-v/l7 - l)/4 < X < (VT7 - l)/4 

5. (a) X < (b) X > 1. (c) -I < X < 5. (d) x > 2 or x < -1, 

(c) X > 8 or X < ^. (f) — 6 < X < ^ 

0. (a) X > 6 or -2 < X < 2, (b) x > 2 or x < -4 or -§ < x < 
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Problem Set 8-1 

1. (d) {10 -6) 2. (c) (10 6 2) 

3 , (c) (—• ^ 4. not conformable 

5. both equal to (ui + I'l + «»i M2 + ^2 + M’2) 

6. Th. 7-2 and Cor. 7. fcO — 0, a -1- 0 = a 

8. (-l)u = 0 - u 

9. (a) M6, (b) Def. 8-8, (c) Dels. 8-4, 8-8 

10. yes, different, no 


Problem Set 8-2 

3. (a)|,V; (c)-f. -f 

4. X = -2U + 5V. Y = 3U - 2V, U = (2X + 5Y)/11, V = (3X + 2Y)/11 

5. (a) (17U - 5V+ lGW)/3, (b) -3U - W 
G. (a) X = 2U - 2V. Y = 3U + 5V, coplanar; 

(b) U = (5X -f 2Y)/16, V = (-3X + 2Y)/16 

7. (») , (b) (I) , (c) , (d) U, (c) V, (f) Q) , (g) 

S. diagonals of a parallelogram bisect each other 

9. (b) terminal points .1, B, C are collinear; if f < 0, is between A and C; 
if / > 1, .1 is between B and C 

10. (a) (g 0 g), C is between .1 and B; 

(b) ( — 4 B is between -1 and C; 

(‘^) (V" “3 V')* between B and C 

11. (a) j = tJi -r 8j-» -+ (1 — t — 5 )j 3, 1/ = li/i + si /2 + (1 — f — s)l/3; 

(b) I = 1. s - I — t — 8 = ^, interior; (c) I - < 0, exterior 

12. (a) j = /Ji + 5X0 (1 — / — 8)x:i and similar equations involving y 

and 2; (b) t = g. s = ^. 1 — / — s = g, interior 

13. 1 < 1, since .1/ must be between 0 and A ; OC - OM + OX; by similar 
trianglc.s, ()\ = (1 — OV 


Problem Set 8-3 



3. not eonfonnal)lp 

4. use definitions of transpose and sum 

5. (a -f- ft) + c = n -f (6 + c) 

6. if (1 = b, then n -i- e = 6 + r, and conversely 

7. *0 = 0, a -h 0 = (1 8. (-1)0 = -o = 0 - a 

9. use {k /)o = ka -r la, kila) = {kl)a, A(a +6) — ka A- kb 

10. (a) -10. (b) 0. (c) .U, (d)0 



ANSWERS TO PROBLEMS 


343 


Problem Set 8-4 

1. (a) (—2), (b) not compatible, (c) (—5), (d) (lo). 

(c) not compatible ^ ^ 

2. (dC,OD) 3. (0.1,00, (0.1,00), (00,00) 

4. I2z + ICy + 10; - lx- - 3y- - Sz^, (0 ^ x ^ 3. 0 ^ y ^ J/. 0 $ z ^ 2) 

5. (a) (4 7 0). (b) (12 3). (e) not compatible 



(d) not compatible 


(a) (J) , (b) not compatible, (e) ^ 1 

“(5 O' '“G »)■ 0- 

'•'(> O' “'(s 0 
■ (,; :0 


8. AB = AC 


“ (; :) 

"'"(-5 0('.)‘(0' “"G “O' 


(7 2): 



3 - 
2 


2 5\ 
1 1/ 


(7 2 5) : 


(x y z) 


(xyO 


3 

2 

-1 

3 

2 

-1 


2 

1 

3 

.9 

I 

3 


= (0 13): 


0 

3 1 = (1) 13 0) 

9 


pRoniJ-'.M Set 8-5 


1. (a) no, (b) yes 

2. (a) any x, y = z — 2, (b) no (x, y) 

3. the a«8ociutivc and distrii)Utivc laws lor real numbers show both products 


have tlie same form 
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4. the distributive law of multiplication and the associative law of addition 
for real numbers show both forms are equal 



6. products are (a) I2 (b) I3 (c) I2 

7. AB = O, BA = B 



10. (a) if A — B, rule of substitution shows AC = BC, 


(b)AC - 


(c) CA = 
11. ACC-’ = 



= CB, A B, C does not have an inverse 
BCC“* implies A = B, C"'CA = C“’CB implies A == B 



Problem Set 8-6 

<"(*)■ "'Ka) 

2 , (a) ^-3^ , (b) , (c) ^ tj . (d) ^- 2 ^ 

o. (a) (j, 22x - 41, 17x - 36), (U + 36]/17, [22z + 95)/17, z); 
(b) (X, -2x -h X - f). (z 4- f -2z + f z) 

6 . (a) X « — (z + 5)/2, y = (2 — 4)/2; 

(b)x = ~(2y 4- 9)/2, z = 2y+ 4 

7. (a) k = — 1 , X = 7 — z, y = 2z — 5; 

{\j)k = l,x = id ~ 52)/5, y -= {IO 2 - l)/5 

("3 

10. write the corresponding equations and solve by Cramer’s Rule 


Problem Set 8-7 

1. intersection (3, 5), (0, 0) is in the (H ) region 

2 . (a)( ), (b){- + -) 

3. (a) interior of triangle (0. 0), (2, 0), (0, 3) ; 

(b) unbounded region not containing 0; {f. 0 ), ( 0 , |); 

(c) no region; (d) interior of triangle (2, 3). (—2, 3), (2, —3) 

4. (a) unbounded region containing 0; (3, 0), (— 5 , f); 

(b) interior of angle, vertex (3, 0), containing such points as (5, — 1) 
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5. (a) interior of triangle (0, 2), (|, |), (6, 5); 

(b) interior of triangle (1, 3), (5, 1), (3, 5) 

6. (a) unbounded quadrangular region; (0, 3), (f, |), {3, 0); 

(b) interior of quadrilateral (0, 0). (2, 0), (2.4, 0.8), (0, 2); 

(c) no region 

7. (a) 5 j = 6 — 2u + 3e', 5y = 6 + 3u — 2i', i, y,u,v ^ 0; unbounded 
quadrangular region with verticc.s (0, 3), (0, 0), (3, 0); 

(b) lOx = 24 — 2u — e, lOy = 8 + a — 2t-. x, y, u, v ^ 0; quadri- 
lateral with vertices (0, 0), (12, 0), (8, 8), (0, 4); 

(c) 5x = —2 — 2u — V, 5y = II -j- u — 2v, x, y, u, e ^ 0. no region 

8. (a) max. 12, min. —3; (b) no max., min. (c) no max., no min.; 

(d) no max., min. 18; (e) max. 08, min. 7; (f) max. 43. min. 19 

9. max. 5 at (§, — §), min. —14 at (—7, 5) 

10. (a) triangular pyramid (0, 0. 0), (2, 0, 2), (0, 0, 4), (0. 2, 2); 

(b) quadrilateral p>ramid (0. 0, 0), (4. 0, 0), (2. 0. 2). (0, 3, Ij, (0. 4, 0); 

(c) triangular pyramid (2, 3, 4). (2, 3, 0). (2, 0, 4). (0, 3, 4) 

11. (a) max. 12, min. 0; (b) max. 8, min. —8; (e) max. 14, min. —4 


Problem Set 8-8 

1. (a) ^ lb pork, min. Q = $0,40; (b) 0 ^ x lb beef 

pork; y = (160 — I8x),'15; min. = $8 

2. min. <? = 66 at (3,0,4) 

3. (b) At B, F = $300; at f, F - 2o0 251 < 300 

4. 1 = 2, 0 ^ y ^ 100, numl)er of turkeys = 200 — y, max. F = $400; 
( = 3, all turkeys, max. F = $600 

5. 1 *= 2, I = 0, 150 ^ y ^ 200, balance turkeys, max. F = $100; 

1 = 3, X = 0, y = 150, 50 turkc*ys. max. F = $450 

6. 1 * 1. y = 50, 100 ^ X ^ 150, l')0 — x turkeys, max. F = $250 

( = 2, I = 100, y = 50. 50 turkeys, max. F = 8300 

7. (b) consider the fanuly of lines 2x y = F 

8. (a) 16 for (2, 4), (b) 16 for (4.2) 

9. max. F = at (ff. -^j) 

10. max. F => 38 at (6, 5), min. F = 6 at (2, 0) 


I’hoblk.m Set 0-1 


l.(a)l/x^ (b) 1/x. (e)l. (d)I/x\ (e) 

(g)x« fh) l/x'\ (i)x‘Vy«. (j) l/{xV) 

4. (a) (27=^)’'^ = (27‘'-’»)=^ = 0, (b) (16'‘)''> 


l/x'‘. (f) !,^x". 

. (k)xV 
= (10"^}-’ = 8. 




(e) (f)uV(i, {k) ah^Vuh, (hi 

(ti)x'"®, (b) l/x•'^ (c)l/x‘^^. (d)x''^ (e)2/(3x''-‘), 

(f) -l/(3x<'3) 
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ANSWERS TO PROBLEMS 


8. use Th. 9-2 and if j > I, l/i < I 
10. (0.9, 7.7) or (0.88,7.64) 


Problem Set 9-2 

1. (a)3, -4; (b) 16, i; (c) 3, -3; (<1) 10000,0.0001 

2. (c) log X = (log .4 2 log B — log C)/3 

4. (c) 3.6271, 3.8858, 8.4583 - 10; (d) 4.9443, 1.9441, 7.9444 - 10; 

(o) 0.8384, 9.8832 - 10, 0.0099 

5. (a) 189.0, 0.01890, 0.001890; (b) 7870, 0.7870, 0.07870; 

(c) 1.965, 0.001965, 0.1965; (d) 26.77, 0.2677, 0.002677; 

(o) 522.4, 0.05224, 0.5224 

Problem Set 9-3 

1 . (a) 92380000, (b)1122. (c) 1.067, (<1) 0.05965, (e) 0.783S. 

(f) 0.01410 

2. (a) 9.268, (b) 1.123, (<■) 47.88, (<1) 5.802, (c) 0.7834, (0 0.1162 

3. (a) 5.175, (b) 2.991. (<•) 0.90C2. (d) -0.5314, (e) 4.079, (f)-1.325 

4. (a) 3.013, (b) 0.4373. (<•) 17.56. (d) 1.847, (e) 2.590, (f) 0.7943 

5. (a) )■ = 0.6021 - j 3; (b) S.GI8, 86.18; (c) 1.194, 2.097 

6. (a) )• = 1.4771 - X 2; (b) 9.486, 0.9486; (<•) 0.9542, 3.556 

7. (a) V = 1.3010 - 3.V 2, -0.6 < .V < O.G; (1)) 56.56. 3.849; 

(c) 1.5S7. 0.6300 

S. (a) r = 1.3010 0.32.V, (0) 40400. (<■) 35480, (<l) 2.55 yr 
in. (a) 1.292, (b) -3. ((•10..3219. (d) 0. (<0 1.299. (0 0.7519 

Problem Set 9-4 

1. (a) SI537.0S, (b) .?1552.24. (c) S1559.56 

2. (.a) S376.S9. (b) S.370.17, (r) S36S.04 

3. S562.I1 4. $712.82 

5. S241.26. $241.41 6. $175.05 

7. (a) 29 lKilf->var.<. $201,6; (b) 56 S200.5 

8. 30 yr. $302 9. (a) 2.9(2.91)rc. (b) 3.7(3.G5)9r 

10. (a) 1..330. (10 is.7yi 11 . (a) 3.72‘'*£. (b) 3.7‘:c 

12. (a) $8348.06. (b) $s34.}.62 

13. (u) $1029.56. (b) $1030.00. $1029.13 

14. (a) $658.58, (b) $1022.75 

15. (a) $2876.46. (1)) $3671.18 16. $3v27.47 

17. $1033.75, $1319.35. $16s3.87 


1. (a) 70, 820; 

2. (a) 53, 306; 


pRonLEM Set 10 ! 

(«-■) -5^: (<1)13, (f) 

do lOS, 636; (c) -0.9. -0.9; 




3 > 


00 



(il) r = 




c 

:i. 5570 


4. 1315 
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7. (a)n(3n4- l)/2 10. verify for h = 1; assume 

_ 1 = (x-f- l)Q(x)and\vritcx2*+2 _ ( ^ (^2* +2 _ jSk) _j_ (i2t _ j) 

II. $574 12. d = 12.3%, r = 13.2% 

14. r = 11.37%, d = 10.43% 15. r = 34.3%. d = 31.2% 


Problem Set 10-2 


l-(a)3V-4F; 00 -120,-64.7 

2. (a) ±4; (b) -32; (c) r = 0: f ; c = 3; (d) ! 

3. 262142 4. four 


6. 27, ^ 

8. (a) (b) W. (c) W 

9. (a) 4.672, (b) 27, (o) 32\/2 
11. 1.02470 

13. 7.4^ 

15. $138.04 


7. 5 ft 

45.25, (d) 8.221 
12. 1.10490,0.90506 
14. S579.55 
16. $1457.84 


Problem Set 10-3 

1. (a) $3259.86, $698.44; (b) $581.90, $242.81 ; (c) $16387.9. $9007.35; 
(d) $5558.52, $986.94 

2. (a) $6.15, (b) $106.43, (c) Sl-74. («0 $9.95 

3. $1371.13 4. $61.75 

5. (a) $853.02, (b) $3159.89, (c) $3333.33 

6. $12887.8 7. $47.45 

8. 14J yr, no; without 29th payiiu'ut $4085.63 

9. 52 mo, $20.32 10. 21.57o compouudnl monthly 

11. 1 1% compounded monthly 

12. (a) d = 8.1%, (b) 8.5% compoumled monthly 

13. 4.4% 

I'roblem Set 10- 1 

1. (a) $112.55, (b) $89.32 2. $1045.59 

3. (a) $1045.57, (1)) $1408.23 

4. (a) $20arol, (b) 820a-, U], (c) $20(a,.,l - u:,|), (d) 820{ar7l - sT]). 
(c) $20(«5i + aiji) 

5. 30 mo, $1003.55 $605.21 

9- (a) oTBl (I + (I.005)-'2»»|. sHID (I -h {1.00.5)'“'*] or 

oJoU] -I- flTUl (1.005) «7«ol (1.005)^" «rui: 

(b)a30lll + (1.03)-^"). -f (l.03)"'1; 

(<•) aSo| (1 + (1.06)--'"), (1 I (1. 06)'^''! 

10. 308.756. 15.8131 H- (a) $2710.42, (b) $30.57.93 

12, $1535.85 13. (a) $13.87. (b) $512.45 

14. (a) $922.51, (b) $6084.8 

15- (a) 20, (b) $46.32, (c) $437.22 

10- (u) 17, $646.7; (b) $6347.4 17. 79 quarters 

18. 17 years without a final pavmiuil, $2600 

20. 1.10129 
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Absolute value, 11, 129, 138 
and inequalities, 176 
Accumulated amount, 262, 312 
of an annuity, 285 
at simple discount, 82 
at simple interest, 80 
Activity, analysis, 238 ff. 
matrix, 209 

Addition, 1, 4, 7, 163, 187 
axioms of, 164 
of decimal fractions, 41 
of equals, 9, 165 
of inequalities, 173 
of matrices, 200 
as permissible operation, 65 
of vectors, 190 
Additive inverse, 8, 165 
of a matrix, 201 
of a vector, 189 
Affine plane, 141 
Algebraic expression, 5 
Algebraic fraction, 38 
addition of, 62 
simplibcation of, 61 
Algebraic operations with square roots, 

131 

Amount remaining due, 296 
Annuity, 279, 284 
deferred, 293 
due, 292 
formulas, 284 
forwarded, 284 
problems, 287 
tobies, 286, 320 ff. 

Arithmetic, average, 272 
progression, 271 

Associative law, for addition, 7, 104 
of matrices, 201 
for multiplication, 22, 167 
of matrices, 212 
of vectors, 189 

Asymptotes of a hyperbola, 153 
Auxiliary circle of an ellipse, 151 
Average, arithmetic, 272 
geometric, 278 
time, 273, 274 
Axiom systems, 163 

;m9 


Axioms, addition, 186 
equality, 186 

least upper bound, 164, 185 
linear measure, 13 
multiplication. 180 
Axis of symmetry for parabola, 142 

llase. in percentage, 48 
of system of logarithms, 251 
Between, 14. 195 
Bonds, 291 
Boundary. 226 
Boundeil above. 185 
Binomial. 29 

Binomial rheorem. 281, 291 
Budget equation. 95. 121 

Canecllation, for mUlition, 9, 165 
of matriees, 202 
for multiplication. 23, 168 
of matrices. 215 
of vectors, 190 
Cbaraeteristie, 253. 255 
('ircle, 151 

Closure, for addition, 7. 164 
of matrices, 201 
for multiplication. 22, 167 
of matrices. 21 1 
of vectors. teO 
Cufactor. 1 1 1 
Column vector, 187, 199 
Commission, 48 
C'ommon fraetioiis, 1 
Common logarithms, 251 
tables of, 253. 310 

Commutative law. for adihtioii, 7, 16i 
failure lor addition and square root, 
132 

failun- for matrices, 211, 213, 215 

of matrices, 201 
for multiplication, 22, 107 
for multi()lication and sijuarc root, 
132 

of vectors. 189 
(‘ompalible, 207 

Complementary commodities, 121 
Complete c|Uotient. 40 
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INDEX 


Completing the real number system, 
184 

Completing the square, 134, 142, 154 
Complex fractions, 38 
numbers, 2. 136 
Components of a vector, 187 
Compound, amount, 269 
interest, 261, 285 
Computer’s rule, 45 
Conditional equations, 64 
Conformable vectors. 188 
Conic, 158 
Constant, 2 
function, 85 
Constraints, 234. 237 
Continuitv, axiom of. 62 
C’onvex, 220. 228 
Coordinate. 13 
on a line. SO 
in a plane. 80 
Coordinate axes. 85, 120 
Coor<linate planes. 120 
Corner, method. 234. 237 
points. 231 ff. 

Cost. 149 
(’ramer's rule. 1 10 

Decimal apitroximation. 4.5 
to \ n. 130. 300 
Decimal fracti(*ns. 1. 40. 104 
athlitiun of. 41 

conversion to rational fractions. 42 
division of. 4 1 
multiplication of. 41 
nonterminating. 41 
periodic. 41. 280 
Deferred annuitv. 293. 204 
Degree of a term. 29 
Demand curve, eciuilateral hv])erl)ola, 
150 
line, 108 

Dematul laws, 93. lOS. 117, loO. 2.i0. 
259 

Dependent equations, 47, 100, 122 ff. 
Determinants, 145, 203 
second-order, 99 
thinl-order. 1 1 1 

Diagonalizulion method. 220 fT. 

Diet problem, 235 
Direct proportion, 80 
Directed distanec, 13 


Discount, banker’s, 81 
rate, 82 
simple, 80 
trade, 50 

Discounts, successive, 77 
Distance formula, 301 
Distributive law, 23, 169 
for matrices, 213 
Division, 4, 32, 168, 169 
of decimal fractions, 41 ff. 
of estates, 72 

as inverse of multiplication, 33 
of a line segment. 71 
of polynomials, 56 
as successive subtraction, 39 
Division process for v n, 130, 305 
Domain, of a function. 84 
of a variable, 3 
Double interpolation, 290 

Elimination, 98. 115 
by addition, 98 
method, 237 
Ellipse, 151, 154 
auxiliary circle of, 151 
Equality. 4. 6, 163, 187 
axioms of, 164 
of matrices, 200 
of vectors, 188 
E(juation, 5 
linear, 64 
(piadratie. 129 
l'(|uation of a line, 86 
determined by two conditions. 103 
general form, 88 
[loint-slope form, 87 
slope-t/-intereept form, 87 
Equation of a plane, 301 
Equation of value, 266, 287 
E(juations, dependent, 100 
inconsistent, 100 
involving absolute values, 138 
involving square roots, 136 
Equilateral hyperbola, 153, 155, 178 
Equivalent equations, 65 
Equivalent fractions, 34 
Equivalent pairs of equations, 97 
Equivalent rates for income taxes, 78 
Equivalent rates for successive 
discounts, 78 
Everywhere dense, 184 
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Exponential equation, 259 
Exponents, 28 
integral, 245 
irrational, 248 
negative. 245 
positive, 28. 245 
rational, 246 
zero, 245 

Factoring, 52 ff ., 133 
polynomials, 59 ff. 
by trial, 54 
Factor Theorem, 58 
Failure of laws of multiplication for 
matrices, 211 
cancellation, 215 
commutative, 215 
zero, 215 
Formulas, 5, 68 
Fractions, 32 
algebraic, 38 
complex, 38 
equivalent, 34 
improper, 40 

Fractions, addition, 36 IT. 
change of form, 36 ff. 
division, 36 fT. 
multiplication, 36 ff. 
operations with, 15, 36 ff. 
Function of one variable, 84 
Functional evaluation, 85 

Geometric average, 278 
Geometric progression, 276, 285 
Geom(rtric vector, 192 
Graduated income tax, 78 
Graph, of equation, 141 
of linear e<juation, 85 ff. 

Greater than, 4, 10, 163, 171 

Half-planes, 220 
Half-spaces, 228 

Homogeneous linear e({uations, 125 
Homogeneous polynomial, 29 
Hyperbola, 153 

Identities, 04 
Identity function, 85 
Identity matrix, 213 
Imaginary numbers, 130 
Incomplete induction, 262 


Inconsistent efiuationi^. 100, 122 ff. 
Inequalities, 7. 163. 171 

algebraic ojxTations with. 1/2 
and equivalent e(|Uallti<‘S. 220 
involving absoluti* values, l/i» 
involving fractions. 177 
line.ar, 175 
quadratic, 180 
and squaring. 174 
Infinite geometric progression. 270^ 
Insertion of paronthe.«es. 16. 2/. 6.) 
Integers, 1 

Intercepts, for a line, 87 ff. 

for a parabola. 141 
IntiTest, compound, 261. 2v8.'> 
simple. 80 

Interest bearing nf)tes. 2()6 
Interior of triangle. lOfi 
Interpolation, 254. 2H/ 
doul)l(‘, 263 
for int<‘rest rate. 264 
for time, 2s3 

Intersection, of line and <'onii'. I5s 
of two lines. 100 

Intrinsic valin* of a logarithm, 2.)1 
Inverse. a<lditiv»-, K. 16.5 
of a matrix, 217 ff. 

multiplicative. 22. 168 
proportion. 153 
Irrational exponents, 24S 
Irrational number.s, I, 129 
Irrationality i)f \ 2, 129 
Irregular payment, 287. 296 

Law of addition of eipials, 9 
Law of cancellation, for addition. 9 
165 

of matrices. 202 
of rnatriees (failure). 215 
for multiplication, 9. 2.3. 168 
of vectors. 100 

Law of multiplication by a number 
23 

Law of 'rriebotorny, 11, 171 
Laws, of equality, 6 
of expoiu’iits, 28, 245, 248 
of inequality, 248 ff. 
of logarithms. 251 
Least common denominator, 62 
Least upper bound, 185, 248 
I.east upper bound axiom. 164 
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Legend, 2 
Length, 13 

Less than, 4, 10, 163, 171 
Levers, 73 
Linear funetion, 85 
Linear inequalities, 175, 226, 228 
Linear interpolation, 254 
Linear laws, of demand, 93 
of supply, 93 

Linear measure, axiom of, 13 
Linear programming. 234, 242 
Linearly dependent, 126 
Logarithmie form of an equation, 252 
256 

Logarithmic skeleton, 256 
Logarithms, 95, 251 
intrinsic value. 254 
nunn'ricnl calc-ulations with. 250 

Mantissa, 2.53 
Market equilibrium, 108 
and additive tax. 109 
Markup and markdown, 49 
Mathematical induction. 269 
Matrices and linear equations, 217 
Matrix, elements of, 199 
multi[)lication. 207, 21 1 
order of. 199 
.‘<fjuar(‘. 199 
Matrix algebra. 187 
Maximum and minimum of a linear 
funetion, 230 
Minor, 1 1 1 
Mixture, 73 
Monomial, 29 
Multiplication, 4. 163, 187 
axioms of. 167 
of <leeiinal fraetion.s, 41 ff. 
of eciual.s, 168 
of fractions, 36 
of inequalitie.'i. 173 
bv an integer, 18 
laws of, 22. 1().S 
of matrices, 207 
as permissible operation, 65 
of polynomials, 29 
scalar, for niatrires, 202 
for vectors, 190 
and special products, 30 
of vectors, 204 ff. 
by zero, 23, 169 


Multiplicative inverse, 22, 32, 168 
of a matrix, 214 

Negative, of an equality, 173 
of a matrix, 201 
of a number, 8 
of a vector, 189 
Negative numbers, 2, 10, 164 
Normal to a plane, 302 
Null set, 97 

Number, reciprocal of, 32, 168 
Number field, 164, 186 
Number scale, 12, 13, 85 
Numbers, 1 ff. 
counting, 1 
complex, 136 
imaginary. 136 
irrational, 1. 129 
natural. 1 
rational, 1 

Numerical calculations, 256 

Objective funetion, 231, 234 
One. 22 
axiom of, 168 

Operations with numbers, 2, 4 
Order, axioms of, 171 
Origin, 120 

Parabola, 141, 154 
axis of symmetry of, 142 
as demand, supply, total cost, 
revenue curves, 147 
intercepts of, 141 
through three points, 144 
vertex of, 142 
Parallel line and plane, 123 
Parallel lines, 126 
Parallel planes, 122, 303 
Parallflogram law, 192 
Parentheses, 8, 16 
Partial difference, 254 
I’artial quotient, 40 
Per cent, 48 
Percentage, 48 
Perimeter, 71 

Permissible operations, 65, 97, 136 
Perpendicular vectors, 205 
Perpetuity, 286 
Plane, affine, 141 
equation of, 301 
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Euclidean, 141 
separation postulate, 226 
Polynomial, 29 
Polynomials, division of, 56 
Positive, 7, 171 
Positive integers, I 
Positive integral exponents, 28, 35 
Positive numbers, 10, 26, 164 
Present value, of an annuity, 285, 324 
at compound interest, 262, 316 
at simple discount, 82 
at simple interest, 82 
Price as a vector, 206 
Principal, 80 
Principal root, 246 
Product of reciprocals, 32 
Profit and loss, 49, 160 
Progression, arithmetic, 271 
geometric, 276 
Properties of (—1). 170 
Proportion, direct, 80 
inv<T8e, 153 
Proportional parts, 254 
Prospective method, 292 

Quadratic equation, 129 IT. 
algebraic solution, 133 
formula, 135 
function, 141 
inequalities, 180 
Quotient, 34 
compleU', 40 
partial, 40 

Radicals, 240 
Rate, 48 

RaU*8, equivalent, 77 
Range of a function, 84 
Rational exponents, 240 
Rational fractions and decimal 
fractions, 42 ff. 

Rational numbers, 1, 184 
Ray, 14 

Real number, 2. 103, 108 
Real number sysU'in, 1, 103, 181 
Reciprocal, 32, 108 
of reciprocal, 32, 108 
Reflection, 13 
and nilc of sign, 15 
Reflexive law of eejuality, 6, 104 
Relations between numbers, 2, 4 


Remainder, 39 ff. 

Remainder Theorem, 58 

Removal of parentheses, 16. 19. 27. G.5 

Rent. 284 

Repeating decimal fractions, 41, 280 
Retrospective method, 292 
Revenue, 149. 159 
as a vector. 206 

Root of a negative number, 247 
Round off, 45 

in addition and subtraction. 40 
in multii)bculion and division, 40 
Row vector. 187, 199 
Rules of sign, for addition and 
Mibtrat lion. 14 ff., 100 
for division, 34 
for multiplication. 26, 170 
Hule of substitution, 7. 104 


Scalar multiplication, for matrices, 
for vectors. 190 
Second-order determinants. 99 



S«-gment. 14 
Si'par.ates. 220, 228 
Sign of position. 1 1 1 
Significant figures, 45 
Simiili" <li.s<'ouiit, 80, Si, 273 
and interest r.ate.s. H.3, 274 
Simple intt'rest, 80, 20.) 
e.sai-t. Hi 


ordinary. 81 

nullaiieoiis lim-ar eijuatior's. 97 0 
three variables, 1 15, I 19 
two varial)l<-s, 97 
wordi'd problems, 104 
imdtuneous linear ineiimdilies. 22S 
lek variable. 229, 234 
ope. HO ff. 
relati\<’, 91) 

■lution set, 3. 5. 04, 00, 97 
lecial products, 30, 54 
[Uare matrix. 202 

lUare of a number uml ii.eciualifn s, 


S(piare root. 4, 129 

algebraii- operations witli. 131 
division process, 130, 30.i 
e(|ualions involving, 130 
of a product and a quotient, 131 

table of, 309 
SqUari’S, table of. 309 
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Subsidy, 109 

Substitution, rule of, 7, 164 
Subtraction, 1, 4, 9, 104, 166 
of matrices, 201 
of vectors, 189 
Successive discounts, 77 
and equivalent rate, 77 
Successive elimination, 234 
Sum, of matrices. 200 
of vectors, 188 
Supply, law of, 147 
linear, 93, lOS 

Symbols, to represent numbers, 2 
operations. 4 
relations, 4 

System of linear eciuations, in 
matrix form, 20S 
solution, 83 ff.. 220 ff. 

Symmetric law of equality. 0, 164 

Tal)les, accumulated amount, 312 
accumulated value of annuity, 320 
common loRurithms, 310 
presr*nt value, 310 
I)resent value of annuity. 324 
squares and square roots, 309 
Tabular differeneo. 2.54 
Taxes, 51 
adilitive. 109 
Theorem. 163 

Third-order determinant. Ill, IK). 

14.5 


Total cost, 149, 159 
Traces of a plane, 120, 302 
Trade discount, 50 
Transitive law, for equality, 6, 164 
for inequality, 173 
Translation of axes, 154 
Transpose, of a matrix, 200 
of a vector, 187, 205 
Transposition, 67 
Trichotomy, axiom of, 171 
law of, 11, 172 
True sentences, 64 

I’nit matrices, 213 
Uniform motion, 74, 90 
Unknown, 3 

Variable, 3 
domain of, 3 
Vector, column, 187 
geometric, 192 
multiplication, 204 ff. 
row, 187 
transpose of, 188 
Vertex of n parabola, 142 

Zero, 2, S. 23. 165 
and one, 24. 25 
axiom of, 165 
properties of. 169 
matrix, 201, 214 
vector, 189 



TOSHO INSATSU 
PRINTING CO., ltd. 
TOKYO, JAPAN 



/ 


